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HIGHER ORDER UNIFORM SMOOTHNESS
AND DIFFERENTIABILITY OF REAL
FUNCTIONS

Abstract

It is known that smoothness-type conditions have several implica-
tions on continuity and differentiability properties of real functions.
When these conditions hold uniformly on an interval the implications
become even stronger. The aim of this paper is to extend to higher
orders the relations between uniform smoothness-type conditions and
differentiability, taking into account higher order divided differences.

1 Introduction

A function f : (a,b) — R is said to satisfy a smoothness-type condition at the
point z € (a,b) when there exists a function ¢ converging to 0 as h — 0, such
that
flx+h)—2f(x) + flz—h)
o(h)
as h — 0 (see for instance [17]). More specifically if

f(l‘—i—h) _fo(Ll‘)"i'f(x_h) :O(l) (1)

as h — 0, then f is said to be "smooth” at the point = , while if

fle+h) =2f(x) + flx—h)
h

as h — 0, then f is said to be ”"quasi-smooth” at x. If condition (1) (resp.
(2)) holds at every point = of an interval (a,b), then f is said to be smooth

=0(1)

=0(1) (2)
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(resp. quasi-smooth) on (a,b). It is known that smoothness-type conditions
have strong implications on the differentiability properties of a function. For a
review of classical results one can see [17]. In particular we recall the following
theorems.

Theorem 1.1. [17] If f is a continuous smooth function on an interval (a,b),
then f is differentiable on a set which is of the power of the continuum in any
subinterval of (a,b).

The previous result cannot be extended to quasi-smooth functions [17].
Anyway, we have the following:

Theorem 1.2. [17] Let f be a measurable function and suppose that for some
h)—2 —h

fleth) h{ii) + i@ ) = O(1) as h — 07, at every

point in a measurable set E. Then f is differentiable at almost every point of

E.

a € (0,1] one has

When smoothness type conditions hold uniformly with respect to « € (a, b),
they have stronger implications for what concerns continuity and differentia-
bility of a function as we will see with Theorems 1.3 and 1.4 below.

Definition 1.1. A function f : (a,b) — R is locally Hélder of degree a € (0, 1]
at xg € (a,b) when there exist a constant K and a neighborhood U of z( such
that:

|f(z) = f(y)] < K|z — y|*, whenever z, y € U.

Definition 1.2. A function f : (a,b) — R is of class C*“ at xq € (a, b) when
f) exists in a neighborhood of zy and f*) is locally Holder of degree « at
zo (we set fO = f).

Theorem 1.3. [17] Assume that the function f : (a,b) — R is bounded on
a neighborhood of the point xo € (a,b) and let o € (0,1]. If there exists a
neighborhood U of xy € (a,b) such that flwth) - thigrxa) A Gt =0(1)
as h — 0%, uniformly with respect to x € U, then f is of class CY* at xq.

It is known [17] that the previous theorem does not hold when o = 0. In
this case we have the following.

Theorem 1.4. [17] Assume that the function f : (a,b) — R is bounded on
a neighborhood of the point xog € (a,b). If on a neighborhood U of the point

fletm) —2f@) + fe=h) o)

h
h — 0%, uniformly with respect to x € U, then f is of class C*® at xq for
every o € (0,1).

xo € (a,b) f satisfies the condition
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The aim of this paper is to extend to higher orders Theorems 1.3 and 1.4
(in the case a = 1, an extension to higher orders of Theorem 1.3 has been
obtained by the authors in [13]). Section 2 is devoted to preliminary concepts
and results, while in section 3 we give the main results.

2 Preliminary Tools

2.1 Divided Differences, Peano Derivatives and k-Convex Func-
tions

In the following we will consider a function f : (a,b) — R. For such a function

we put
k

Apf(z;h) = Z(—l)k_i (f)f(x +ih — %kzh)

=0

Besides this expression, in the proof of Theorem 3.1, we will consider differ-
ences Ay f(x; h) defined recursively as follows:

Ay flash) = fz+h) = f(a), Apf(a;h) = Doy f(a;2h) = 257 Ay f a3 h).
As observed in [14], we have

Apf(zsh) = apf(z 4+ 257 h) +ap1 fx +2872h) + -+ ay f(x 4+ h) + ao f (),
where, for any fixed k, a; depends only on j (j =0,1,....,k — 1) and a = 1.
Lemma 2.1. [14] There are constants Co,C1, ..., Cor-1_}, such that:

2k—1_g
. 1
Apflash)= Y Cildif (@ + Skh + ih; h).
=0

The proof of the following lemma is straightforward from the previous
result.

Lemma 2.2. If there exist a neighborhood U of the point x¢ and a number

A ih
a € [0,1] such that % = O(1) as h — 0T, uniformly with respect to
Aif(z;h
x € U, then there exists a neighborhood U’ of xy such that %ﬁ(} =0(1)

as h — 0%, uniformly with respect to x € U’.

Lemma 2.3. Assume that f is bounded in a neighborhood of the point xg.
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(i) If there exist a neighborhood U of the point xo and a number o € (0,1]
Apf(x;h)

such that Wk Tta

= O(1) as h — 0T, uniformly with respect to x € U,

Aj_1f(z;h)

then we also have =

toxeU.

= O(1) as h — 0", uniformly with respect

Apf(a;h
(ii) If there exists a neighborhood U of the point xo such that % =0(1)

as h — 0+~, uniformly with respect to x € U, then, for every o € [0,1) we
Ag_1f(x;h)

also have h—2ta

= 0(1) as h — 0%, uniformly with respect to z € U.

PRrOOF. (i) The proof is analogous to that of Lemma 2.3 in [13] and we omit
it.

(ii) From the hypotheses we obtain the existence of numbers 6 > 0 and M > 0
such that Vo € U and Vh € (0,9)

‘Akqf(x; h) — 2k_1Ak71f($;h/2)‘ < M(h/2)F,
’Ak_lf(:c; h/2) — 25 Ag 1 f(x; h/4)‘ < M(h/4)* 1.

‘Ak_lf(x; h/2m ) — 2R T AL fx h/27)| < M (/2L

Multiplying these inequalities by 1,2F=1,22(k=1) " 9n=1)(k=1) respectively,
by addition we obtain

‘Ak,lf(x; h) — 22=DA, | f(ash/2™)| < Mn(h/2)FL,

and hence ‘2”(’“_1)Ak,1f(x;h/2”)’ < Mn(h/2)*"1 + M/, for 16 < h < 6,
by using the boundedness of f. Hence, writing £ = h/2", for every x € U
- MngF—1 M’ 1
we have ’Ak,lf(x;f)‘ < et T S (o=1) for ¢ € (§/271,5/2"), n =
0,1,.... Since §/2"Tt < ¢ < §/2" we obtain that n = O(log¢) and hence
~ M’ k—1
for z € U we get ‘Ak,lf(x;f)‘ <O tlogé) + ((S/;hﬁ Hence we obtain
Ak—1f(95;§)

§F~tlog¢
assertion now follows observing that for every a € [0,1) we have |logé| <

|€|*~ 1, for € “small enough”. O

that = O(1), as ¢ — 0T, uniformly with respect to z € U. The
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Definition 2.1. If there exist numbers fi(z),..., fx(x) such that
1 1
fle+h) = (@) + fi@h+ S fa@)h* + -+ 2 fu(@)h" + o(hF),

where o(h¥)/h* — 0 as h — 0, then f is said to admit a k-th Peano derivative
at . The number f;(z) is said the k-th Peano derivative of f at x.

We say that f admits k-th Peano derivative on an interval when it admits
k-th Peano derivative at any point of this interval. It is well known that
the existence of the ordinary k-th derivative of f at x, f*)(z), implies the
existence of fi(x).

Apf(z;h
Lemma 2.4. [14] If fr(x) exists, then so does limp_,q %ﬂc’) and there
Apflz;h
exists a number Ai, depending only on k, such that A\ limp_g % =

fk(l‘)

For a survey on Peano derivatives one can see for instance [6], [11], [15]
and [18]. Further properties of Peano derivatives are given in [8], [9] and [10].
In particular we recall the following result.

Theorem 2.1. [15] If fi. exists and is bounded (above or below) on an interval,
then f coincides with the ordinary derivative f*) on this interval.

Definition 2.2. A continuous function f : (a,b) — R is said to be k-convex
Apgr f(zsh)
when ————=

s
k1
%h € (a,b).

> 0, for every = € (a,b) and for every h such that x +

Remark 2.1. If f is not continuous the definition of k-convexity must be
given considering divided differences at arbitrary (not equally spaced) points
(see [2] for details).

When k =1 the previous definition reduces to that of convex function.
Theorem 2.2. [2] Let f : (a,b) — R be a k-convex function.

(i) For1<r <k—1 the derivative f\") exists and is continuous in (a,b) and

furthermore f_(f) exists on (a,b) and is increasing (we denote by fJ(rk) the
k-th right derivative).
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k
(ii) If h > 0; z, t, y € (a,b) andy+§h§t§9:, then

Arf(y; h) K Ay f(x;h)
B U
A
(iii) The function W is increasing in h.

Theorem 2.3. [2] Let f : (a,b) — R be a function that admits f_(f) on (a,b).

Then f is k-convex if and only if fJ(rk) is increasing on (a,b).

Lemma 2.5. Assume that the function [ : (a,b) — R is continuous and

k-convex on a neighborhood (xg — €,x0 + €) of the point xg € (a,b) and let

e’ € (0,¢). For every x € (xg—e',x0+¢’") and h € (0, (e — ') /k), there exists
Apf(&h)

a point £ € (xg — &, + €) such that —E = ik)(ac).

k
PRroOF. It is always possible to find y € (xg — &, x9 +€) such that y+ §h <.
Arf(y; h) (k) Apf(z;h)
R

is continuous as a function of z, the assertion follows from the

From Theorem 2.2 it follows that . Since

Ag f(x;h)
Bk
Darboux Theorem. O
2.2 Standard Mollifiers
The function ¢, defined by

| Cexp() iffzl<1
9(z) = {o if 2] > 1

is C°°(R) and we can choose the constant C' € R such that [p ¢(x)dz = 1.

z
Definition 2.3. Let € > 0. The functions ¢.(z) = @ are called standard

mollifiers.

Definition 2.4. Let f : (a,b) — R. We say that f € CE((a,b)) if f €
C*((a,b)) and

spty = {z € (a,b) : f(x) #0} C (a,b).
Theorem 2.4. [1] The functions ¢. are C*(R) and satisfy
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(i) Jg ¢<(x)de =1
(ii) spt,. C B(0,¢).

For f € Li _(a,b), and € > 0 we define functions f. by the convolution
fe(z) = fab ¢ (x—y)f(y) dy. Since ¢.(z) is an even function, we can also write

felz) = ff ¢ (y —x) f(y) dy. Observe that f.(z) =0if z € R\[a—¢&,b+¢] and
that f. € C*(R).

Theorem 2.5. [1] Suppose that f € L}, (a,b). Then for a.e. x € (a,b) we

loc

have f.(x) — f(z), as e — 0. If f € C((a,b)), then the convergence is
uniform on compact subsets of (a,b).

Theorem 2.6. [1] Let [c,d] C (a,b). Then 3o > 0 such that Ve € (0,e9) and
YV € [e,d] the function y — ¢c(z —y) is C§°((a,b)).

3 Higher Order Uniform Smoothness and Differentiabil-
ity

In this section we extend Theorems 1.3 and 1.4 to higher orders.

Theorem 3.1. Assume that the function f : (a,b) — R is bounded on a

neighborhood of the point xo € (a,b), let a € (0,1] and k > 2. If there exists
A ih
a neighborhood U of xg such that %(Z’) = O(1) as h — 0%, uniformly

with respect to x € U, then f is of class C** at xq.

PRrROOF. From the hypotheses we deduce the existence of a right neighborhood

A1 f(a;h) |
%@T is bounded on U x V4 \{0}. Hence

from Lemmas 2.2 and 2.3 (i) we obtain the existence of a neighborhood U’ of

V4 of the origin such that

Ajf(z;h
xo and a right neighborhood V of 0 such that # are bounded on U’ x
Ay f(z;h
Vi\{0},Vj = 1,..., k. Observe that the boundedness of Aifwsh) means that

f is locally Lipschitz at the point zg and hence continuous in a neighborhood
of zyp. For every z in a neighborhood of zy and for ¢ “sufficiently small”,
recalling Lemma 2.4 and Theorem 2.6, and using the Lebesgue convergence
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Theorem, for 1 < j < k we have

9 (@ / 69 (y — 2)(y) dy
A; jPe(y — a3 h)

J

Aj / Jim, —— g fWdy
1y S aide(y — 2 + 207 h) + apde(y — )

. / ,}L%h - F ) dy
J

Aj hlffﬁ 0 f(y)dy

Now, putting z = y + 2i*1h, we obtain

b i— b+2°"1h i
/ aid)s(y_x"_Q lh)f(y)dy—/+ f(Z—2 1h)¢6(2_m) dz.

hj a+2i—1h hJ
Thus
_,0i0:(y— x4+ 27 h) + app(y — x
b+24~ 1h i—1
JAJZ/ f(z=2""h)¢(2 — x) d
+21 1h h]
Vi ao f(2)p:(2 — )
+(-1) )\]/a — dz.
b— . .
For h < 2k T from Theorem 2.6 for all “sufficiently small” ¢, the previous

equation is equal to

- J b aif(z =27 h) b (2 — , ® a0 f(2)¢e(z — x
_1)JAj;/a N hj)¢’( )dz+(—1)uj/a Wf()ée(z =) )

hi
b A b A
—l)j/\j/a Ajf(;j’_h)d)e(z—x)dz:/\j/a Aj{_(;’);h)d)e(z—x)dz.

Hence we get fs(j)( )= A, limy, o+ fb A f Zh) ¢e(z — x)dz.

Ajf(z,h)
[
M such that ’ fg(j )(ac)’ < M, for every ¢ “sufficiently small” and for every x

From the boundedness of we get the existence of a constant
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in a neighborhood of . In this way we established that fe(j )(1;) is bounded
(uniformly with respect to 5)~0n a neighborhood of zg, Vj = 1,..., k. Hence,
there exists a neighborhood U of z( such that for x € U there is a sequence
en converging to 0 such that for all j = 1,...,k — 1, the sequence fg(fl)(ac)
converges to a limit which we denote by «;(x). Notice that the functions
a;(x), j =1,...,k — 1, are bounded on U. The functions f., (z) are of class
C* and hence Vz,y € U

’ 6(5_1)(95) k—1 s(f)(fn) k
Jen(y) = fen,(x)Jrfgn(ﬂf)(y*x)Jr'"er(y*x) =+ il (y—=)",

where &, € (z,y). Recalling Theorem 2.5, taking the limit for n — +oo it

follows that fg(f) (&r) converges to a limit which we denote by 3(x, y). Moreover

ﬁak—l(m)(y—x)k_lﬂL%B(x, y)(y—z)*.

fy) = f@)+ar(x)(y—z)+- -+
Observing that ((z,y) is bounded for x,y € U, we have that Vz € U, ag_1 (z)
is the (k — 1)-th Peano derivative of f at . From Theorem 2.1 it follows that
ap_1(z) = f¥D(z),Yz € U. Furthermore the functions fa(k) are bounded
uniformly with respect to €, for € “sufficiently small” and thus the functions

E(f_l) satisfy the uniform Lipschitz condition

D (y) = fED(@)| < Bly — |, Va,y € U.

Since fs(ffl)(x) and fe(,}_f*l)(y) converge to £~ (z) and f#=1 (y) respectively,
we see that f(*~1) is Lipschitzian on U.

For ¢ “small enough”, let M be an upper bound for fs(k) on U and consider
the function f(z) = f(z) + p(z), where p(z) = ¢o + c12 4 - -+ + cxa® is any
polynomial of degree k, with cxk! > —M. With easy calculations we get
fék)(x) = fg(k)(:c) + klep, > 0 for 2 € U and hence f;(kﬁ) (x) is convex on U
(we let f©) = f). For z,y € U and t € [0, 1],

FED g+ (1= t)y) < FO D) + (1= 04D ().

Sending ¢ to 0 and recalling Theorem 2.5, we obtain that f(kfz)gx) is convex
on U. Tt follows from Theorem 2.3 that f is (kK — 1)-convex on U and hence,
by Lemma 2.5 , for x in a suitable neighborhood of 2y and h “small enough”
Ap_ ih
(h # 0)) k 1f(€7 )

= = f*=1(z) for some ¢ € U. Now, using classical
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properties of differences Ay, we have

Ao fED(ash)  AsAr i f(ER)  Apiaf(ER)  Awiaf(&h)
plta - hk+a © Rbte  phta

Ao fF=D (a; h)
h1+o¢

and h “sufficiently small”. From f*=V(z) = fED () + ap_q (k— 1) 4 apklz

AofO D (aih) _ Agf®D(ash)
hl+a h1+a

is enough to apply Theorem 1.3 to the function f*—1), O

and hence we get that is bounded for x in a neighborhood of z(

we easily obtain . To complete the proof it

Theorem 3.2. Assume that the function f : (a,b) — R is bounded in a
neighborhood of the point xo € (a,b). If there exists a neighborhood U of xg

such that that W

x €U, hen f is of class C*~1 at zo, whenever o € (0,1).

= O(1) as h — 0T, uniformly with respect to

PROOF. The proof is analogous to that of the previous theorem and we give
Apy1f(z;h)

only a sketch of it. From Lemma 2.2 , we get — = O(1) as h — 0T,

uniformly with respect to = in a neighborhood U’ of zo. Using Lemma 2.3
A ih

(i), we get Svf(x:h) = O(1) as h — 0%, uniformly with respect to z € U’,

hk71+a

whenever a € (0,1). Now the proof follows in a fashion similar to that of

Theorem 3.1, with the steps sketched below

(i) We prove that f*=2)(z) exists and is bounded for z in a neighborhood U
of xy and that fg(k_l) is bounded on U (uniformly with respect to ¢).

(ii) Let M be an upper bound for the functions fg(k_l) on U. The function
f(z) = f(z)+p(x), where p(z) = cotera+--+ep 128 and ¢y (k—1)! >

M, is (k — 2)-convex.
A (k—2) -h
2f hl+o¢<x’ ) = O(1> as h — O+7

uniformly with respect to x in a neighborhood of z, whenever a € (0,1).

(iii) Recalling Lemma 2.5 we get that

(iv) Applying Theorem 1.3 to the function f*=2) we get the assertion.

Remark 3.1. The requirement

Apy1f(z;h)

o =0(1), ash — 0" (3)
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can be considered as an higher order quasi-smoothness condition for f at
x. Higher order smoothness and quasi-smoothness conditions of a different
type have been investigated in [3], [4], [5] and [7], where the authors recall a
definition introduced by Zygmund [19] (but the uniform case is not studied in
these papers). Furthermore it can be easily seen that condition (3) is more
general than the quasi-smoothness notion studied in the papers above.
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