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SAC PROPERTY AND APPROXIMATE
SEMICONTINUITY

Abstract

In this article we investigate approximate semicontinuity of a func-
tion related to Grande’s SAC problem.

The notion of the property SAC has been introduced by Z. Grande in [2] in
connection with his investigation of equiderivatives and approximate equicon-
tinuity. A function f: R — R issaid to have property SAC if for every n > 0
there is an approximately continuous positive function r : R — R such that
for every = and every h with 0 < |h| < r(z) we have

x+h
o e - s@

< n.

Grande has proven that every function with property SAC must be approxi-
mately continuous. He also asked whether the converse holds, that is, whether
every approximately continuous function has property SAC.

In an incomplete discussion of the above problem contained in [6] a function
p(z) appeared in a natural way. Below we redefine it in a slightly altered
manner in order to avoid infinite values. Given an € > 0, let

pe(z) = sup{y € (0,1 : VR #0 |h| <7y = <e}.

x+h
s rwd-w@)

Our first lemma is devoted to an elementary inequality that will be of
frequent use from us in the course of the proof of the main result of this

paper.
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Lemma 1 (see Lemma in [5]). Let Y .a; and ), b; be convergent series,
the first with nonnegative terms, the second one with positive terms. Then for
any k=2,3,...,00 the following inequalities hold

k
. a; ._1 Q4 a
H,lf i < % < sup -
1<i<k b; Zi:l b; 1<i<k b;

We will need one more auxiliary inequality that is less obvious, and we will
divide its elementary but lengthy proof into two steps.

Lemma 2. Let a set A C R be union of finitely many pairwise disjoint open
intervals and let k be any number from the interval (0,1). Then for a set B
defined by

B = {yG]R: 3h£0 ‘W n}

the following inequality holds

uB < (2—1),uA.

K

PrOOF. It is obvious that A C B. Further, since u([y,y + h] N A)/|h| is a
continuous function in h # 0, the set B is open. Let us write down the set A
as a union of disjoint open intervals

n
A = U(ai,ﬁi) Withﬁi<ai+1 for i=1,....,n—1.
i=1
similarly we have
m
B = U(vj,dj) With6j<’}/j+1 for j=1,...,m—1.
j=1

It is not difficult to see that if y € B\ A, then either there is an 4; such that
[y, a;;] C B or there is an ig such that [3;,, y] C B.
Next observe that it suffices to prove the inequality in the case B is a single

open interval. Indeed, the general case follows by setting
Aj = AN(y,95)

and then using the single interval inequality

9
n(vj, 05) < ( - 1) pA;

K
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and adding these inequalities for j =1,...,m.

Assume that B is a single open interval. We start with a definition of a
function that will measure all holes in a set being a union of finitely many
pairwise disjoint intervals. given such a set C = J_, (o, §;), we put h(C) =
sup C' — inf C' — u(C). We set further for any positive integer k < n

k n

A = (e, 8) and A = Yl 8)

i=1 i=k

and define

1
gt ar — 1311322{ (K - 1) 1Ak — h(Ak) }

1 ~ -
b = Bn + 121]?%71{ (K—l) pAy — h(Ay) } .
Clearly v < @y and § > 3, . We will show that B = (v, §) in three steps.
First we will show that x < ~ implies ¢ B. Take any z < 7. Clearly

[z, +h|NA=o for h <O0. If [xr, x + h| N A # &, then exactly one of the
following cases holds

(i) z+he€ (a B;) forsomeie {1,...,n};
(ii) =+ h € [Bi, aip1] forsomeie {1,...,n—1};
(i) z+h>p5,.

In the first case we get

p([z, z + AN A) < plz, BINVA)] BA;
h Bi —x [LAi-i-h(Ai)—ﬁ-Oél—Z‘
pA;

<
T pAith(A) +ar -y
pA;
1A + h(A;) + (% - 1) pAi — h(A;)

IA

= K.

In the case (ii) we get in an analogous manner

plz, z+h0A) _ plz, B0 A)
h - ﬂi—x
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Similarly in the case (iii) we get

Ml z+h0 A pllr, B0 A) o pllz, BalOA)

h h - Bn —

Thus, = ¢ B.

The second step is devoted to proving that x > ¢ implies = ¢ B, but we
will leave it out for it is essentially the same as the first step.

In the final step we are going to show that v < z < (8 implies = € B.

Since according to our earlier assumption B has only one component, a; <
x < B, implies « € B. Take z € [5,,, §). If x = (,, it is obvious that = € B.
If x > 3, then let ky be such that

(2= 1) e~ i) = s { (£ -1) uti) - nd) | -

K 1<k<n K

Putting h = —(z — ay, ), we get h < 0, and p([z, x + h] N A) = u(Ay,), and

1 ~ ~
lh| < 6 —ar, = Bn+ (ﬁ—l) (Agy) — h(Ag,) — g

= W)+ 10 + (£ 1) pl) = G = Luldi).

Therefore x € B and thus [3,, §) C B. In a similar way we can show that
(v, an] C B.

We complete the proof of the Lemma 2 by showing that §—y < (2—1)u(A).
To do this , we assume that ki and k9 are such that

(1t a - ({2 )

A= han |
(1 - 1) w(Ay,) — h(Ag,) = max {(1 - 1) pu(Ar)) = h(Ay) } :

K 1<k<n K

and

We have
§—y=0n—oq + (i - 1> (w(Ag,) — h(Ag,) + (1 - 1) (1(Ag,) — h(Ag,)

K

=)+ 0)+ (5~ 1) ) = i) + (5= 1) ) W)
0
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If ky < ki, then h(Ag,) + h(Ay,) > h(A), 506 = < (2 = 1)u(A). Assume
now kq < ko and denote

A h(Ak \A[€ ) if k1 >1
h(A A = 2 !
(Aka \ Ar) {h(Akz) it k=1,

Then

K

(1 _ 1) p(Ar,) — h(Ay,) =

_ (11) (i) + (A \ An)) — h(Aw) — (A, \ Ay) . (2)

K

Using the above equality and the fact that

(2= 1)) = han) = (3= 1) nlan) — h(Aw)

K

we obtain

By (1) and (2) we get

5~ < () + h(A) + (1 - 1) u(Ar,) - h(Ay,)

n (1 _ 1) 1(Ar,) — h(Ay,) — (i ) (A, \ Ag,) + h(Ag, \ Ag,)

K

= lM(A) - (i - 1) (Bra — aiiy) ( ) (Ak, \ Ap,) + h(Ag, \ Ag,) -

K
Therefore by (3)
1 1 2
5_’7 < ;M(A)—’— E_l (6162_0‘162) < - -1 IJ’(A)
and the proof of lemma 2 is complete.

Lemma 3. Assume k € (0,1]. If a set A is a union of finitely many pairwise
disjoint open intervals and if a set B is defined by

1y, y +hlNA) > K}

B = {yER: 3h £ 0 7
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then )
uB < ( — 1) BA .
K

PROOF. If k=1, then B= A and puB = pA= (2 —1)uA.
Suppose k < 1. Take an z € B such that

(ly, y + AN A)
|h\ > KZ} .

x¢0={y:§|h7é0'u

Then in particular = ¢ A and there is an h # 0 such that

w(ly, y +h]NA)
Al

= K.
We will consider only the case h > 0, since the other case is quite similar.
Take any 6 € (0, h) such that (x, x + ) N A = &. Then

plle 48, 2N A) _ pla,eanA) _ plle, 2i) N A)
h—20 h—20 h

= K.

Thus z + § € C for sufficiently small § > 0 and hence = € C implying B C C.
Thus by the previous lemma

_ 2
pB < pC = pC < (H—l)uA.

The proof is complete.

Lemma 4. Let a set A CR be measurable and let k € (0,1]. Then for a set
B defined by

B — {yeR: Ih£0 ‘W >/<a}

the following estimate holds

2
uB < (—1)/114.

K

PrOOF. First consider the case of A being an open set. Then A can be written
as a countable union of pairwise disjoint open intervals A = Uf;l P,,. Then
denoting

7 ({yvy +h N U,y Pn)
B, = yeR: Jh#0 7] > K ),
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we get B=|JBy and By C Byy1 . Therefore by Lemma 3

k
P P
B = lmuB, < lim(Z-1 P = (2-1)pua.
1 impuBy < lin<,<; )u(U n) (H )u

n=1

Now consider the case of A being a Gs-set. If pA = +o0 , there is nothing
to prove. If A is of finite measure, it can be written as a countable intersection
of open sets of finite measure

A = m D, where D, 41 C D, .
n=1

Setting

B — {yeR: 3 £ 0 1 ([y,y +h] N Dy) > n}’

1]

we get B C (), Br and by the previous step of this proof
. . 2 2
uB < limpBr < lim ( — 1) uDy = ( — 1) UA .
k E \ K K

Finally, if A is an arbitrary measurable set, there is a G- superset A of
equal measure. Then the set B is the same for A and for A. Hence by the
previous step of the proof

uB < (i—l),ufl = (i—l),uA

which completes the proof of Lemma 4.

In [5] an example has been given of an unbounded approximately continu-
ous function such that for a suitable € > 0 the related function p. is not lower
semicontinuous. Actually, this may happen even for bounded approximately
continuous functions as the following example shows.

Define f: R — R by formula

2k+1 2k+1 : 1 1 1 .

4 * z + ]- - 2 + 9 lf x 6 (22k+1 - 42k+1> 22k:+1] 9

— 2k+1 2k+1 : 1 1 1 .

f(l') - _4 + x + 1 + 2 * bl lf X E (22k+17 22k+1 + 42k+1) ]
0 otherwise,

where k runs over all nonnegative integers. The bounded function f is con-
tinuous except at 0 and it is approximately continuous everywhere. One can
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elementary compute that for e = -t we get p.(0) = (19+1/106)/60 and that

_ 1 1 1 1
pe(x) = 15 . 42k 92k+1  42k+1° 92k+1 + 42k+1

Thus pe(0) > liminf, ,opc(z) =0 , so p. is not lower semicontinuous. How-
ever, according to the next proposition the function p. must be approximately
lower semicontinuous.

Proposition 1. Let f be a bounded measurable function. If f is approzimately
continuous at a point xg , then for any € > 0 the function pe is approximately
lower semicontinuous at xg.

PROOF. Let o be an arbitrary positive number. Set E = {x: |f(z)—f(x0)] <
o} . We will denote the complement of E by CE. Fix a number x € (0,1]
arbitrarily. It follows from the approximate continuity of the function f at x,
that there is a positive number hg such that

E
WCEN [z0, 7)) L for all z with |z — x| < hg . (4)
|z — o] 4
Next let us define a,, = x¢ + ho/2""! for all positive integers n. We are
going to show that the set
CEN |z, h
{xé(xo,ag):30<|h<ho ue |Ev|;v+ D>/<;}

has right-hand density 0 at zy. In a similar fashion one can show that the set

w(CEN [z, z + h]) S /@}
|l B

h
{me(xo—;,xo): J0<|h| <hg
has left-hand density 0 at zy. These facts would imply
CLAIM. =z is a point of dispersion of the set

{xeR: 30<\h|<% N(CEQ|[}ZE|’m+h]) > n} .

The set

E
A = {me(xmmo—i-h?o): 30<\h|<% e “&f’“h]) > /@}




SAC PROPERTY AND APPROXIMATE SEMICONTINUITY 387

is contained in the union of the following three sets

A = U {x € [an+1,an] : 3h # 0 such that =+ h € [ant1, an)

n>2

w(CEN [z, 2+ hl)
>
and Ih] > K } ,

Ay = U {x € [ant1,an] \ A1 : Fh > 0 such that =+ h € [ap, an—1]
n>2

(CEN[z,z + h))

> Ko,
|hl }

Ag = U {x € [ant1,an] \ A1 : Fh < 0 such that =+ h € [any2, ani1]

n>2

and H

and H

(CEN [z, + h)) - }
|h - '

The inclusion A C A; U Ay U A3 is not obvious, since it seems possible that
the inequality
HMCEN [z,4])
|z -yl

may occur for some z € [apt1, an] and y € [agy1, ag] withn > k+2 or
for some x € [an+1, an], ¥ < mo with |y — | < ho/2 .

We will show that none of the two cases holds.

Given any z € [ant1, an), ¥ € [ar+1, ar] withn > k+2 we have

w(CE N [z,y])
|z —yl
n—1
WCEN [antr, an)) + Y w(CEN (a1, ai]) + p(CE N [agi1, ax))
< i=k+1
- n—1

Z (a; — aiy1)

i=k+1
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Thus by Lemma 1 we get
pCEN[zy) _

|z =yl
< pCEN[ansr, an)) - pCEN[aiv, ai]) | p(CEN [arr, arl)
Af+1 — A2 k+1<i<n—1 a; — Aj41 Q41 — k2
Hence by (4) and by the definition of a;
w(CE N [z,y)) £, Glen—ans) o G(ak k)
|z —yl 4 A1 — A2 Sh gkl
L A
- A4 4 2 2

which eliminates the first case.
If y<zpand z € [any1, ay] withz —y < % , than by Lemma 1 and by

(4)

pCEN[zY]) max{#(CEﬂ[y, 330])7 1(CE N [xg, x]) } < 5

Tr—y To—Y T — o 4
which eliminates the second case and completes the proof of the inclusion
A C Ay UAs U Az . Thus in order to prove that the right-hand density
d* (A, zp) of the set A at z is 0, it suffices to prove that d*(4;, zo) =0 for
each 7 =1,2,3.
Define

CENlagi1, a
N = max ™ [ak+1, ar])
k>i A — Q41
Since f is approximately continuous at xg, the point zq is a dispersion point
of the set CFE and therefore \; — 0 as i — +oco . By Lemma 4 we get

/LAl S <i - 1) M(CE n [aiH, az]) S (2 - ].) )\2% .

K
Thus, given any € > 0,

(A1 N [aita, ai)
a; — Q41

< €

for all sufficiently large i. Hence for those n by Lemma 1

p(Ar N [zo, anl) p(ArL O [an ik, an))

lim
Gp — X0 k—+o00 Qp — An4k
L. A1 NJa; a;
< liminf max plAr N faity, ai]) < €.

k—+oco n<i<n+k—1 A — Aj41
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Thus for any z € [ap+1, an] and for those sufficiently large n

AN [z, 2]) - p(Ai N fao, an]) _ o w(A1 0 [20, an])
T — X - Ap4+1 — Xo ay — I

< 2¢

implying d* (A1, zo9) < 2¢ . Since € was arbitrary, we have proven that zg is a
right-hand dispersion point of the set A;.

Our next step is to compute the right-hand density of Ay at zg. Given
x € |ant1, an], n>1,and h € (0, ho/2) such that x + h € [an, an—1] and

u([x,:nJrhh]ﬂC’E) - 5)

we get
p([z, z+h)NCE) < A(an—ant1)+An—1(an—1—0an) < Ap_1(@n_1—ant1) .
Hence by (5)

h < %An—l(an—l — Gny1)

and therefore

1
an — E )\nfl(anfl - anJrl) S x S Ap .

It follows that

(A2 N [an+17 an]) Anfl(anfl - anJrl) . 6
S - )\nfl ’
Ap — An41 Ap4+1 — An42 R
and thus for = € [apy1, an] by Lemma 1
o0
> ulAs N [ags1, ax)
w(Aa N [xo, x]) < k=n
T — Xg - >
Z (ar — ary1)
k=n+1
As N , 6
< max (A2 N [agy1, ag]) < S
k>n Ap4+1 — Q42 K

The last expression tends to 0 as n increases. Hence d¥(Ay, z9) =0 .

The computation of the right-hand density of A3 at zq is quite similar, but
we will write it down for the sake of completeness. Given an x € [a,11, an] ,
and an h € (—ho/2, 0) such that 4+ h € [an+2, ant1] and

w([z, x —i—hh] NCE) > x (©)
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we get
M([x‘i‘hz J}] DCE) < )\n(an _an+1) +)\n+l(an+l _an+2) < )\n(a'n _an+2) .

Hence by (6)
||

IN

1
- )\n n — Un
— An(an = an+2)

and therefore

IN

1
Ap41 < =z Ap41 + E )\n(an - an+2) .

It follows that

(AS N [an+17 an]) An(an - an+2) 3
S - )\n )
Gp41 — An4-2 Up41 — Gn4-2 R
and thus for = € [an41, an] by Lemma 1
o0
> (As N [aksa, ax))
p(Az N [zo, o]) < k=n
T — T - >
> (ak — arga)
k=n-+1
Az N 3
< max A3 0o a]) 3 I
k>n Q41 — ak+2) K

The last expression tends to 0 as n increases. Hence d*(As, z9) = 0 . There-
fore d* (A, xo) = 0 which completes the proof of our claim.

We now return to our investigation of the behavior of the function pc.
Let f be approximately continuous at x¢ and let M > 0 be a constant such
that |f(x)] < M/2 for all z € R. Fix e¢ > 0 arbitrarily. Denote the set
{z: |f(x) — f(z0)] <€/3} by A. Then by our claim there is an hg > 0 such
that the set

B - {x: Wh£0 |h\<h0 w(CAN [z, x + h)) € }

2 7 1] < 3M

has density one at xg. Approximate continuity of f at z¢ implies that d(A, xzp) =
1 and therefore d(A N B, z9) = 1. We will show that p.(z) > ho/2 for
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z€ANB . Take any € AN B and take any h with |h| € (0, %2). Then

x+h
[ v sa)a

‘;Lﬁ%ﬂwﬁ—ﬂ@ -

= 1 (If(t) = f(zo)| + | f(z0) — f(2)]) dt
|h| [z, z+h]
1 — €
1 B p B L
< 7 [I,Hh]m'f(t) f(zo)ldt + 0 [x,a:+h]ﬁCA|f(t) fao)ldt + 3
€ 1 6|h| € o
Ss T pam Mty =

Thus pe(x) > ho/2 .
Take an arbitrary v > 0. If ho/2 > pe(x) — v , then

imi > limi > — > —7.
app liminfpc(w) = lminf_ p@) 2 5 2 pdlo)—y

Otherwise, since | f;ﬂﬁh f(t)dt — f(zo)| is a continuous function in h, it

attains its maximum on a set Z = {h: ho/2 < |h| < pe(zo) —7y } and hence

we get
. E 0 7

denote half of the minimum by n and set E = {z: |f(z) — f(xo)| <n/2 } .
Take any x € EN AN B such that

1 xo+h

S Gy

]

d|x — xo|M
|z — x0] <1
ho 2
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and take any h € Z . Then

Hﬂx)—; [ rwal = s -1 [ ra

Zo

IN

z+h zo+h
@) = sl + |5 [ swa— [ s

4]

d|lx — xo| M
p TR oy

noy 2|lx — xo| M < N
2 2 ho

h =

|f<x> [Tl < e g [T s a]vn <,

0

where the latter inequality is valid by (7). Since z € AN B, we get

AR

< €

o

for all A # 0 such that |h| < pe(xo) — 7. Thus

pe() > pe(zo) —7
for x € EN AN B. Therefore

app liminfp.(x) > pe(ao) — 7 .
T—x0

Since v was arbitrary, it completes the proof of approximate lower semiconti-
nuity of p. at the point xy.

Proposition 2. Let f be bounded and measurable. If f is approximately
continuous at a point xg, then for all e > 0 the function

x+h

Pu(z) = sup{ye(0,1]: Yh#0 |h] <y = ‘,11/ FEydt - f(w)| < e }

is approzimately upper semicontinuous at .
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ProoF. If limsup, ., Pe(x) = 0 ,then p. is upper semicontinuous at xq
for it takes positive values everywhere.

Assume now that limsup, ., pe(z) = 0 >0 and take any ~ € (0, J) .
Then the set E; = {z : pe(x) > v } has positive upper density at xq. Let
E5 be a set of density one at zy such that f|g, is continuous. Then there is
a sequence (x,) of points of F1 N Ey convergent to xo such that z,, # xg for
all n. Tt is easy to see that for all 0 < |h| < v and for all positive integers n

Tn+h
/ fydt — f(zn)| < €.
Passing to a limit with n — oo, we get
x()-"-h
[ rwa- s < e
xo

Therefore pe(xg) > . Since v < ¢ was arbitrary, we have p(xg) > ¢ and the
proof is complete.

The SAC problem would be solved if it were possible to construct an ap-
proximately continuous function r such that 0 < r < p.. In [6] we have shown
that if f is a positive approximately lower semicontinuous function of Baire
class one then the required function r can be found. However, there is no guar-
antee that our function p. is Baire class one and this assumption is crucial as
the following example shows.

Let (Ky,)nen be a partition of all rationals from the interval [0,1] into
countably many subsets each of which is dense in the whole interval. Define
f to be n%rl on K, and to be 1 on the irrationals. It is obvious that f is
approximately lower semicontinuous and that it is not of Baire class one. It
is easy to see that there is no approximately continuous function r such that
0 < r < f. Since each of the sets K, is dense in [0, 1], so are the sets where r
is less than any given positive value, and hence every point of the interval is
a point of discontinuity of r. This can not happen for r is of Baire class one.

Open Problem Find a characterization of those approximately lower
semicontinuous functions f > 0 for which there is an approximately continuous
function r such that 0 <r < f .

References

[1] A. Bruckner, Differentation of Real Functions, CRM Monograph Series,
American Mathematical Society, Providence 1994.



394 FRANCISZEK PRUS-WISNIOWSKI AND GRZEGORZ SZKIBIEL

[2] Z. Grande, On Equi-derivatives, Real Anal. Exchange, 21 2 (1995/96),
637-647.

[3] R.Kannan, C. King Krueger, Advanced Analysis on the Real Line, Springer
Verlag, New York 1996.

[4] S. Lojasiewicz, An Introduction to the Theory of Real Functions, John
Wiley&Sons, Chichester 1988.

[5] F. Prus-Wisniowski, SAC Property and semicontinuity, Tatra Mountains
Math. Publ., 24 (2002), 161-166.

[6] F. Prus-Wisniowski, G. Szkibiel, A Note on SAC Property, Tatra Moun-
tains Math. Publ.; 19 (2000), 209-212.



