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NOTES ON ABSOLUTELY CONTINUOUS
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Abstract
Let © C R™ be a domain. The result of J. Kauhanen, P. Koskela
and J. Maly [4] states that a function f : Q@ — R with a derivative in
the Lorentz space L™'(Q2, R™) is n-absolutely continuous in the sense
of [5]. We give an example of an absolutely continuous function of two
variables, whose derivative is not in L?!. The boundary behavior of
n-absolutely continuous functions is also studied.

1 Introduction.

Absolutely continuous functions of one variable are admissible transformations
for the change of variables in the Lebesgue integral. Recently, J. Maly [5] in-
troduced a class of n-absolutely continuous functions giving an n-dimensional
analogue of the notion of absolute continuity from this point of view. For the
recent development in the theory of n-absolutely continuous functions also see
[2] and [3].

Suppose that Q@ C R" is a domain. A function f : Q — R™ is said to be
n-absolutely continuous if for each € > 0 there is § > 0 such that for each
disjoint finite family {B;} of open balls in 2 we have

ZEH(BZ') <0 = Z(oscBi it <e.

It was shown in [5] that n-absolute continuity implies weak differentiability
with gradient in L", differentiability a.e., area and coarea formula.
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It was proved by J. Kauhanen, P. Koskela and J. Maly [4] that a function
f: ©Q — R has an n-absolutely continuous representative if Vf € L™1(Q,R").
This result gains in interest if we realize that L™1(Q) is the largest rearrange-
ment invariant Banach space of functions on R™ with such a property, (see [1]).
In the third section we give an example of 2-absolutely continuous function,
whose derivative is not in the Lorentz space L%,

Sections 4 and 5 are devoted to the study of the boundary behavior of n-
absolutely continuous functions. The aim of these sections is to find conditions
on the domain 2 which guarantee that every n-absolutely continuous function
on ) can be continuously extended to 92. Let 0 < o < 1. Example 4.3
demonstrates that the existence of a continuous extension is not generally
guaranteed by the condition that a domain Q has C™® boundary. On the
other hand, in Section 5 it is shown that a continuous extension exists if €}
has a C%! boundary. (See Preliminaries for the definition of C** boundary.)

2 Preliminaries.

We will denote by L£,, the n-dimensional Lebesgue measure. We will use the
symbol «,, to denote the Lebesgue measure of the unit ball in R™.

We will denote by B(z,r) the n-dimensional Euclidean open ball with
the center z and diameter r and by B(z,r) the corresponding closed ball.
Throughout the paper, we will use the letter B only for open balls.

For a mapping f : @ — R, we denote by f/(z) the vector of all partial
derivatives of f at . We write V f for the weak (distributional) derivative.

The convex hull of a set A C R™ will be denoted by conv(A). The closure
of a set A is denoted by A and its boundary is denoted by 9A. We denote by
|z| the Euclidean norm of a point z € R%.

Let A C R? be an open set and 0 < o < 1. A function F : A — R? is said
to be a-Holder continuous if there is a constant K > 0 such that

|F(z) — F(y)| < K|z — y|* for every z,y € A. (2.1)

As usual, F is called Lipschitz if it is 1-Ho6lder continuous. We will denote by
C1(A) the family of functions from A to R whose derivative, as a function
from A to RY, is a-Holder continuous. Let us denote by C'(A) the family of
functions whose derivative is continuous.

We will use the letter €2 to denote a domain; i.e., a connected open set
in R, n > 2. Let 0 < o < 1. A domain { is said to have C*® boundary
(or C! boundary) 99 if for every zo € 99 there is a ball B(zg,r9) C R",
i€{1,...,n}, an open set D C R"~! and h € CH*(R""!) (or h € C}(R"1))
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such that

o9 ﬂB(.’ﬂo,To) = {1’ cR": [3517. ey Li—1y L1y - - - ,l’n] € D and (2 2)
h(@1, . i1, Tig1, oo, Tn) = T} .

and that either Gt c Qand G NQ =0 or G~ C Q and Gt N Q = () where

Gt = {QT S B(l‘o,’l‘o) : h(xl,...,mi_l,xi+1,...,xn) < l’i} (2 3)
and G~ = {II? S B(l‘o,ro) : h(ﬁCh. PR B O o MR [P 7In) > l‘i}. ’

We will need the following version of the Taylor theorem which holds for
CHH(R?) mappings.

Proposition 2.1. Let h : R — R be a CY! mapping. Let K denotes the
Lipschitz constant of ' (i.e., |W' (z) — W (y)| < K|z — y| for every z,y € RY).
Then K

|h(Zo + ) — h(Zo) — W (F0)E| < §|5\2 (2.4)

for every %y, € RY.

If f:Q — Risamapping and z € Q, we write mlip(f, z) for the “maximal
function” version of Lipschitz constant

mlip(f,z) = Sup{‘f(xx):;(y) .

y € Q\ {z} and z,y € B for some ball B C Q}

We write oscp(,,, f for the oscillation of f over the ball B(x,r), which is the
diameter of the image f(B(x,r)). The support of a function f : Q@ — R is
denoted by spt(f) ={z € Q: f(x) # 0}.

Throughout this paper, we use the letter v for a continuous mapping -y :
[0,1] — €2 Set (y) = {v(t) : t €0,1]}. The length of the curve ~y is denoted
by £(v). For z,y € Q, we will denote by pq(z,y) the distance of x and y in
Q; ie.,

pa(r,y) =inf{l(y); v:[0,1] — Q, ¥(0) =z and y(1) = y}.

We use the convention that C' denotes some positive constant. The value
of this constant may differ from occurrence to occurrence but for a fixed n
(the dimension of the underlying space R™) it is always an absolute constant.

Given a function f : 2 — R, the n-variation of f on (Q is defined by

Vo(f, Q) = sup{Z(oscBi f)" :{B;} is a disjoint finite family of balls in Q}.
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We define the space AC™() to be the family of all n-absolutely continuous
functions f : Q@ — R such that V,(f,Q) < oo.

A function f : @ — R is said to satisfy the RR-condition (written f €
RR(R)) if there is a function g € L(Q), called the weight, such that

(OSCB(I,T) f) ' = /B(m,r) !

for every ball B(x,r) C . A condition similar to RR was used by Rado
and Reichelderfer [6] as a sufficient condition for the area formula and for the
differentiability a.e. It was shown in [5] that the RR-condition easily implies
n-absolute continuity.

Theorem 2.2 (RR-condition). Suppose that a function f : Q — R satisfies
the RR-condition. Then f € AC™(Q).

Moreover the results of M. Csornyei [2] give RR(Q2) = AC™(Q2), but we will
not need this fact in this paper.

3 Lorentz Space L™

If f:Q — R™ is a measurable function, we define its distributional function
m(o, f) = La({z : [f(2)] > 0}), o>0,

and the nonincreasing rearrangement f* of f by
(@) = inf{o : m(o, f) < t}.

The Lorentz space L™!(£2,R™) is defined to be the class of all measurable
functions f : 2 — R™ such that

R dt

0

For abbreviation, we write L™ () instead of L™!(Q,R). For an introduction
to Lorentz spaces see for instance [7].

The following theorem of J. Kauhanen, P. Koskela and J. Maly [4] states
that functions with the distributional derivative in the Lorentz space L™ are
n-absolutely continuous.

Theorem 3.1. Suppose that Vf € L™ (Q,R™). Then there is a representative
of f such that f € AC™(Q).
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This result is quite sharp, because A. Cianchi and L. Pick [1] proved that
L™ is the largest rearrangement invariant Banach space of functions on R
with the property Vf € L1 (Q,R") = f € C(Q) (see also [4, Theorem F]).

The rest of this section is devoted to the proof that there are € > 0 and
f € AC?(B([0,0],¢)) such that Vf & L*»Y(B([0,0],¢),R?). It follows that
these two classes of functions do not coincide.

Lemma 3.2. Let B(0, R) C R™ and let f : B(0, R)\{0} — R* be a continuous
function. Suppose that there is a decreasing function g : (0,R) — RT such

that f(z) = g(|z|). Then f € L™1(B(0, R)) if and only if fORg < 0.

PROOF. Since m(o, f) = L,({z : |f(z)] > o}) = an(g (o))", it follows that

f*(t) =inf{o : m(o, f) <t} =inf{o : a, (¢ (o))" < t} = g(
From this we have

OOL* ﬂ_ anR”%* @
| rroT= [T vros

t
Otan 1 n\/i dt R
:/0 tng(n an)? = C/O g(s)ds. O

Lemma 3.3. Let B(0,R) C R" and let G : [0,R] — R™ be an increasing
continuous function which is differentiable on (0, R). Assume further that G’
is a continuous decreasing function on (0, R). Then a function F(z) = G(|z]|)
satisfies F' € L™'(B(0, R),R™).

PROOF. Set f = |F'| and g = G'. Clearly, f and g satisfy the assumptions of
Lemma 3.2 and [, g = ['G' = G(R) — G(0) < oo . O

Remark 3.4. From Lemma 3.3 and Theorem 3.1 we have that AC™(£2) func-
tions can have arbitrarily “bad” modulus of continuity even on compact sub-
sets of Q. Note that functions from AC™(f2) are not necessarily uniformly
continuous on 2 if 9 is not “nice” (see Section 4 for details).

The following lemma provides a criterion for absolute continuity.

Lemma 3.5. Let Q C R™ be a domain and let f : Q@ — R. If g(z) =
mlip™(f,z) € L1(Q) then f satisfies the RR-condition with weight Cg, and
hence f € AC™(Q).
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PrROOF. Fix B = B(z,7) C Q and z € B. There exist a,b € B such that

=] < \pa) - o).

Since |a — x| < 2r and |b — x| < 2r, we have

oscl § _ @) = JOI" _ ., (@) = S@I | 0) =~ F@)I"
d < UL < o (Mol ME L)
5@~ F@ 1O = F@IY e o
<o (=R TOZTOL) < cnip (£,0) = Coto

It follows that

osc™ f
—BED gy < ¢ g(x)dx.

osCp, .y f=C
Blzr) B(z,r) rr B(z,r)

Hence f satisfies the RR-condition with weight C'g, and the desired conclusion

follows from Theorem 2.2. O
Example 3.6. There is a functwn f : B([0,0],1/2) — R such that f €
AC?(B([0,0],1/2)), but mlip®(f,x) £ L'(B([0,0],1/2)).

PROOF. Set

@) = W for x € B([0,0],1/2),
0 for x = [0, 0].

Clearly, Lemma 3.3 and Theorem 3.1 give that f € AC?(B([0,0],1/2)). An
easy computation shows that

= /,
1 ) dz = d =
/mlp (f,x) doe = /’ r = PE |log|$||
10g2 1
:C/ T2\logr\ C/ . -

Theorem 3.7. There exist 0 < g9 < 1/2 and F : B([0,0],&9) — R such that
F € AC?*(B([0,0],e0)) and VF ¢ L>'(B([0,0],e0)).

PROOF. Set
(r) = =rsinl  for r € (0,1/2),
g\r) = 0 for r = 0.

We claim that the function F'(z) = g(|z|) satisfies desired conditions if ¢q is
small enough. Plainly, F' € C(B([0,0],1/2)\ {0}) and VF = F’ a.e.
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Let us first prove that F’ ¢& L2’1(B([07O],50)). We compute

1 1 1
Fl(2)] = |¢'(|x :’ sin — + — xsin—’.
Let
1 1 1 1 1
M= = —|>=;= 1
{r6(0,2> COST—Q} U{g—l—kw ——|—k} (3.1)
keN
We have
| ’(r)|>’ cosf’f‘—sml‘ ’ ! sin 1‘> ‘
g “lrinr r Inr 7 In?r 2rInr llnr
1
for every r € M. Clearly, there is kg € N\ {1} such that for ¢g = ———
-3 + koﬂ'
we have )
lg’ ()] T for every r € M N (0, ). (3.2)
Set L
= B([0,0 .
f(.%‘) 4\x|ln|x|’ T € ([ ) ]’50)
We claim that the nonincreasing rearrangements of I’ and f satisfy
(F')*(t) > f*(4t). (3.3)
From (3.2) we have
|F'(z)] = | f(z)] for x| € M N (0,e0). (3.4)
An elementary computation gives
1 1
3[:2({30: .73|E|:Tr s ]})
(3.5)

> Lo ({x =] € {_gilm’ng(kl—l)WH)

for every k € N\ {1}. From (3.4), (3.5) and

1 1
[O,Eo} NM= U |:ﬂ_ s ]
kEN, k>ko -3 thr -3 +kr

we obtain 4m(o, F') > m(o, f). The inequality (3.3) easily follows.



66 STANISLAV HENCL

€0 _1
Since / dr = oo, we have f £ L*»(B([0,0],&0)) by Lemma 3.2.
o 4rinr
Thus (3.3) implies
F' ¢ L*1(B([0,0], €0))-
Using Lemma 3.5 we will prove that £ € AC?(B([0,0],2¢)). Clearly,
mlip? (F, z) = mlip*(g, |z|).

For every r such that 0 < r < g9 < 1/e we have

, 1 -1 1 1 .1 1-1 .1
l9'(r)| = |;—=r—5 cos = + —sin — + — ——rsin -
Inr r r In r  rn°r r (3.6)

-1 -1 1 -3
— 4+ —— < .
rlnr  Inr  In?r ~ rlnr
Fix r such that r < g9 < 1/e and ¢ such that 1/r + 27 < 1/t < 1/r+4n
and define t = ¢/(1 — 2nt) (i.e., 1/t = 1/t — 2m). Since the function ¢/Int is
decreasing on the interval (0,1/e), we obtain |g(t)| > |g(t)| and therefore

sup lg(r) —g(t)| < sup  [g(r) — g(D)].
t, +e[L+2m, L44n] £, Le[L,L+2n]

ror

Analogously, we conclude that

sup  |g(r) —g(t)] < sup  |g(r) —g(t)|.

t, 1>L4on 7, le[i,L+2n]

T

This and 5/r > 1/r 4 27 for r < g9 < 1/e give

—g(t —qg(t
p [H00) oy [0 =000 o
0<t<eo r—t r<t<eg r—t
From (3.6) and (3.7) we obtain
—g(t
mlip(g,r) = sup 7904) 9( )’
0<t<eo r—t
g(r) —g(t) ‘ / -3
= su ——=| < su < —.
ggge() r—t 1= gssgm 5 &)l < glng

An easy computation yields

. 92 -3 \?2
mlip”(F, z) < (W) dx
B([0,0],£0) B([0,0],e0) * 5 In =

€0 1 2 11’15?0 1
< = — .
_C’/O (rlnf)rdr C’/ 2 da < 00

5 — 00

Therefore F € AC%(B([0,0],&0)) by Lemma 3.5. O
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4 Boundary Behavior—Negative Results.

In this section we give examples of domains 2 C R™ for which there is a
function f € AC™(Q) that fails to have a continuous extension to 9 (i..,
there is no f € C(Q) such that f = f on ). When Q is bounded, this
is equivalent to the fact that there is f € AC™(f2) which is not uniformly
continuous on {.

Theorem 4.1. Let Q C R" be a domain and suppose that there is © € Of)
such that for all balls B C Q we have x £ OB. Then there is f € AC™(Q)

such that there is no continuous extension of f to 0S).
PROOF. This theorem is an easy consequence of Theorem 4.2. O

Theorem 4.2. Let Q) C R™ be a domain and let 0 < R < 1. Suppose that there
is x € 08 such that x £ OB for every ball B C Q. Then there is f € AC™(Q)
such that f > 0, spt(f) C B(z,R) and lim,_,, f(y) = +oo. Moreover, there

yeQ
is g € LY (), sptg C B(x,R) such that f satisfies the RR-condition with
weight g.

ProoOF. For every m € N we set

1 1
M,, = {B( 77) .2 € Q, dist(z,9Q) > 7}.
U 5 )iz € ist(z, 002) > —
Since it is not possible to touch 9 at the point x with a ball of radius 1/m,
we have r,, = dist(x, M,,) > 0.
Set a; = R. We define a sequence {a,}5°_, by induction. Given a,,, we
will show that there is a,, 1 such that 0 < a,;,41 < a,, and for every ball B

[B N B(z,am+1) # 0 and BN (B(amam) \B(m, %n)) #+ @}

(4.1)
= BN (R"\ Q) #0.
Fix k € N such that % < %z, For every B(z,r) we have
1 a
r < = and B(z,7)N (B(z,a,)\ Bz, —)) #0
e Lo mein (s (e ) 20]

= B(z,r) ﬁB(x,%ﬂ) = 0.

We prove that (4.1) holds for a,,+1 = min(a,, /6, ri) by contradiction. If there
were a ball B(z,r) such that (4.1) failed, we would have

B(z,7)NB(z,r;) #0 and B(z,7)N(R*"\ Q) =0 =r < %’
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by the definition of rg. From (4.2) we obtain B(z,7) N B(z, an,/6) = @ and
therefore B(z,7) N B(x,am+1) = 0, contrary to the assumption in (4.1).
Let f be defined for y € Q2 by

0 y € Q\ B(x,a1),
m—1

fy) =34 = %+%%(am—\m—y\) y € B(x,am) \ B(z,%*), m €N,
> y € B(x, %)\ B(x,am11), m €N,
i=1

Clearly, lim,_,, f(y) = +00. Set

yeQ

g(y): {(aim) yEB(.’L’,am)\B(JT, aén)a mEN,
0 yEB(J?, aén)\B(xaam-‘rl)a m € N.

From (4.1) we have
.n am
g(y) = mlip"(f,y) for y € B(z,am) \ B(m, -5 ), m € N.

Lemma 3.5 now gives osc’y f < C' [ g for every ball B C B(z, )\ B(x, %*).

From (4.1) and the definition of f it is evident that for every ball B C Q
there is a ball B’ C B such that oscp f = oscp/ f and B’ C B(z, a,,)\B(z, “%*)
for some m € N. Thus

oscp [ =oscpy f<C . g(y) dy < C/Bg(y) d

Hence f satisfies the RR-condition with weight C'g. An easy computation

gives that
fio= 3 ea(pean 5= ) ()
< ZCa (amm) :CZ”i(Tln)n<oo. O

Example 4.3. Let 0 < o < 1. There exist a domain Q C R™ with C1®
boundary and f € AC™(Q) such that there is no continuous extension of f to

09Q.

PROOF. Set Q = {[z1,...,2,] € R" : 21 > |[x2,...,2,]|*T}. It is not
difficult to show that Q has C'*® boundary and that for every ball B C Q we
have 0 ¢ 0B. Thus Theorem 4.2 shows that there is f € AC™(2) such that
there is no continuous extension of f to the point 0 € 0. O



ABSOLUTELY CONTINUOUS FUNCTIONS OF SEVERAL VARIABLES 69

The following example shows that it is not enough to assume that we can
touch every point of a boundary by a ball.

Example 4.4. There is a bounded, convex domain Q C R? with C' boundary
such that for all x € 09 we have x € OB for some ball B C . Moreover,
there is f € AC%(Q) such that there is no continuous extension of f to OS).

PROOF. For i € Ny set ; = [, 53] and

1 1 3 1
— 2. ==
Ai_{[x,y}e]R ..136|:2i+172i:|ay_2i+1x_22i+1}.

Define 3 = conv(S), where we have set

S:UAiU{[J:,y]: P ry—-1)7%=1,y>1}
i=0
Uffz,y]: 2*+ (y—1)* =1, 2 <0}

Clearly, there is a continuous function h : [—1,1] — R such that

Q) ={[z,y]: z€(-1,1), h(z) <y<1l++v1-—2a?}.

For every j € N\ {1,2,3} and 2% < 2 < 571 we have

27—1

1y 11 , 1 r
@) < (5575 ) = oy = 47 < 40 SS\/;'

Thus B([0,1/8],1/8) C Q4.

Applying Theorem 4.2 to 4, x; and r; = 2% we obtain functions f;, g;
such that spt(g;), ¢ € N, are pairwise disjoint. Consider {a;}2,, a; € R, a; >
0 such that >2%a; [ gi < oo. Set f = 3777 aif;. Clearly, f satisfies the
RR-condition with weight g = >":° a;g; and hence f € AC?(€2;).

There are y; € 7 such that

dist(y;, 4;) = dist(y;, Ai—1) and a; f;(y;) =1
and there is yo € 3 such that
dist(yo, Ag) = dist(yo, dB([0,1],1)) and ag fo(yo) = 1.
Let B; = B(y;,dist(y;, 01)). Fix z; € A; N 9B, and z € dB([0,1],1) N 0By.

Set _
0 = (0 \ B(wi, |zi — zi])) UB;, i €N,

zZ+z Z—Zz
Q) = (91\3(20,|2°>) U By.
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Let © = N2, Q. Now Q obviously satisfies all assumptions. Further,
[ € AC?%(Q) and there is no continuous extension of f to the point [0,0] since

[0, =% [0,0] and £([0,4]) *=%" 0 but y; — [0,0] and f(y;) — 1. O

Remark 4.5. In much the same way we can prove that there is a domain
Q C R™ with the same properties as in Example 4.4.

5 Boundary Behavior—Positive Results.

Definition 5.1. A domain ©Q C R" is said to have the property (P) if the
following holds. There are k € N, n > 0 and a function h : [0,7) — [0,0)
such that h(0) = 0, h is continuous at 0, and for every z,y € Q satisfying
|z — y| < n we have:

There are balls B; = B(s;,r;) C Q,4 € {1,...,k} such that
T € By, BiﬂBi+1#@fOI‘aHiE{l,...,k’—l}, (51)
y € By and 7; < h(|lz —y|) foralli € {1,...,k}.

For abbreviation of (5.1), we say that the points = and y are joined in
by k balls.

Lemma 5.2. Suppose that a domain S has the property (P) and let f : Q — R.
Suppose that for every e > 0 there is § > 0 such that

[B(c, r)CQ, r< 6]:> 05CB(c,r) f < €. (5.2)
Then there is f € C(Q) such that f = f on Q.

PRrROOF. To obtain a contradiction, suppose that there are Q2 and f : Q2 — R
satisfying (5.2) such that there is no continuous extension of f to the point
z € Q\ Q. Then we can find sequences {a;}32, C Q, {b;}52; C Q and £ >0
such that

aj; — T, bj — X, |aj — bjl <n and |f(aj) — f(bj)‘ >é

where 7 is occurring in the definition of the property (P). Applying (P) to
points a;,b; we obtain balls Bf, Bj, ..., Bj. such that

aj € BBl NB],, #0foriec{l,....k—1} and b; € Bj.

By the triangle inequality, we have

k
€ < |f(aj) - Z bCBJ
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Therefore there is d(j) € {1,2,...,k} such that osCpr )(f) > &/k. Let us
aG

denote by r; the radius of Bé(j). From |a;—b;| — 0, r; < h(|a;—bj|), R(0) =0
and the continuity of h at 0 we obtain r; — 0. Hence osCpr )(f) > &/k
aG

contradicts (5.2). O

Lemma 5.3. Let R > 0 and let Q@ C R™ be a domain. Suppose that we
have a continuous curve 7 : [0,1] — Q such that diam({y)) < R and that for
every z € (v) there is a ball B, = B(c,, R) C  such that z € B,. Then
there are z1,...,29.3n € () such that © = v(0) and y = (1) are joined by
B.,.B.,,...,B.,.,. inq.

PROOF. Find z1, 23,...,2; € {7) such that z and y are joined by B,, ... B,
and k is minimal in the sense

k

/ ’

[21, 22,...,22 € (), Bzg"“sz,f C Qjoin z and y] =k < L. (5.3)

If there were a,b,c € {1,...,k}, a # b # ¢ # a such that B,, N B,, N B, # 0,
then one of the balls B, , B,,,B,, would be redundant in joining x and y
which contradicts the minimality of &k in the sense of (5.3). From this and
B., C B(x,3R) we have

k
L,(|JB;) <2Ln(B(z,3R)) =k <

i=1

2L, (B
2n(BESR) _,y
L, (B(0,R))

Lemma 5.4. Given r > 0 and A C R" suppose that Q = |J,c4 Bla,r) is
a bounded domain. Suppose that for every z € 01 and for every sequences
{32, {vi}52, C Q we have

x; — 2z, yi — 2z = palx;,y;) — 0. (5.4)
Then Q has the property (P).

PROOF. Set
g(t) = sup{pa(z,y): x,y € Q, |x—y| <t} fort>0.

We claim that the function g is continuous at 0. Conversely, suppose that there
are 6 > 0 and {z; }ien, {yi }ieny C Q such that |z; — y;| — 0 and pq(x;,y;) > 0.
Since Q is compact, we may assume that there is z € Q such that z; — z and
y; — z. Clearly this would not be possible if z € ) and therefore z € 9.
However this contradicts condition (5.4).

Fix n > 0 small enough such that for ¢ < n we have 2¢g(t) < r. Set
h(t) = 2¢g(t) and k = 2 - 3™. We claim that (2 satisfies the property (P) with
the constants k, n and the function h.
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Fix z,y € Q such that |z — y| < n. It follows from the choice of 7 that
h(lx — y|) < r. By the definition of po(z,y), there is a continuous curve
v :[0,1] — € such that v(0) =z, v(1) =y and £(y) < 2pq(z,y). Clearly,

diam((7)) < 2pa(z,y) < 29(|z —y[) = h(|z — yl).

For every z € () we can find B(c,, h(lx —y|)) C Q with z € B(c,, h(|lz — y]))
since Q = (J,c4 Bla,r) and h(|z —y|) < r. Applying Lemma 5.3 to R =
h(]x — y|) we obtain points z1, ...,z € (y) such that B(c,,, R), ..., B(cs,, R)
join x and y in €. O

Thanks to Lemma 5.2 we can rephrase Lemma 5.4 as follows.

Theorem 5.5. Let A C R" and v > 0. Suppose that Q = (J,c, Bla,r)
is a bounded domain such that for every z € 00 and for every sequences
{332, {yi}52, C Q we have

T — 2, Yi — 2= pa(zi,y;) — 0. (5.5)
Let f:Q — R be a function such that for every e > 0 there is § > 0 such that
[B(c, r)CcQ, r< 6]:> 05CB(c,r) f < €. (5.6)

Then there is f € C(Q) such that f = f on Q.

Theorem 5.6. Let Q C R” be a domain with C*+! boundary. Then for every
n-absolutely continuous function [ : Q — R there is f € C(Q) such that f = f
on €.

PROOF. We only give the main ideas of the proof. We can assume that
is bounded, for the existence of the extension is a local property. Clearly,
every n-absolutely continuous function f : Q — R satisfies (5.6) and hence it
remains to verify the assumptions of Theorem 5.5 about the domain 2.

Let 29 € 9Q and find 79 > 0, D C R"~! and a function h € CH1(R"~1)
occurring in (2.2). Without loss of generality we may assume that i = 1,
Ty = 0,

NN B(0,rg) ={x €R"™: [x2,...,2,) € D and h(za,...,x,) =21},

Gt cQand G- NQ =0 (where G* and G~ are defined in (2.3)). It is clear
from this description that (5.5) holds for z = . Now it remains to show that
Q = U,ca Bla,r) for some A C R™ and r > 0.
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Let us denote by V € R"~! the vector of partial derivatives of h at 0.
Choose a constant K > 0 large enough such that K is greater than the Lips-
chitz constant of A’ (i.e., |W/(x) — h'(y)| < K|z —y| for every x,y € R*~!) and
moreover

\/1—$-|V|2 \/1+\V\2
B(O, T) C D and B(O7 T) C B(xo,70)- (5.7)
We claim that

B::B([ LW = "*1} im) c Q. (5.8)

2K 2K ' 2K 12K

Let z € B\{0}. Set & = [z3,...,x,] and notice that # € D and = € B(xo, 7o)

by (5.7). From (5.8) we have |z|? = 21 — &V &. Proposition 2.1 now gives

K
h(z) <Vi+ EW <Vi+K|z]?=mx

which implies 2 € Q since GT C Q. Clearly 9B ¢ QU {0}, implies B C Q.
Note that the radius of B depends only on h, rg and D, and not on a particular
point zg. Therefore it is possible to find 7y > 0 and r; > 0 such that for every
x € QN B(xg, 7o) there exists a ball B(cy,r1) C §2 such that x € dB(cy,71).

Since 02 is compact, this implies that there is ro > 0 such that for every
x € 0N there is a ball B(cg,1m2) C Q such that © € 9B(cg,72). From this
and the definition of C''! boundary it is not difficult to deduce that Q =
Uqea Bla,r) for some A C R™ and r > 0. O

The following example shows that the assumptions of Lemma 5.4 are not
equivalent to the property (P).

Example 5.7. There is a bounded domain @ C R? which has the property
(P) and does not satisfy the assumptions of Lemma 5.4.

PROOF. Set

A={lz,y]: *+(y—1)*=1and (z<0)or (y>1))}

11 1 1
55 (|35 5] 3)

We claim that the domain 2 = conv (AU Ufil Bi) has the desired properties.
Since 0B; N 9 # () and diam B; — 0, we have Q # (J,c4 B(a,r) for any
r>0and A C R%2. Thus Q does not satisfy the assumptions of Lemma 5.4.
The proof of the property (P) for Q is straightforward and not difficult and
hence we omit it. O

and
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