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ENTROPY AND FLATNESS IN LOCAL ALGEBRAIC
DYNAMICS

MAHDI MAJIDI-ZOLBANIN, NIKITA MIASNIKOV, AND LUCIEN SZPIRO

Abstract: For a local endomorphism of a noetherian local ring we introduce a no-
tion of entropy, along with two other asymptotic invariants. We use this notion of
entropy to extend numerical conditions in Kunz’ regularity criterion to every con-
tracting endomorphism of a noetherian local ring, and to give a characteristic-free
interpretation of the definition of Hilbert-Kunz multiplicity. We also show that every
finite endomorphism of a complete noetherian local ring of equal characteristic can
be lifted to a finite endomorphism of a complete regular local ring. The local ring of
an algebraic or analytic variety at a point fixed by a finite self-morphism inherits a
local endomorphism whose entropy is well-defined. This situation arises at the vertex
of the affine cone over a projective variety with a polarized self-morphism, where we
compare entropy with degree.
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Index of notations

Unless otherwise stated, all rings in this paper are assumed to be noe-
therian, local, commutative and with identity element 1. The following
notation is used:

" n-fold composition of ¢ with itself for a self-map ¢: X — X of a space.

length p (M) length of an R-module of finite length M.
length(f) lengthg(S/f(m)S) of the closed fiber of a local homomorphism f: (R,m)—S.

hioc(®) local entropy of an endomorphism of finite length ¢: R — R.

qe exp(hioc(p)/d) with d=dim R, ¢: R— R an endomorphism of finite length.
f« N R-module obtained from an S-module N via a homomorphism f: R — S.

f« S R-algebra obtained from a ring S via a homomorphism f: R — S (see [8]).
deg(f) the rank of f,S where f: R— S is a finite homomorphism and R is a domain.
nwr(M) minimum number of generators of a finitely generated R-module M.

Specmin R set of all minimal prime ideals of a ring R.

af morphism SpecS — Spec R corresponding to a homomorphism f: R — S.

0. Introduction

Let ¢: X — X be a self-morphism of an algebraic or analytic vari-
ety X and assume that P € X is fixed by . If ¢ is finite, or if P is totally
ramified, then the local ring Ox p inherits a local endomorphism gpt},
whose closed fiber is an artinian ring. This situation arises, for example,
at the vertex of the affine cone over a projective variety with a polar-
ized self-morphism, or at infinity for a polynomial map of the projective
line P'. There is a recent literature on constructing examples of finite
endomorphisms <p§3: Ox,p — Ox, p that are not automorphisms, with
(X, P) a normal singularity. References include [6, 6.2-6.3] and [16,
2.3-2.5]. Other authors, see e.g. [11], have addressed the question of
whether the existence of a finite surjective self-morphism of degree > 1
of a normal variety imposes restrictions on its local geometry or the
nature of its singularities.

In [17] Favre and Jonsson studied a number of local invariants of endo-
morphisms of local rings of germs of analytic functions over the complex
numbers (also see [20]). Their study of these local invariants explains
the obstructions encountered in establishing an equidistribution theorem
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for (1, 1)-currents, that extends results of Brolin [10], Lyubich [32], the
third author, Ullmo and Zhang [48]. The work of Favre and Jonsson has
also been a key to many subsequent works, including [49], [14], and [39].
This paper will primarily be concerned with dynamical systems gen-
erated by endomorphisms of finite length of noetherian local rings.

Definition 1. A local homomorphism f: (R, m) — (S, n) of noetherian
local rings is of finite length, if one of the following equivalent conditions
holds:

a) f(m)S is n-primary.

b) If p is a prime ideal of S such that f~1(p) = m, then p = n.

c) If q is any m-primary ideal of R, then f(q)S is n-primary.

Note that for a homomorphism of noetherian local rings, finite =
integral = finite length and finite = quasi-finite = finite length. Also
the composition of two homomorphisms of finite length is again of finite
length.

Definition 2. A local endomorphism f: (R,m) — (R, m) of a noe-
therian local ring R is called contracting if for every x € m the se-
quence {f™(z)}n=1 converges to 0 in the m-adic topology of R.

Remark 3. The terminology of contracting endomorphism is due to
Avramov, Hochster, Iyengar, Miller, and Yao, see [3, p. 80] or [2, p. 2].
This terminology is due to the fact that such endomorphisms are con-
tracting in the m-adic topology of the ring. However, if R is a local
ring admitting a contracting endomorphism in the sense of Definition 2,
then the closed point of Spec R corresponds to a super-attracting fixed
point in the sense of complex (or non-archimedean) dynamics. In [22]
for instance, an endomorphism satisfying the condition of Definition 2 is
called super-attracting.

Lemma 4. Let (R, m) be a noetherian local ring of embedding dimen-
sion §. A local endomorphism ¢: R — R is contracting if and only if

©°(m) c m2.

Proof: See [3, Lemma 12.1.4]. O

Definition 5. A local algebraic dynamical system (R, ) is a noetherian
local ring R together with an endomorphism of finite length ¢: R — R.
A morphism f: (R,p) — (5,1) between two local algebraic dynamical
systems is a local homomorphism f: R — S such that ¥ o f = f o .

In the first part of this paper three asymptotic invariants are in-
troduced for an endomorphism ¢ of finite length of a noetherian local
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o1 n
hioo(p) = lim —log (lengthp (1/¢" (m)R))

vp(p) = lim 1 log(max{r | ¢"(m) € m"})

n—ann

wp(p) = lim 1 log(min{r | m" € ¢"(m)}).

n—L N

Our first theorem asserts:

Theorem 1. Let (R, m, ) be a local algebraic dynamical system. Sup-
pose R is of dimension d and embedding dimension §. Then
a) The invariants hioc (), vn(p) and wy(p) are finite and non-nega-
tive.
b) 0 < d-va(p) < hioc(p) < d-wi(ep).
c) If v is in addition contracting, then § - hioc(p) = d - log 2.
d) If R is of prime characteristic p >0, then hjo.(Frobeniusg) =d -

log p.

We call the main invariant hiec(¢) local entropy. Roughly speaking,
in the theory of dynamical systems, entropy is a notion that measures
the rate of increase in dynamical complexity as the system evolves with
time [51, p. 313]. Various forms of entropy exist in the literature. For
instance, Adler, Konheim, and McAndrew introduced the notion of topo-
logical entropy in [1] for continuous maps of compact topological spaces.
Measure-theoretic entropy was introduced by Kolmogorov in [28] and
later improved by Sinai in [47] for measure-preserving morphisms of
probability spaces, and in [4] Bellon and Viallet introduced a notion of
algebraic entropy for dominant rational self-maps of projective space.

We show that our notion of local entropy shares many standard prop-
erties of topological entropy. For instance, writing h(y) for entropy of a
self-map ¢ of a space X, both local and topological entropies satisfy:

1) h(p') =t-h(p) for all t € N, where @' = popo---0¢p (t copies).

2) If Y c X is a closed @-stable subspace, then h(ply) < h(y).

3) If f: X — X' is an isomorphism, then h(p) = h(f opo f71).

4) If X = JY;, i = 1,...,m, where the Y; are closed ¢-stable sub-
spaces, then h(yp) = max{h(¢ly,) : 1 <i<m}.

The various invariants that measure the complexity of a given system are
often related (see, e.g., [33]). We compare hioc(¢) to degree of ¢ when
R is a domain and ¢: R — R is finite. Particular attention is given to
the local ring of the vertex of the affine cone of an integral projective
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variety equipped with a polarized self-morphism, for which we prove
(see Proposition 40) an analogue of a result of Gromov in [23], where
he showed topological entropy of a self-morphism of P"*(C) is equal to
logarithm of its topological degree.

The invariant v (@) has been studied by Favre and Jonsson in [19]
and [17] in a different guise. In [19, Theorem A] they prove the remark-
able result that if k is an arbitrary field and ¢ is a k-endomorphism of
the ring k[X,Y], then v,(p) is the logarithm of a quadratic algebraic
integer. A priori it is assumed in [19, Theorem A] that the characteris-
tic of the field is equal to 0, but the method relies on the technique of
key polynomials of [18, Appendix E], which is valid in arbitrary char-
acteristic. Bellon and Viallet have conjectured in [4] that their notion
of algebraic entropy for dominant rational self-maps of projective space
is also always the logarithm of an algebraic integer (see also [46, Con-
jecture 8]). This conjecture is proved for monomial self-maps in [24,
Corollary 6.4]. It is, therefore natural to ask a similar question about
the invariants hioc(®), vi () and wy (p):

Question 6. Let (R, ) be a local algebraic dynamical system. Are
the invariants hioc(®), vn(p) and wp(p) always logarithms of algebraic
integers?

An endomorphism ¢: R — R induces a self-morphism ®¢ of Spec R.
When ¢ is integral and Spec R = V (ker ¢), we show that “@ permutes the
irreducible components of Spec R. As a result, irreducible components of
Spec R are stable under an iteration of ¢. Even when Spec R # V (ker ¢),
there exist irreducible components that are stable under an iteration of .

In the second part of this paper we study the case of regular local rings.
We use local entropy to extend numerical conditions of Kunz’ regularity
criterion to arbitrary contracting endomorphisms of finite length. This
result of Kunz was established as a converse to a result of Peskine and
the third author [40, Theorem 1.7], stating that the pullback of a free
resolution of a module of finite projective dimension by the Frobenius
endomorphism is a free resolution of the pullback of the module. This
statement is still mysterious for a general endomorphism of a local ring,
even for its iterates. One should note, however, that it is true for res-
olutions of modules of finite length. (Apply the acyclicity lemma [40,
Lemma 1.8].)

The second theorem of this paper asserts:

Theorem 2. Let (R, m, ) be a local algebraic dynamical system and let
d be the dimension of R. Let hioc(p) be the local entropy of this system
and define q, := exp(hioc(p)/d). Consider the following conditions:
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a) R is regular.

b) ¢: R — R is flat.

c) length(R/@(m)R) = qg.

d) length(R/@"(m)R) = ¢ for some n € N.

Then a) = b) = ¢) = d). If in addition ¢ is contracting, all these
conditions are equivalent.

Avramov, Iyengar and Miller have proved the equivalence of condi-
tions a) and b) (and more results) in [3] using different methods. We use
Herzog’s proof from [25, Satz 3.1] that is based on a nontrivial argument
in local cohomology, to prove the implication b)=>a). He originally wrote
it for the Frobenius endomorphism. This part of our proof has been pre-
viously used by Bruns and Gubeladze in [12, Lemma 3]. Our proof of
the implication d) = b) utilizes a flatness criterion that is due to Nagata.

We propose a characteristic-free interpretation of definition of the
Hilbert-Kunz multiplicity, see [37], in terms of local entropy. From The-
orem 2 it quickly follows that the Hilbert-Kunz multiplicity of a regular
local ring with respect to any endomorphism of finite length is 1. This
is a well-known fact in the case of the Frobenius endomorphism. The
ezistence of the Hilbert-Kunz multiplicity attached to an arbitrary en-
domorphism of finite length, however, remains an open question.

Our third theorem in this paper is inspired by results of Fakhrud-
din [15, Corollary 2.2], and Bhatnagar and the third author [5, Theo-
rem 2.1] on extending a polarized self-morphism of a projective variety
over an infinite field to an ambient projective space. Recently in [41]
Poonen gave a proof for the main result of [5] over finite fields. Here we
consider a similar lifting problem for an endomorphism of finite length of
an equicharacteristic complete noetherian local ring, and prove a Cohen-
Fakhruddin type structure theorem. Note that it is easy to see that if a
local ring has a nonzero contracting endomorphism, it must be of equal
characteristic. In our local version of Fakhruddin’s result we do not
assume our fields to be infinite.

Our third theorem asserts:

Theorem 3. Let (A, p) be a local algebraic dynamical system and as-
sume that A is a homomorphic image w: R — A of an equicharacteristic
complete regular local ring R. Then ¢ can be lifted (non uniquely) to an
endomorphism of finite length v of R such that mo = pomw. Thus,
w: (R,v) — (A, p) becomes a morphism of local algebraic dynamical
systems.
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The converse problem of characterizing homomorphic images of a reg-
ular local ring R to which a given endomorphism of finite length 1 of R
descends, is an open question. Equivalently, this question is asking for
characterization of ideals a c R for which ¢ (a) € a. If a is such an ideal
then v descends to give an endomorphism of finite length of R/a.

The results and questions that we discussed in this introduction, as
well as the equidistribution results for the measure of maximal entropy
obtained by Brolin [10], Lyubich [32], the third author, Ullmo and
Zhang [48], have motivated us to study local and global invariants of
schemes with self-morphisms.

1. Local entropy

1.1. Examples of rings with endomorphisms.

Example 7. If R is a noetherian local ring of positive prime character-
istic p, then the Frobenius endomorphism = — P is contracting and of
finite length.

Example 8. A power series ring R := k[Xy,...,X,] over a field k
has many endomorphisms of finite length. If elements fi,..., f, of R
generate an ideal of height n in R, then we obtain an endomorphism of
finite length by setting X; — f; for 1 < i < n. Conversely, in Theorem 3
we will show using Cohen’s structure theorem that every endomorphism
of finite length of a complete equicharacteristic local ring is induced by
an endomorphism of a power series ring.

Definition 9. Let ¢: R — R be an endomorphism of a noetherian local
ring. An ideal a of R is called ¢-stable, if p(a)R C a.

Example 10. Let R := k[X1,...,X,] be a power series ring over a
field k, and let ¢ be an endomorphism of finite length of R, e.g., as
defined in Example 8. Let z # 0 be an arbitrary element of the maximal
ideal of R. Then the ideal a generated by z,¢(z2), ¢*(z),... (orbit of z
under @) is p-stable. Thus ¢ induces an endomorphism of finite length
on R/a. Moreover, if ¢ is contracting, then so is the induced map.
Macaulay 2 can be used to generate examples of this type. We mention
three examples here. In these examples k is a field of characteristic
zero, R and a are as above and p( - ) denotes the minimum number of
generators of a finitely generated R-module.

a) n=4, 2= X3+ X3. Define ¢ as X1 — X3, X; — X2 fori =2,3
and X4 — XJ. Then p(a) =2 and dim R/a = 2.
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b) n=17,2=X1X2X3 + X; + X2Xs + X3. Define ¢ as X; — X2,
for 2 < i <6 and X; — X?, X7 — X{. Then p(a) = 5 and
dim R/a = 3.

c) n=28,2=X1 X;X2+ X3X}+ X,X+ X7. Define ¢ as X; — X2,
for 3 <i < 8and X; — X3, Xo — X{. Then p(a) = 5 and
dimR/a = 4.

Example 11. Let R := k[Xy,...,X,] be a power series ring over a
field k, and let a be an ideal of R with generators that can be expressed
in the form monomial = monomial. Then the endomorphism of R given
by X; — X for an integer r > 1, induces a contracting endomorphism
of finite length on R/a. In more geometric terms this example says any
singularity of a toric variety admits a contracting self-morphism.

1.2. Existence and estimates for local entropy. In this section we
prove Theorem 1. We will need a lemma that is often used in dynamical
systems. For a proof we refer to [50, Theorem 4.9].

Lemma (Fekete). Let {an}n=1 be a sub-additive (super-additive) se-
quence of real numbers, that is, apim < an + QG (T€SP. Qppm = apn +
am) for all nym € N. Then lim,,_,, a,/n exists and equals inf,{a,/n}
(resp. sup,,{an/n}). (The limit could be —o0 (resp. ) but if a, = c-n
(resp. an < c-n) for a number ¢ > 0 and all n € N, then the limit will

be finite.)
We will also need the proposition that follows:

Proposition 12. Let f: (R,m) — S be a homomorphism of finite length
of noetherian local rings. Let M be an R-module of finite length. Then
a) M ®g S is of finite length as an S-module.
b) lengthg(M ®g S) < lengthg(S/f(m)S) - lengthz(M).
c) If f is flat, then lengthg(M®pS) =lengthg(S/f(m)S)-lengthz(M).

Proof: By induction on length(M). O

Definition 13. Let f: (R,m) — (S,n) be a local homomorphism of
finite length of noetherian local rings. We define

length(f) = length(S/f(m)S)
v(f) = max{r | f(m)S cn"}
w(f) = min{r | n" < f(m)S}.
Remark 14. The definition of v(f) and w(f) was inspired by similar

definitions of Samuel in [43, p. 11]. Note that n*/) < f(m)S < n¥(/),
Thus: v(f) < w(f).
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Lemma 15. Let f: (R,m) — (S,n) and g: (S,n) — (T,p) be two ho-
momorphisms of finite length of noetherian local rings. Write length(f),
length(g), length(g o f) for the lengths of the closed fibers of f, g and
go f, respectively. Then

a) length(g) < length(g o f) < length(g) - length(f).

b) If g is flat then length(g o f) = length(g) - length(f).

c) v(ge f)=wv(g)-v(f)

d) w(go f) < w(g) - w(f)
Proof: For a) and b) apply Proposition 12, using the canonical isomor-
phism of T-modules (S/f(m)S) ®s T = T/g(f(m)S)T (see, e.g., |7,
Chapter II, §3.6, Corollaries 2 and 3, pp. 253-254]). For ¢) and d) using

the fact that for an ideal a of S and n € N, g(a™)T = (g(a)T)"™, we can
write

((go /)T = g(f(m)S)T < gm*NT = (g(m)T)") R  prlo)v(f),
and
pr@el) < (g(n)T)"Y) = g D) < g(f(m)S)T = ((g o f)(m))T.

By definition of v(go f) and w(go f) then we obtain v(go f) = v(g)-v(f)
and w(go f) < w(g) - w(f), respectively. O

Theorem 1. Let (R, m, ) be a local algebraic dynamical system. Sup-
pose R is of dimension d and embedding dimension §. Define

1 1
hioc(p) := lim — loglength(¢™) = hn%r Elog (lengthp(R/¢™(m)R))

n—aL N

1 n 1 n r
vn(p) := lim —logv(y") = lim —log(max{r | ¢"(m) € m"})

1 1
wp(p) := lim —logw(e™) = lim — log(min{r | m" < ¢"(m)}).

n—oaL N n—oL N

a) The invariants hioc(p), vr(p) and wy(p) are finite and non-neg-
ative. In addition, hiee(p) = inf,{(loglength(¢o™))/n}, vr(p) =
sup, {(logv(¢"))/n} and wi(p) = inf,{(logw(p™))/n}.

b) 0<d-vp(p) < hoc(p) < d-wi(p).

c) If ¢ is in addition contracting, then ¢ - hioc(p) = d - log 2.

d) If R is of prime characteristic p >0, then hjo.(Frobeniusg) =d -

log p.
We call the invariant hioc(v) local entropy of .
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Proof: a) Apply Fekete’s Lemma, taking a,, to be log length(o™), log w(¢™)
and logv(p™), respectively. The sub-additivity of {loglength(x™)} and
{logw(yp™)} and super-additivity of {logv(x™)} were established in Lem-
ma 15. By Lemma 15 and Remark 14, for every n € N

1< [u(@)]" < v(e") < w(e") < [wle)]™
These inequalities give the finiteness and non-negativity of the limits.
b) From Definition 13 we get m“(¥") < ¢™(m)R c m¥(*"). Thus
length 5 (R/m"*")) < length(R/¢" (m)R) < length p(R/m®(#")),

We consider two cases: v(¢™) — o0 and v(¢™) - 0. In the first case by
Remark 14 w(¢™) — o, as well. Then, for large n, lengthy(R/m¥(#"))
and lengthz(R/m®(#™)) are polynomials of precise degree d in v(p™)
and w(p™), respectively, with highest degree terms e(m)(v(¢"))?%/d! and
e(m)(w(p™))?/d!. Thus, for large n
O (o) < tenstn B/ (m)R) < O (),
which gives the result after applying logarithm, dividing by n and taking
limits. In the second case, when v(p™) - o0, the sequence {v(p™)} is
bounded. Hence, there is a number ¢ such that 1 < v(p™) < ¢. Applying
logarithm, dividing by n and taking limits, we get v,(¢) = 0. Now, if
w(p™) — o0, then starting with the inequality

1 < length(R/o™(m)R) < lengthz(R/m™(#™))

and repeating the same argument as before, we arrive at the desired
inequality
vn () = 0 < hoe () < d - w ().

Finally if w(¢™) - o0, then the sequence {w(p™)} is also bounded and
there is a number ¢’ such that 1 < w(p™) < ¢’. After applying logarithm,
dividing by n and taking limits, get wy,(¢) = 0. Since v, (¢) = 0 as well,
the proof will be completed by showing (i, R) = 0. This follows from
inequalities

1 < length(R/¢™(m)R) < length(R/m™ ")) < lengthp(R/m®).
¢) There is nothing to prove if § = 0, so assume § > 0. By Lemma 4

to say that ¢ is contracting is equivalent to saying °(m)R < m?, which
by definition gives v(¢°®) > 2. Hence, using parts a) and b) we obtain

(log2)/6 < (logv(”))/ < sup{(logv(¢™))/n} = vn(p) < foc(0)/d.
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d) If R is of characteristic p and ¢ is its Frobenius endomorphism,
then by [29, Proposition 3.2]

p"? < length(R/@"(m)R) < { min } [lengthp (R/(y1,. . .,ya)R)] - p"?,

Y1,--,Yd
where {y1,...,yq} runs over all systems of parameters of R. Apply
logarithm, divide by n and take limits to get hioc() = d - log p. O

Corollary 16. Let (R,m, ) be a local algebraic dynamical system. If
dim R is zero, then hioc(p) = 0. Conuversely, if ¢ is contracting and
hioc(p) = 0, then dim R is zero.

Proof: If dimR = 0, then R is artinian and the result follows from
inequalities 1 < length(R/¢"(mR)) < length(R) < . The converse
statement follows from part ¢) of Theorem 1. O

Local entropy can be computed using other methods. To show this
we need a definition.

Definition 17. Let R be a noetherian local ring, and let ¢ be an en-
domorphism of R. Let R-Mod be the category of R-modules. For ev-
ery n € N we define a functor ®": R-Mod — R-Mod as follows: if
M € R-Mod, then

"(M) := M ®r ¢y R,
where the R-module structure of ®" (M) is defined to be

T'JU:Zmi@T'Tn if x:Zmi®rie<I>n(M) and 1€ R.

For the Frobenius endomorphism the functors defined in Definition 17
are known as Frobenius functors. They were first introduced in [40,
Definition 1.2]. Properties of Frobenius functors were established in [40]
and [25]. The same proofs can be re-written for the functors ®". Thus,
these functors share similar properties with Frobenius functors.

Proposition 18. Let (R, ) be a local algebraic dynamical system. If
M is a nonzero module of finite length, then

1
hioc(p) = lim — - loglengthp (®"(M)).
n—wn
Proof: Tt is easy to show ®"(R/m) = R/o™(m)R (see [40, p. 54] or [25,
no. 2.6]). Thus,

length (®"(R/m)) = length(R/¢" (m)R).
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Since M is of finite length, there is a surjection M — R/m — 0. Apply
the functor ®" to obtain a surjection ®"(M) — ®"(R/m) — 0. Then
using Proposition 12b)

length z (®"(R/m)) <length(P"(M)) <length(R/¢"(m)R)-lengthz (M).
The result follows after applying logarithm, dividing by n and letting

n — o0. O

1.3. Properties of local entropy. Many of the properties that we will
establish for local entropy in this section are also shared by topological
entropy.

Proposition 19. Let (R,m,y) be a local algebraic dynamical system
and let r € N. Then hioc(p") =7+ hioe(9)-

Proof: By definition of local entropy
hioc(¢") = lim (1/n) - loglength(R/¢"" (m)R)
=r- Jﬂ(l/(rn)) -log length(R/¢"™ (m)R)
=71 hioc()- [

Proposition 20. Let f: (R,m,p) — (S,n,v) be a morphism between
two local algebraic dynamical systems. Assume that f is of finite length.
Then

a) In general hioe(1)) < hoc(@).

b) If in addition f is flat, then hioc(¥) = hioc(p).

Proof: a) Since f is a morphism between local algebraic dynamical sys-
tems, Y™ o f = f o ™. We use Lemma 15a)
length(S/¢™(n)S) < length(yp™ o f) = length(f o ¢™)
< length(R/f(m)R) - length(R/o™ (m)R).
Apply logarithm, divide by n and take limits as n approaches infinity.
b) If f is flat, using Lemma 15a) and b) we obtain
length(R/@™(m)R) = length(f o ¢")/length(R/f(m)R)
= length(y)" o f)/length(R/f(m)R)
< length(S/¢™(n)S).

Apply logarithm, divide by n and take limits as n approaches infinity.
For the inequality in the other direction we use part a). O
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With regard to Proposition 20, C. Huneke has asked us the following
question:

Question 21. Let f: (R,m,p) — (S,n,v) be a morphism, not neces-
sarily of finite length, between two local algebraic dynamical systems.
The ideal f(m)S is easily seen to be v-stable and v induces an endo-
morphism : S/f(m)S — S/f(m)S that is of finite length. If f is flat,

does the equality hioc(?) = hioc(®) + hioc(0) hold?

One can see quickly that the inequality hioe(®) < hioe(@) + hioc ()
always holds even if f is not flat.

Corollary 22. Let (R, m, ) be a local algebraic dynamical system. If]A%
is the m-adic completion of R then hioc(p) = hioc(P).

Proof: We have a flat morphism of finite length *: (R, ) — (1%, ?).
Apply Proposition 20. O

Corollary 23. Consider homomorphisms of finite length f: (R,m) —
(S,n) and g: (S,n) — (R,m) of noetherian local rings. Then
hioc(g o f) = hioc(f © 9)-
Proof: f: (R,go f) — (S, og) and g: (S, f 0 g) — (R.go f) are mor-
phisms between local algebraic dynamical systems. By Proposition 20
hloc(f Og) < hloc(g © f) and hloc(g © .f) < hloc(.f Og)' O

Corollary 24 (Invariance). Let (R,m) and (S,n) be noetherian local
rings. Suppose f: R — S is an isomorphism, and let ¢ be an endomor-
phism of of finite length of R. Then hioc(f o @0 f71) = hioc(p)-

Proof: Apply Corollary 23 to homomorphisms fop: R— S and f=%: S —
R. O

Corollary 25. Let (R, @) be a local algebraic dynamical system and let a
be a p-stable ideal of R. Write @ and ¢ for endomorphisms induced by ¢
on R/a and R/p(a)R, respectively. Then hioc(@) = hioc(P).

Proof: Let f: R/a —» R/p(a)R and g: R/p(a)R — R/a be homomor-
phisms induced by ¢ and the identity map of R. Apply Corollary 23. O

The next two lemmas will be used in our proof of Proposition 28.

Lemma 26. Let {a,} and {b,} be two sequences of real numbers not
less than 1 such that lim,,_, 4 (loga,)/n = a and lim,_,.(logb,)/n =
exist. Then

nh_r)n/ log(an + by)/n = max{a, 5}
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Proof: See [1, p. 312]. O

Lemma 27. Let (R,m,p) be a local algebraic dynamical system. Let
ai,...,as be a collection of not necessarily distinct p-stable ideals of R.
Let @ and @; be the endomorphisms induced by ¢ on R/][,a; and R/a;,
respectively. Then

hloc(@) = max{hloc(ai) | 1<i< 3}

Proof: We proceed by induction on s, the number of ideals, counting
possible repetitions. There is nothing to prove if s = 1, so suppose
s = 2. We may assume aja; = 0; if not, we can replace R with R/ajas
without loss of generality. Then as is a finitely generated (R/a; )-module.
Hence for some integer r, we have an exact sequence

(R/a1)" = R — R/ay — 0.
Tensoring by R/¢™(m)R and taking lengths we get:
length(™) < r - length(}) + length(os).
Now let n — o and apply Lemma 26 to obtain

hioc(p) < max{hioc(P1), Moc(Pa)}-

On the other hand by Proposition 20a) we know that hioe(¢) = hioc(P;),
for each 7. This establishes the case s = 2. The general case follows
easily by induction. O

Our next result shows that if all minimal prime ideals of a noetherian
local ring R are stable under an endomorphism of the ring, then the local
entropy is equal to the maximum local entropies of the endomorphisms
induced on irreducible components of Spec R.

Proposition 28. Let (R,m,p) be a local algebraic dynamical system.
Suppose all minimal prime ideal of R are @-stable and for each p; €
Specmin R, let v; be the endomorphism induced by ¢ on R/p;. Then

(1) hioc () = max{hioc(v;) | pi € Specmin R}.

Proof: Let Specmin R = {pi,...,ps} and let a = [[,p;. Then a is
contained in the nilradical of R, hence a’V = (0) for some N, that is,
R = R/a". Apply Lemma 27 to obtain

hioc(p) = max{hioc(1;) | p; € Specmin R}. O

Remark 29. In Proposition 42 we will generalize equation (1).
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1.4. Reduction to equal characteristic. The main result in this sec-
tion shows that computing local entropy in mixed characteristic can be
reduced to the case of equal characteristic p > 0.

For a given local algebraic dynamical system (R, m, ), we define

(2) S:=Nr_, ¢"(R) and n:=(1"_, ¢"(m).

Lemma 30. Let (R,m,¢) be a local algebraic dynamical system. Let S
and n be as defined in equation (2), and let a be the ideal generated by n
in R. Then

a) S is a local subring of R with mazimal ideal n.

b) a is a @-stable ideal of R.
c) If v is in addition injective, then ¢(a)R = a.

Proof: a) It is immediately clear that S is a subring of R and that n is an
ideal of S. To show that n is the (only) maximal ideal of S, consider an
element s € S\n. Since s ¢ n, there is an ng such that s ¢ ™ (m). In fact,
since for n = ng, ™ (m) C ™ (m), we see that s ¢ ©™(m) for all n = n,.
Hence, there are units y,, € R\m such that s = ¢"(y,) for all n > n,.
Since s is clearly a unit in R, it has a unique multiplicative inverse s—!
in R. From uniqueness of multiplicative inverse it immediately follows
that we must have s~ = ¢"(y; 1), for all n > ng. Hence, s~ € S, that
is, s is also a unit in S.

b) Note that by its definition, a has a set of generators z1,...,z4 € n.
So ¢(a)R can be generated by p(x1),...,¢(z,) and it suffices to show
that each ¢(z;) is in a. Since z; € n, there is a sequence of element y; ,, €
m such that z; = ¢(y;1) = -+ = " (Yin) = ---. Thus, g(z;) =
P*(yin) =+ = ¢" " (yin) = -+, showing that p(z;) en c a.

¢) Now suppose ¢ is injective. To show p(a)R = a it suffices to show
that each x; is in p(a). Since x; € n, there is a sequence of element y; ,, €

m such that z; = o(y;1) = -+ = ©"(Yin) = ---. Since z; = p(¥;1),
we will be done by showing that y; 1 € n. By injectivity of ¢, y;1 =
o(yi2) = =¢" (yin) =, which means y; ; € n. O

Remark 31. Let (R, m, ) be a local algebraic dynamical system and let
n be as defined in equation (2). If n = (0), then by Lemma 30 the ring R
contains a field and is of equal characteristic. As noted in [2, Remark 5.9,
p. 10], this occurs, for example, if ¢ is a contracting endomorphism.

Proposition 32. Let (R,m,p) be a local algebraic dynamical system.
Let a be the ideal of R defined in Lemma 30, and let g be the endomor-
phism induced by ¢ on R/a. Then
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a) hloc(@) = thC((p)'
b) If R is of mized characteristic, then R/a is of equal characteristic
p>0.

Proof: a) Note that ¢"(m)R > a for all n > 1. Hence ¢"(m)R +a =
@™ (m)R, showing that length(R/(¢™(m)R + a)) = length(R/o™(m)R),
giving the result.

b) With reference to Lemma 30, the image of the subring S of R
in R/a is a field, because it’s maximal ideal n is contained in a and is
mapped to 0. Hence R/a contains a field and must be a local ring of equal
characteristic p > 0, as its residue field is of characteristic p > 0. O

1.5. Local entropy and degree. The analogy between local and topo-
logical entropies also extends to their relation to degree. Misiurewicz and
Przytycki showed in [36], that if f is a C! self-map of a smooth compact
orientable manifold M, then

hiop(f) = log |deg(f)|.

For a holomorphic self-morphism f of P"(C), Gromov showed in [23]

hiop(f) = log |deg(f)].

Here deg(f) is the topological degree of f.

In this section we obtain similar formulas for finite endomorphisms of
local domains, relating their local entropy to degree. For local Cohen-
Macaulay domains we prove an analog of Gromov’s formula.

Definition 33. Let f: R — S be a finite homomorphism of noetherian
local rings. Assume that R is a domain. Then by degree of f, deg(f),
we mean the rank of the R-module f, S.

Lemma 34. Let f: (R,m) — (S,n) be a finite homomorphism of noe-
therian local rings with residue fields kr and kg, respectively. Assume
that R is a domain. Let q be an m-primary ideal of R. Then

en(a) - deg(f)

3) esI@) = s
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Proof: Let d = dim R = dim S. By definition of multiplicity and prop-
erties of length we quickly obtain

ol 5
eR(q,f* S) = WILLH}L W -lengthR (f* (W))

= [feks : kg]- lim %!d -lengthg ((f(qig)m)
= [ ks : kr]" - es(f(a)9).

On the other hand eg(q, fi S) = er(q) - deg(f) (see [35, Theorem 14.8]),
and equation (3) follows. O

Corollary 35. Let (R, m, p) be a local algebraic dynamical system, where
R is a domain and @ is finite, and let k be the residue field of R. Set d :=
dim R and define q, := exp(hioc(p, R)/d). For elements x1,...,2q € m
let x(x1,...,2q4; R) be the Euler-Poincaré characteristic of the Koszul
complex on these elements. The following conditions are equivalent:

a) logdeg(yp) = log[p« k : k] + hioc().

b) For any system of parameters {x1,...,x4} of R and for any n € N

(4) X" (1), @™ (@a); R) = 3" - X(x1, ..., a5 R).
c) Equation (4) holds for some system of parameters of R and some
neN.

Proof: Let {x1,...,z4} be a system of parameters of R and let q be the
m-primary ideal that they generate. By [45, Chapter IV, Theorem 1]

e(q) = x(z1,...,z4; R).
Since {¢"™(x1),...,¢"(xq)} is also a system of parameters of R, the result
quickly follows from equation (3) in Lemma 34. O

Example 36. Let (R, m) be a noetherian local domain of prime charac-
teristic p, and let ¢ be the Frobenius endomorphism of R. Then by [30,
Proposition 2.3] condition a) of Corollary 35 holds.

Remark 37. When f: (R,m,kgr) — (S,n,kg) is a finite homomorphism
of local rings, then [fi ks : kr] - lengthg(S/mS) is the minimal number
of generators of f, S over R, by Nakayama lemma.

Proposition 38. Let (R,m,p) be a local algebraic dynamical system,
where ¢ s finite, R is a domain and dim R = d. Let k be the residue
field of R. Then

a) d-va(p) <log(deg(p)/[esk : k]) < hioc(ep).

b) Ifin addition R is Cohen-Macaulay, log (deg(v)/[¢sk:k]) = hioc(p).
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Proof: a) By Theorem 1 we know vp(¢) = sup,, {(logv(¢™))/n}. Hence,
to show the first inequality it suffices to show

v(e™) Y™ < deg(p)/[ s k : k]
Since ¢™(m)R c m¥*") with the aid of Lemma 34 we obtain

e(m)v(p")? = e(m*?")) < e(¢™(m)R) = W

For the second inequality, let u(p? R), or simply p, be the minimum
number of generators of the R-module ¢} R. Localizing the surjec-
tion R* — @ R at (0) we see rank ¢} R < u(e? R). On the other
hand, as mentioned in Remark 37, we have pu(o? R) = [p«k : k] -
length(R/¢™(m)R). Since by definition of degree, rank ¢} R=deg(¢™) =
(deg(v))™, we conclude

(deg())" /s k : k]" < length(R/@" (m)R).
Apply logarithm, divide by n and take limits as n — oo.
b) Let g be an arbitrary parameter ideal of R. Then
length (R/¢"™(m)R) < length (R/¢"(q)R) .
If R is Cohen-Macaulay, then length (R/¢™(q)R) = e(¢™(q)R) (see,
e.g., [35, Theorem 17.11]). Thus, using Lemma 34

length (R/¢"(m)R) < e(¢"(q)R) = W'

Applying logarithm, dividing by n, and taking limits as n — o0 we obtain

hioc(p) < log (deg(p)/[px k : K]) -

This inequality together with the inequality in a) give the desired equal-
ity. O

1.6. Entropy at the vertex of the cone over a projective variety.
The following result, which will be used in this section was proved in [5,
Theorem 2.1] by Bhatnagar and the third author over infinite fields and
in [41, Theorem 1.4] by Poonen over finite fields.

Theorem. Let X be a projective variety defined over a field k, 1: X —
PN a given embedding and L := "Opy(1). Let p: X — X be a self-
morphism that is polarized by L, that is, ©*(L) = LB for an integer
q = 2. Then there exists a positive integer r and a finite morphism
PN — PN estending ", where N + 1 = dim; H° (X, £).
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Keeping the notation as above, let a be the largest homogeneous ideal
in k[Xo,...,Xn] defining +(X) and let R := k[Xy,..., Xn]/a. Also let
R .= C"ano R, be the gth Veronese subring of R. Using the above
theorem, we can fix an r € N such that ¢" extends to a finite self-
morphism PY — P¥. The proof of this theorem in [5], [41] shows that
this self-morphism is given by N + 1 forms Fy, ..., Fx of degree ¢" that
have no non-trivial common zeros in the algebraic closure of k. The
assignment X; — F; defines a finite endomorphism v : R — R that can
be factored as

R— RWY) R,
where R(4") < R is inclusion and R — R(9") is a graded homomorphism
that induces ¢" on X = Proj R. We want to calculate the local entropy
of the local endomorphism induced by v at the vertex of the affine cone
Spec R over X.

Remark 39. While the self-morphism IP’Q’ — PkN obtained from the theo-
rem is not unique, the endomorphism ¢ : R — R is unique up to a scalar
multiple.

Proposition 40. Let X be an integral projective variety of dimension d
over a field k with a given embedding1: X — PY and set £ := Z*Opi\’ (1).
Let : X — X be a self-morphism and assume that ¢*(L) = LB for an
integer ¢ = 2. Let r, R and ¥ be as defined in the previous paragraph
and let hioc(¢) be the local entropy of ¥ at the vertex of the affine cone
Spec R over X. Then

(5) hioe(®) = logdeg(v) = (d+ 1) logq".

Proof: By Theorem 1b) and Proposition 38a) it suffices to show vp, (1)) =
log ¢" and wp,(¢)) < logq". For the first inequality, note that as discussed
prior to this proposition, 1 is induced by assignments X; — F; for N +1
homogeneous forms Fy, . .., Fiy of degree ¢" in the variables X;. Thus, 9™
is given by forms of degree ¢"". This shows, with notations of Theorem 1,
that v(y)™) = ¢™". Hence
vp(¥) = lim 1 logv(yp™) = logq".

To prove the second inequality we use elimination theory: by [31, Corol-
lary to Theorem 1, p. 169] we get (Xo, ..., Xn)* c (Fp, ..., Fx), where
s=4q"(N+1)— N. Thus, w(y™) < ¢""(N + 1) — N and we obtain

wn(¥) = lim = logw(y™) < logq".

n—on

This concludes the proof. O
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1.7. Integral endomorphisms. In this section we study local alge-
braic dynamical systems (R, ) generated by integral endomorphisms.
We begin with a simple observation. Let (R, ) be a local algebraic
dynamical system. Then for every n € N,

o (ker ™) C ker " < ker "
Hence ¢ induces a local endomorphism of R/ker ™.

Proposition 41. Let (R,m,p) be a local algebraic dynamical system.
Let @, be the local endomorphism induced by ¢ on R/ker¢™, n € N.
Then

a) hoc(9) = hoc(@y,)-

b) If v is integral, then so is @,,.

c) Ifn is large enough, then ¢, : R/ker ¢ — R/ker ¢" is injective.

Proof: a) Apply Corollary 25 to the endomorphism ¢™ of R, taking
ker ¢™ as the ideal a in that corollary. Since ¢"(ker )R = (0), by that
corollary hioe(@) = hioc(¢™). Now use Proposition 19.

b) This is clear (see [8, Chapter V, Proposition 2, p. 305]).

¢) R is noetherian, so the ascending chain ker pcker p? ckerp®c---
is stationary. Let ng be such that ker " = ker " for n > ny. We will
show that if n > ng, then B, : R/ker o™ — R/ker ¢™ is injective. Let
T € R/ker ™. Saying 3, (%) = 0 is equivalent to saying ¢(z) € ker ¢™,
which is equivalent to saying x € ker " 1. Since ker ¢"*! = ker ", we
see that z € ker ™, or T = 0 in R/ker ™. Thus, P, is injective. O

Proposition 42. Let (R,m,p) be a local algebraic dynamical system,
where ¢ is integral. Let a be the ideal obtained as the stable limit of the
ascending chain of ideals ker ¢ < ker p? < ker® < ---. Write ¢ for
the self-morphism of Spec R induced by . Then

a) %p permutes the minimal prime ideals of a.

b) Every minimal prime ideal of a is in Specmin R.
c) Let $: R/a — R/a be the endomorphism induced by ¢. Assume
that the permutation in part a) is of order p. For a minimal prime

ideal p; of a let 1; be the endomorphism induced by P on R/p;.
Then

1
hioc(p) = = - max {hioc(¥;) | pi is a minimal prime of a} .
p
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Proof: We recall that if a ring S is integral over a subring R, then over
every prime ideal p of R there lies a prime ideal q of S. Moreover, if p is
a mingmal prime ideal, then so is q (see [35, Theorem 9.3]).

a) By Proposition 41, the endomorphism @: R/a — R/a is integral
and injective. Apply the fact that we recalled above and note that a has
only a finite number of minimal prime ideals. (Any surjective map from
a finite set to itself is also injective.)

b) Let n be large enough so that ker ™ = a. Then " induces an
integral injection ¢,,: R/a — R and we have a commuting diagram

n

©
R—>R
|
R/a

If g is a minimal prime ideal of a, then by part a) (applied to ¢™) the
ideal p := (¢™)~1(q) is a minimal prime of a. Thus, (¢,)~'(q) = p/a.
We apply the fact that we recalled at the beginning of the proof to the
ring injection @, : R/a — R and conclude q € Specmin R.

¢) Let n be large enough so that ker ¢ = a. By Proposition 41a) we
know that hioc (") = hioc(@™?). Since all minimal prime ideals of R/a
are p"*P-stable, by Proposition 28 we obtain

hioc(@"?) = max {hioc(¢;') | pi is a minimal prime of a} .
Now an application of Proposition 19 quickly concludes the proof. [

Corollary 43. Let (R, ) be a local algebraic dynamical system. Assume
that ¢ is integral and Spec R = V (ker ¢). Then
a) %o permutes the minimal prime ideals of R.
b) If p ¢ Specmin R is a prime ideal of R, then o~1(p) ¢ Specmin R.
c) An element x € R belongs to a minimal prime ideal of R, if and
only if p(x) belongs to a minimal prime ideal of R.
d) Assume that the permutation in part a) is of order p. For p; €
Specmin R let ©; be the endomorphism induced by P on R/p;.
Then

1
hioc(p) = 5 -max{hioc(1;) | p; € Specmin R}.

Proof: a) Since ¢ is integral, image(*y) = V(ker ). Thus, from the
hypothesis V' (ker ¢) = Spec R we see that %o is surjective. Hence, %™ is
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also surjective for every n € N, i.e., V(ker ¢") = image(*¢™) = Spec R.
So for every n € N, the set of minimal prime ideals of ker ¢™ is equal to
Specmin R. Take n large enough and apply Proposition 42a).

b) Suppose q := ¢~ !(p) € Specmin R. If p is not minimal, it con-
tains a minimal prime ideal p’. Moreover, kerp < p’. By part a),
@ 1(p’) € Specmin R. Since q 2 ¢~ (p’) and q is minimal, we must have
q = ¢~ X(p’). This is a contradiction, because there can be no inclu-
sion between prime ideals that lie over ¢ in the integral ring inclusion

¢: (R/kerp) — R.

¢) Let = be an element of R. If p(z) € p for some p € Specmin R, then
x € ¢~ 1(p). By part a), p~1(p) € Specmin R. Conversely, suppose z € q
for some q € Specmin R. Then by part a) there is a p € Specmin R such
that q = ¢ !(p). Hence p(z) € p.

d) Since all minimal prime ideals of R are ¢P-stable, by Proposition 28,
hioc(pP) = max{hioc(¥;) | p; € Specmin R}. The result quickly follows
from Proposition 19. O

2. Regularity, flatness and entropy

In the second part of this paper we will present proofs of Theorems 2
and 3. Let (R, m) be a noetherian local ring of positive prime character-
istic p and dimension d, and let ¢ be the Frobenius endomorphism of R.
In [29] Kunz showed that the following conditions are equivalent:

a) R is regular.

b) ¢: R — R is flat.

c) length(R/p(m)R) = po.

d) length(R/p"(m)R) = p™¢ for some n € N.

Later Rodicio showed in [42], that these conditions are also equivalent
to

e) flatdimpg ps R < 0.

At first glance, Kunz’ conditions ¢) and d) may appear to be stated in
terms of the characteristic p of the ring and one may not expect to be able
to extend, or even state them in arbitrary characteristic. Nevertheless,
local entropy can be used to make sense of Kunz’ numerical conditions c)
and d) for all endomorphisms of finite length in any characteristic. The-
orem 2 states that with this new interpretation, all conditions in Kunz’
result are equivalent.

We should note that in [3, Theorem 13.3] Avramov, Iyengar and Miller
have extended the equivalence of conditions a) and b) of Kunz and e)
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of Rodicio to arbitrary contracting local endomorphisms of noetherian
local rings.
We list two results here that we will need in our proof of Theorem 2.

Lemma 44 ([25, Lemma 3.2]). Let (R,m) be a noetherian local ring,
and let M be a finitely generated R-module. Consider an ideal b S m
of R. Then there exists an integer po = 0 such that depth(m, 6*M) > 0
for all p > pyg.

Remark 45. In using Lemma 44 we must pay particular attention to
the standard convention that the depth of the zero module is oo (see,
e.g., [26, p. 291]). Otherwise, if M is an R-module of finite length, then
for 4 » 0 we have m#M = (0), and this would have been a counter-
example to Lemma 44.

The next proposition is taken from [9, Chapter 10, §1, Proposition 1].

Proposition 46. Let R be a noetherian ring and let a be an ideal of R.
Let 0 > M' - M — M"” — 0 be an exact sequence of R-modules. If
we define d’ = depth(a, M'), d = depth(a, M), and d” = depth(a, M"),
then one of the following mutually exclusive possibilities holds:

d=d<d ord=d"<d ord"=d —1<d.

2.1. Kunz’ regularity criterion via local entropy. Before we give
the proof of Theorem 2 we need to establish two lemmas. We begin with
a flatness criterion that is due to Nagata. A proof can be found in [38,
Chapter II, Theorem 19.1]. See also [35, Exercise 22.1, p. 178].

Theorem (Nagata). Let g: (R,m) — (S,n) be an injective homomor-
phism of finite length of noetherian local rings. Then S is flat over R, if
and only if for every m-primary ideal q of R,

(6)  lengthy(R/q) - lengthg(5/g(m)S) = lengthg(S/g(a)S).

We need a stronger version of Nagata’s criterion that we state and
prove here.

Lemma 47. Let g: (R,m) — (S,n) be a homomorphism of finite length
of noetherian local rings. If equation (6) holds for a family of m-primary
ideals {qa}aca that define the m-adic topology, then it holds for all m-pri-
mary ideals.

Proof: Let q be an m-primary ideal. We will show equation (6) holds
for q. First, using Proposition 12

lengthg(S/g(q)S)=lengths(S®rR/q)<lengthg(S/g(m)S)-lengthp(1/q).
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To show the reverse inequality, note that by assumption there is a q, < q.
The exact sequence 0 — q/qo — R/qo — R/q — 0 yields

(7) lengthp(R/qs) = lengthy(R/q) + lengthz(q/qq)-

If we tensor the previous exact sequence with S, we obtain an exact
sequence of S-modules (q/qq) ®r S — S/9(qa)S — S/g9(q)S — 0. Thus

lengths(S/9(94)S) < lengths (S/g(a)S) + lengths((a/da) ®r S).

Since equation (6) holds for q,, and using Proposition 12 we quickly see

lengthp(R/qa)-lengthg (S/g(m).S) <lengthg(5/g(q)S)
+lengthr(q/qa)-lengthg(S/g(m)S).

Now using equation (7) we obtain
lengthg(S/g(m)S) - lengthr(R/q) < lengthg(S/g(q)S). O

Lemma 48. Let (R, m, ) be a local algebraic dynamical system, and let
a be a p-stable ideal of R. Let © be the endomorphism of R/a induced
by ¢. Set d := dim R and p := dim R/a and let q, := exp(hioc(p)/d).
Assume that length(R/¢"™(m)R) = qu for an integer n € N. Then

i) length(R/o™(m)R) = ¢} for all t € N.

ii) If in addition hioe(P) = hioc() and o is contracting, then a = (0).
Proof: i) Fix t € N. As the sequence {(loglength(x™"))/(nt)} by Theo-

rem 1 converges to its infimum, we have
1
hioe() < — -loglength(R/p™(m)R), VmneN.
n

From this inequality we obtain ¢7¢ < length(R/¢"*(m)R). By Lem-
ma 15a)
length(R/¢™ (m)R) < (length(R/¢"(m)R))".

Using our hypothesis and previous inequalities we obtain

¢! < length(R/p™ (m)R) < (length(R/¢" (m)R))" = ¢t".

Hence, length(R/p"*(m)R) = ¢ for all ¢ € N.
ii) Similar to the previous part, we can write
q%tp < length(p™) = length(R/(¢™ (m)R + a))

®) < length(R/¢™ (m)R) = ¢
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From our hypothesis in ii) we know ¢ = qi. Thus, from equation (8)
we can conclude
(9)  length(R/(¢™(m)R + a)) = length(R/p™(m)R), VteN.
The surjection R/p™(m)R — R/(¢™(m)R + a)) — 0 and equation (9)
then show

R/(¢™(m)R +a) = R/p™ (m)R, VteN.
Hence,

ac ﬂteN @™ (m)R = (0),

where the last equality follows from Lemma 4 because ¢ is by assump-
tion, contracting. O

Theorem 2. Let (R, m, ) be a local algebraic dynamical system and let
d be the dimension of R. Let hioc(p) be the local entropy of this system
and define q, := exp(hioc(p)/d). Consider the following conditions:

a) R is regular.

b) ¢: R — R is flat.

c) length(R/p(m)R) = q%.

d) length(R/¢™(m)R) = qu for an integer n € N.
Then a) = b) = ¢) = d). If in addition ¢ is contracting, all these
conditions are equivalent.

Proof: a) = b) To say that ¢ is of finite length means dim R/¢(m)R = 0.
Hence, the following equation holds:

dim R = dim R + dim R/¢(m)R.
Since R is regular, the result follows from [35, Theorem 23.1].
b) = ¢) Since ¢ is flat, by Lemma 15b)

length(R/o™ (m)R) = (length(R/o(m)R))", VYneN.

Thus, by definition of local entropy
hioc(¢) = lim (1/n) - loglength(R/¢" (m)R)

lim (1/n) - log(length(R/p(m) k)"
log length(¢).
This means length(R/p(m)R) = qg.

¢) = d) This is clear.

b) = a) We rewrite Herzog’s proof for the Frobenius endomorphism
from [25, Satz 3.1], for an arbitrary endomorphism here. Bruns and



534 M. MAJIDI-ZOLBANIN, N. MIASNIKOV, L. SZPIRO

Gubeladze have also used this proof in [12, Lemma 3]. We include it
here for completeness. To show that R is regular, it suffices to show all
finitely generated R-modules have finite projective dimension. So let M
be a finitely generated R-module. Suppose M were of infinite projective
dimension. Consider a minimal (infinite) free resolution of M

Le— M — 0.

Let s:=depth(m, R), and take an R-regular sequence of elements {1, ...,
xs} in m. Write a for the ideal generated by this regular sequence. (If
s =0, take a = (0).) Let ®" be the functor defined in Definition 17. For
every n € N we set

Cy :=®"(L,) ®r R/a and Bj :=image(Cy,; — C}').

Using properties of ®", see [40] or [25], it is easy to see that C* =~ L;/aL;
and B € ¢"(m)CP. Thus, for every i the module C} is independent
of n and is nonzero, finitely generated and of depth zero. Applying
Lemma 44, let p;, be such that depth(m,m*0C?) > 0. Since ¢ is
contracting, using Lemma 4 if n is large enough then ¢"(m)R < mtio,
hence B € ¢™(m)C]* < m*é C". This shows that depth(m, B}*) > 0 for
large n. On the other hand, since ¢ is flat, ®™(L,) is exact. Thus, using
properties of @™ again, we see that

®"(L,) » " (M) -0
is a minimal (infinite) free resolution of ®"™(M). Hence
H;(CT) = TorF(®"(M),R/a) =0, for i>s.
This shows that if 4 > s, then the sequences
(10) 0— B = C1— B'—0

are exact for all n € N. Take i = s + 1 in sequence (10), for in-
stance. By the above argument, if we take n large enough, we will obtain
depth(m, B?_;) > 0 and depth(m, B}, ,) > 0, while depth(m,C7,,) = 0.
By Proposition 46 this is not possible. Hence, the projective dimension
of M must be finite.

d) = b) We will use Nagata’s Flatness Theorem to show that ¢™ is
flat. We first need to show that ¢ is injective. Clearly ker ¢ is @-stable.
Let @ be the local endomorphism induced by ¢ on R/ker . Then by
Proposition 41, hioc(@) = hioc(®). By assumption, length(R/¢™(m)R) =
qu for an integer n € N. From Lemma 48 it follows that ker ¢ = (0).

Now since ¢ is contracting, using Lemma 4 we quickly see that the
family {o"(m)R}sey defines the m-adic topology of R. By Lemma 47
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it suffices to verify equation (6) for this family of m-primary ideals. We
need to show

lengthp, (R/¢" (¢™(m))R) =lengthy (R/¢™ (m)R) -length (R/¢™ (m)R).
Using Lemma 48, this equality holds, if and only if

qn(t+1)d _ qntd . qnd
2 ® @ -
Since this equality holds trivially, by Nagata’s Flatness Theorem ¢" is
flat. The implication b) = a) applied to ™ then tells us that R is
regular, and the implication a) = b) shows that ¢ is flat, as well. O

Remark 49. There exist normal singularities (X, P) such that Ox p ad-
mits a finite contracting endomorphism, see [6, Sections 6.2-6.3] or [16,
Sections 2.3-2.5]. In this case by Theorem 2 the endomorphism is not
flat. This gives examples of finite maps between normal varieties which
are not flat.

2.2. Generalized Hilbert-Kunz multiplicity. Following ideas of
Kunz, Monsky in [37] defined the Hilbert-Kunz multiplicity for the
Frobenius endomorphism of noetherian local rings of positive prime char-
acteristic. He then showed that in this case, Hilbert-Kunz multiplicity
always exists. Since then, it has become evident through works of var-
ious authors, that the Hilbert-Kunz multiplicity provides a reasonable
measure of the singularity of the local ring. Here, inspired by Theo-
rem 1d), we propose a characteristic-free interpretation of the definition
of Hilbert-Kunz multiplicity associated with an endomorphism of finite
length.

Definition 50 (Hilbert-Kunz multiplicity). Let (R, ) be a local alge-
braic dynamical system and set d := dim R. Let ¢, := exp(hioc(, R)/d).
The Hilbert-Kunz multiplicity of R with respect to ¢ is defined as

(11) ¢f () = lim Hgth(F/e"(m)F)

n—w qu

)

provided that the limit exists.

Remark 51. We do not know whether the limit in equation (11) always
exists or not. Nevertheless, the next corollary shows that in the case of
a regular local ring the Hilbert-Kunz multiplicity is 1, as expected.

Corollary 52. Let ¢ be an endomorphism of finite length of a regular
local ring R. Then ef (R) = 1.

Proof: This quickly follows from Theorem 2 and Lemma 15b). O
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We end this section with a note. Not every homological property of
the Frobenius endomorphism can be immediately extended to arbitrary
endomorphisms. For example, in [40, Theorem 1.7, p. 58] Peskine and
the third author showed that in positive prime characteristic, a finite
free resolution of a module remains exact after applying the Frobenius
functor (see Definition 17). This property may fail in general, for an
arbitrary endomorphism, even in the simple case of a Koszul complex
with one element. The image of a non-zerodivisor under an integral
endomorphism could be a zerodivisor, as the next example shows.

Example 53. Consider the polynomial ring k[z,y, z, w] over a field k.
Let a be the ideal (22, 2y, 7z, 2w) and let A = k[z,y, z, w]/a. Then

ASS(A) = {(1‘, Z)7 (wi)v (m,y, Z)}

Define an endomorphism ¢ of k[z,y, z,w] as = B2 Y R Y; Z B w:
w 5 z. Then a is p-stable. Let @ be the endomorphism of A induced
by ¢. The A-module p, A is finitely generated. In fact, it is generated
by 1 and = as an A-module. Now, y+w is not a zerodivisor in A because
it does not belong to any prime ideal in Ass(A). But p(y + w) =y + 2
is a zerodivisor in A; it is killed by z, for example. On the other hand,
Yy + z is a zerodivisor but is mapped to y + w, a non-zerodivisor.

Nonetheless, in the previous example %2 sends any A-regular sequence
to an A-regular sequence. This motivates the following

Question 54. Let (R, ) be a local algebraic dynamical system. Does
there exist a positive integer n such that ¢™ will send any R-regular
sequence to an R-regular sequence?

2.3. Endomorphisms of complete equicharacteristic local rings.
In this section we prove Theorem 3, which is inspired by results of
Fakhruddin [15, Corollary 2.2], and Bhatnagar and the third author [5,
Theorem 2.1] on extending a polarized self-morphism of a projective
variety over an infinite field to an ambient projective space. Recently
in [41] Poonen gave a proof for the main result of [5] over finite fields.
Consider a self-morphism ¢ of a projective variety X over an infinite
field k and let £ be an ample line bundle on X with p*(£) =~ £®9
for an integer ¢ > 1. In [15] Fakhruddin showed that there exists an
embedding ¢ of X in IP’,QV given by an appropriate tensor power of £ and
a self-morphism ) of P{CV such that o1 = 20¢p. In [5] Bhatnagar and the
third author relaxed some of Fakhruddin’s hypotheses and showed that
(assuming £ is very ample) one can keep the same embedding of X given
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by £ and instead extend an appropriate iteration of ¢ to the ambient
projective space.

Our Theorem 3 is an analogous result about lifting of endomorphisms
of finite length of complete noetherian local rings of equal characteristic.
In this local version of Fakhruddin’s result we do not assume our fields
to be infinite. We will begin with a few preparatory results that we will
need in the proof of Theorem 3.

Definition 55 ([44, p. 159]). In a noetherian local ring R of dimension d

and of embedding dimension §, a system of parameters {x1,...,x4} is
called a strong system of parameters if it is part of a minimal set of
generators {x1,...,Z4,...,2s} of the maximal ideal.

Lemma 56. A noetherian local ring (R,m) has strong systems of pa-
rameters.

Proof: The proof is by induction on dim R. If dimR = 0 then the
statement is vacuous, since every system of parameters is empty. So
assume dim R > 0 and using the Prime Avoidance Lemma [34, p. 2],
pick an element x € m that is neither in any minimal prime ideal of R,
nor in m2. Apply the induction hypothesis to R/ {z). O

Lemma 57. Let (R,m) be a complete local ring of equal characteristic
and assume that A is a homomorphic image 7: R - A of R. If K is a
subfield of A, then there is a subfield L of R such that w|p: L — K is
an isomorphism.

Proof: Let B = n~!(K). Then B is a local subring of R with maximal
ideal q = 7~1(0). Note that q = ker 7 as subsets of R. Since B/q =~ K,
B is also of equal characteristic. In general B need not be noetherian.
We claim that B € R is a closed subset in the m-adic topology of R.
To see this, let n be the maximal ideal of A and note that the topol-
ogy induced from the n-adic topology of A on any subfield of A is the
discrete topology. Therefore, any subfield of A is complete with respect
to the topology induced from A, and hence is closed in A. Since 7 is a
continuous map and B = 7 (K), the claim follows. In particular, B is
complete with respect to the topology induced from the m-adic topology
of R. R

Denote the g-adic completion of B by B. Since B is a local subring
of R and R is complete, we obtain a map i B — R, where i: B — R
is the inclusion homomorphism. Furthermore, since B is complete with
respect to the topology induced from the m-adic topology of R, we see
that i(B) = B. Let L’ be a coefficient field of B. (For the existence of
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coefficient fields in complete local rings that are not necessarily noether-
ian, see [38, Theorem 31.1], or [35, Theorem 28.3] or [21, Corollary 2].)
Let L :=i(L'). Then L is subfield of B that is isomorphic to L’. Further-
more, the following diagram is commutative, and shows that 7|, : L —» K
is an isomorphism.

~

L,/—%\

B
B/q

~

e

O

Theorem 3. Let (A, n, ) be a local algebraic dynamical system and as-
sume that A is a homomorphic image m: R — A of an equicharacteristic
complete reqular local ring (R, m). Then ¢ can be lifted (non uniquely) to
an endomorphism of finite length b of R such that mov¥ = pom. Thus,
m: (R,) — (A, @) becomes a morphism of local algebraic dynamical
systems.

Proof: Let K be an arbitrary coefficient field of R. Then ¢ (w(K)) is
a subfield of A, and can be lifted to a subfield L of R, by Lemma 57,
in such a way that 7|.: L — ¢ (7(K)) is an isomorphism. We will use
L at the end of our proof to construct an endomorphism 1 of R. Let
d = dim A and let § be the embedding dimension of A. By Lemma 56
we can choose a strong system of parameters {xi,...,z4} of A which
is part of a minimal set of generators {z1,...,zq4,...,25} of n. Choose
elements X1, ..., X5 in m in such a way that 7 (X;) = x; for each i. We
claim that since the images of z1,...,7s in n/n? are linearly indepen-
dent over A/n, the images X1,..., X5 of Xi,...,Xs in m/m? are also
linearly independent over R/m. If not, there will be a dependence rela-
tion a1 X1 + -+ + as X5 = 0 with o; € R/m not all zero. This means if
we choose a; € R such that they map to «; in R/m for 1 <4 < 4, then

a1 X1+ -+ asXs € m2.

If we apply 7 to this relation, we obtain 7(a1)x; +- - - +7(as)xs € n?. But
then the image in n/n? would provide a nontrivial dependence relation

7w(a1)T1 + -+ + w(as)Ts = 0,
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contradicting the linear independence of Z1, . . ., T5 in n/n? over A/n. Our
claim follows. Hence, we can extend {X1,..., X5} to a basis {X1,...,
Xs,..., X} of m/m? over R/m, where n = dim R. If we choose ele-
ments X; € m such that they map to X; in m/m? for § + 1 < i < n,
then by Nakayama’s Lemma {X,..., X, } is a minimal set of generators
of m. Furthermore, it follows from the Cohen Structure Theorem that
R=K[X1,...,X,].

Now consider elements ¢ (7(X;)) in A and for 1 < i < d choose f; em
such that 7(f;) = ¢ (7(X;)). We claim that the ideal {f1,..., fa) of R
has height d. First, by Krull’s Theorem ht{f1,..., fa) < d. For the in-
equality in the other direction, note that the ideal b := {p (7(X1)),...,
0 (m(Xy))) is n-primary. Hence, 7=1(b) = {(f1,..., fa) + ker7 is an
m-primary ideal in R. Since R is regular, by Serre’s Intersection Theo-
rem [45, Chapter V, Theorem 1]

dim(R/ker ) + dim(R/{f1,..., fay) < dim R,

or, d + (dimR/{f1,..., fay) < n. But dim(R/{f1,...,fs)) = n —
ht{f1,..., fay as R is regular. We obtain ht{f1,..., f4) = d and our
claim follows.

Next, we will choose elements fgi1,..., f, € m inductively, making
sure at each step that 7(f;) = o(m(X})) and that dim R/{f1,..., fr) =
n —t. Assume d < t < n and that fi,..., f; have been chosen with

desired properties. To choose f;1+1 we use the coset version of the Prime
Avoidance Lemma due to E. Davis (see [27, Theorem 124] or [35, Ex-
ercise 16.8]), that can be stated as follows: let I be an ideal of a com-
mutative ring R and x € R be an element. Let p1,...,ps be prime ideals
of R none of which contain I. Then

Choose an element u € m such that 7(u) = ¢ (7(X¢41)). If
dim R/{f1,..., fr,uy=n—t—1,

then set f;11 = u. If not, let {py,...,ps} be the set of minimal associated
prime ideals of R/{f1,..., fi) that satisfy

Since {f1,..., fty + ker 7 is an m-primary ideal in R, none of these p;’s
can contain ker 7. Therefore by the coset version of the Prime Avoidance
Lemma there exists an element a € ker m such that

u+a¢ ;- i
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Setting fi+1 = u + a we see that dim R/{f1,..., fixz1) =n—1t—1 and
7(ftx1) = ¢ (7(Xi41)), as desired.

After choosing {f1,...,fn} as described, we define an endomorphism
of R = K[Xy,...,X,] as follows. For each 1 < i < n, we define
¥(X;) to be f; and for every element « of K we define () to be
(7|) " (¢ (w(a))). Then we extend the definition of ¢ to all elements
of R by continuity. Since ¥ (m)R = {fi,..., fny is m-primary by con-
struction of the f;’s, ¥ is of finite length. Moreover, it is clear from the
construction that pom = mwot, that is, w: (R, %) — (A4, ¢) is a morphism
of local algebraic dynamical systems. O

Corollary 58. If p in Theorem 3 is finite, then so is 1.

Proof: This follows from [13, Theorem 8]: alocal homomorphism f: S —
T of complete noetherian local rings is finite if and only if f is of finite
length, and [f. k7 : ks] is a finite (algebraic) field extension, where kg
and k7 are residue fields of S and T O

Question 59. Is it possible in Theorem 3 to take ¥ to satisfy v, (¢) =
vn (), wa (1) = wi(p) and (dim A) - hioe (1) = (dim R) - hioc(¢)?
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