CESARO PARTIAL SUMS OF HARMONIC SERIES
EXPANSIONS

M. S. ROBERTSON

1. Introduction. Let the harmonic function »(r, ) have the sine
series expansion

1.1) o(r, ) = i a,r’ sin vl ,

convergent for 0 <r <1 and suppose that v(r, 8) is non-negative for
0 < 0 < rm. Denote the nth partial sum of (1.1) by

1.2) SO(r, ) = 3% a4 sin vl ,
1

and the nth Cesaro partial sum of order %, by

n

(1.3) SE(r, ) = }_“1_, Cr+e=vq,r* sin 10 , E=1,2,---

It was shown by Fejér [2, p.61] and Szasz [8] that when v(r, 6) = 0
for 0 < 0 <z, 0 <r <1, then SO(r, ) is also non-negative for all »
when 0 < 0 <7z, 0 < r <1/4, and the constant 1/4 is sharp. Fejér [2]
showed that the functions S®(1,6) are also non-negative for all =,
0 < 6 < x. In addition, Szasz [8] showed that there exists an RJ’, de-
pending upon 7 only, so that SO(r,0) =0 for 0 <r <R, 0560 <,
but not always for » > R, and that

(1.4) RV =1— 3105 n 4 log :’g " 4 O(1/n).

In this paper we shall extend the results of Szasz to Cesaro partial
sums of integral order %k, k¥ =1,2,3. For k = 3 the theorem obtained
is a sharpened form of the theorem of Fejér [2]. We prove the
following :

THEOREM 1. Let the harmonic series erpansion
v(r, 0) = > a,r? sin vl
1

be convergent for 0 < r <1 and let v(r,0) =0 for 0< 0 <n, 0<r<1.
Then for k= 0,1,2,3 there exists a positive number R depending upon
n only, so that

Received by the editors February 27, 1958, and in revised form June 3, 1958. The
author wishes to express his appreciation to the referee for helpful suggestions.

829



830 M. S. ROBERTSON

(1.5) S, 6)=0 for 0<r<RP, 0<6<n,

but not always for r > R¥, and that

(1.6) R® =1— 3 —klogn 4 loglogn g, +0ol) ;o1 9
n n n ’
where
gx = log [{1 4kt 1+ (—1)")}/1] ,
6
and where
o= {1 for n even
max |sinh|k]| = 0.217 --- for n odd;
TSh<3w[2
and
(1.7) Rgsb):l’ R;?:,)—1>1: n:172""!
(1.8) limsup (2n — 1)(RE., — 1) = ay,=1.07--.

n->00
where «, is the positive root of the equation

1.9) 3—a—3re*=0.

Moreover, R s the largest r for which ¢(r, 0) is non-negative for all
0, where ¢F(r, 0) is defined for k=0,1,2,3 by the equations (2.18),

(2.19), (2.20), and (2.21).

Since v(r, 0) in (1.1) may be regarded as the imaginary part of the

analytic function

f&)y= S az, z=ré, r <1, a, real,
1

the property v(r,0) = 0 for 0 < § < 7 may be interpreted by saying
that f(z) is typically-real in the unit circle, that is Jf(z) > 0 for Jz > 0,

and Jf(z) < 0 for Jz < 0, |2z] < 1. In this case

(1.10) Fl2) = S:ﬂ:_)dz

is schlicht and convex in the direction of the imaginary axis for |z| < 1.

For from (1.10) we have
1.11) %&){F(reie) = — SeF'(2) = — Sf(2) < 0

for 7] <1, 0< 0 <m.
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DEFINITION. Let & and & * denote the families of functions
(1.12) FRy=z4+bz + -+« +b,2" + -

which are regular, real on the real axis, schlicht and convex in the
direction of the imaginary axis in |2| < 7, and in |7] < r respectively.

With the help of Theorem 1 we then obtain the following.
THEOREM 2. Let
(1.13) Fey=2-+b2 + +oo + 02" + ++-

be a member of the family #. Then for n=1,2,38, ... the nth Cesaro
partial sum of order one of (1.13) is a member of F,. The radius 1/2
cannot be replaced by a larger number. Also the nth Cesdro partial sum
of order k, £ =0,1, 2,3, is a member of ﬁ;: where

po=1—38n"'logn + n'log {(3/4 — ¢)log n} , n > ny(€),

po=1—2n"logn + n'log {(1 — ¢)logn} , n > nye),

v, =1-—n"logn + n'log {1/2 — ¢)log n} , n > ny€),
=1, n even,

)
P11, »n odd,

and where ¢ > 0 1s arbitrarily small and ny (), k= 0,1, 2, are positive
integers depending only upon €. The radit p, are sharp to within O(1/n).

2. Preliminary formulas. Before we proceed to the proof of The-
orem 1 we shall mention several formulas which will be needed. The
following sums are easily calculated :

21) Sk =z+22+ - +n+ . =21 —-2)",
2.2) SP@r)=z+ 22+ -+ + 0" = {2 —(n + 1" 4+ n2"**}(1 — 2)* ,
(2.3) SPUz) = S{FV(2) + S§7V() + -+ + SEVR) k=1,2---,
(2.4) SP(z) = Cp+*'z + 2C3** %% + -+« + nCiz" ,
(2.5) SP(z) = {nz — (n + 2)&* + (n + 2)2*** — n2***}(1 — 2)~°*,
(2.6) S®(z) = -%!-{n(n + 1)z — 2n(n + 3)2 + (n + 2)(n + 3)7

— 2(n + 3)"** + 2n2"* (1 — 2)*,

@.7) S9(z) =—§!—-{n(n 1) + 2)z — 3n(n + D + 4)
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+ 3n(n + 3)(n + 4)2 — (v + 2)(n + 3)(n + 4)2*
+ 6(n + 4)z"** —6nz*+*}(1 — 2)~°,

@8 SPE = {5V Tie+n T 0+ g

+ (_1)Ic—lk !(n +k+ l)zn+k+1 + (_1)kk!nzn+k+2}(l _ z)-n-z ,

k=0,1,---,
where [1J_;(n + p) is defined to be 1 if ¢ > j.
Let

(2.9) fz) = i::. a2, a; > 0, a, real,

be regular and typically-real in |2] < 1, which is to say that o(r, 6)=
Jf(ret®) is non-negative for 0 < 0 <z, 0 < r < 1, and f() is real on the
real axis. As I have shown elsewhere [3] the function f(z) may be
represented by the Stieltjes integral

(2.10) &) = P, Moty el < 1,

where a(¢) is a non-decreasing real function of ¢ in the interval [0, 7],
and where P(z, ¢) is the typically-real, schlicht and star-like funection

2.11) Pz, ¢) = o1 — 2z cos b 4+ 2)t = S Svb o
I slng

For ¢ =0 we have P(z,0) = S(z) where S(z) is defined as in (2.1).
From (2.10) we have immediately that

2.12) S®(r, ) =ﬂg“3pzz°><rew, $)dee()
T Jo

where P{¥(re®, ¢) is the nth Cesaro partial sum of order k of the power
series for P(z, ¢) given in (2.11),

(2.13) P (ret, d) = 3 c:w-vr%% sin v .
v=1

By a lemma of L. Fejér [8], [9], [4], it follows that
(2.14) SP(re®, ) = 0, 0=¢p=<70=<0=n
if, and only if,
2.15)  ISE(re) = IJPE(re, 0) = z VO " gin 0 = 0, 0 <0 < .

Thus, the behavior of the Cesaro partial sums of the Koebe function
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2(1 — 2)~* determines the extremes to which the Cesaro partial sums of
the series expansion of an arbitrary typically-real function f(z) exhibit
their properties. Therefore, in order to prove Theorem 1 for the
imaginary part of an arbitrary typically-real function f(z) we may con-
fine ourselves to proving these results merely for the Koebe function
S(z) = 2(1 — 2)~%.  For this function the partial sums

(2.16) SO(z) = {z — (n + 1)z"** + nz"**}(1 — 2)*
are known to be schlicht and star-like with respect to the origin in [1]
[z]=1—3ntlogn, n>n,

and' & fortior: typically-real in the same radius.

From formulas (2.2), (2.5), (2.6), (2.7), on letting z = re” we obtain
by simple, straightforward but long computations the following additional
formulas which we shall need.

2.17 k1 — 244 QSE(reé®) = r sin 003 (r, 0), k=0,1,2,3,

where \
2.18) ¢9(r, 0) = 1 — 1% — (n + DS (0 = 1)0
sin 6

+ r"*(2n + 2 + nr2)§l—¥1—7—7’g« —r"n+ 1+ 277,7'2)»S @(n'-i— 16
sin 0 sin 0

ns1 810 (0 4 2)0

tor gin 0

(2.19) ¢P(@r,0) = {n + 6r* — (n + 2p*} — {(n + 2)r —

) sin 20
8

in 0
— (n + 2)7'“44.8@/(?2,,_.1)0 + {(3n + 6)r"** 4 pyn+s} SR 7 sin nﬁ
sin 0 sin 0
— {(Bn + 6y 4 gy SR (0 1)
gin 0
+ {(n + 2)r*+! + 3nr”+3},sjg,(ni+72)ﬁ — e sin (n + 3)6
sin 0 sin 0 ’

(2.20) ¢O(r, 6) = {n(n + 1) + (2n* + 18n)r
— (20 — 6n — 36)r* — (n* + B + 6)r°}

— {20 + 6n + (16n + 24)r* — (2n* + 6n)r'} © sin 200
+ r{n* + 5n + 6 — (w? +n)T}Sln300

_ v I (0 — 1)0 2y, +5 Si0 10
(2n + 6)rn+o. sin 6 + (8n + 24 + 2nr*)r “ind
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++8in (n + 1)0

— (12n + 36 + 8nr?)r® -
sin 0

+ (8 + 24 + 1202 pnes S (7 + 200
sin 6

42 8In (7'z + 3)0 1 g sin (7-2 + 4)0 ’
sin 0 sin 0

(2.21) ¢P(r, 0) = {n(n + 1)n + 2) + 5n(n + 1)(n + 8)r* + 60n(n + 4)r
— 5(n + 3)(n* — 16)r® — (n + 2)(n + 3)(n + 4)r%}
— {3n(n 4+ 1)(n + 4)r + 5(n® + 15n* + 32n)r®

— (2n + 6 + 8nrH)rt

— B(n + 4)(n* — Tn — 12)r° — 3n(n + 3)(n + 4)1*7}—??—%0—
n
+ {8n(n + 3)(n + 4)r* + 30(n + 2)*
— 3n(n + 1) + 4y 5080
sin 0

49

sin 4

— (6n + 24)rn+s sin (n — 1)0
sin 0

+ {(30n + 120)/7 + Gppn+ey SIL2O
sin 0

— {(60m + 240y + 30ppn+ey S0 (2 + 1)0
sin @

+ {(60n + 240)r"+5 + GOngn+) 81D (2 + 2)0
sin 0

— {(30m + 120)r+t + G0ppneo) S0 (2 + 3)0

+ {(6n + 24y + 30pynee) S (0 4)0
sin ¢
— Gy SR (0 + 5)0
sin 0

3. Proof of Theorem 1 for k = 1. We proceed now to the proof
of Theorem 1. For k& = 0 Theorem 1 follows from the theorem of Szasz
[8]. For k=1 we have ISP (re?) = 0 for 0 < # < = provided ¢L(r, 6)
>0 for all ¢ and » < Ry, From (2.19) we must determine the largest
r for which

(B.1) 99, 0) = {n+6r — (0 + 2} — (0 + 2 — nr’} S0
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(n + 2)7.n+4 S]n ('n —_— 1)0 + {(37?, + 6)rn+3 + n,),.n+5} Sln né

sin 0 sin @
_ {(3% + 6),rn+2 + 3,n,rn+4} Sll’_l_(?’b —j—l)&
sin 0
+ {(n + 2+t + 33}t sin (n + 2)0 mmﬁin_(’?fr 3)0
sin 0 sin 0

is non-negative for all 4. We rewrite ¢{)(r, #) in the form

(3.2) S[J;,,l)(/r, 0) A -+ B(]_ — CO8 0) — E( l)jC sm (9?, ’—n]é + .7)0

where

(3.3) A

ll

n+ 6r* — (n + 2)r'* — (2n + 4)r + 2n2°
= n(l — V(L + 1) — 202 + )1 — 1Y,
B = (2n + 4)r — 2n°
= (n+ 21, C, = (3n + 6)r* + nr®,
C, = (8n + 6)r* + 3nrt, Cy=(n+ 2)r + 3m®, C,=mnr*.

Let
34) r=e, e= 2logn loglgn | ., logn,,
n n n n
1—p=1—glogn , loglgn p , O((}an)") .
n* n n n

Then

A=1608"" | poglogy.
n

For fixed & we have

rh= ek =1 — ke + lgiaz + 0,

so that

(3.5) Co= (n + 2) — (4n + 8)c + 8ne* + O(&*n)
= (4n + 6) — (14n + 18)c + 26me* + O(&’n)
= (6n + 6) — (18n + 12)c + 30ne® + O(e'n)
= (4n + 2) — (10n + 2)c + 14ne* + O('n)
Ci=n — 2ne + 2ne + O(n) .

To obtain an asymptotic estimate for ¢’(r, 6) in (3.2) we shall make
use of the following lemma.
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LEMMA 1. Let ay, j =0,1,---,5, be constants. Let n be a positive
integer and let

TS sinf

= 80— 101y, cos o + cos (n — 1)02( 1ye,5R90
sinf 7= sin @

@) If é(—wa, —0, then
= {n(l — cos 0) + 1} ~mjaxloc,|-0(1) as n— o,

(b) If in addition to (a), S (—1)ja, =0, then
j=1
S = {n(1 — cos 0) + 1} - max|a,|-O(1) as n — oo.
J

(c) If in addition to (a) and (b), 25](~1)1ja1 =0, then
=1
= {n(l —cos 0 + (1 — cos 0)} - m?x la;|-0Q1) as n—>co.

The lemma is easily obtained by considering the limits

lim Si-d—Weycosjd o S(~1Ya,singd

950 1—cosb 00 Sin@ — é sin 260

From (3.2) and (3.5) we obtain
(3.6) $P(r, 0) = A + B(1 — cos 0) — r"[D, — De + D,g* — D)

where

BN Dy=(n+ 2500~V g4 ST (g 4 6T+ 1
sin 0 sin 6

— (4n + 2\sin(n + 2)0 n nsin(n + 3)0
7 siné gin 6
— 4n gin (n + 1)(9(1

cos 0)
sin @ )

_ 48in(n g@n - 1)1 1 2 cos )1 — cos 6)

— 4 cos (n — 1)6(1 — 2 cos 0)(1 — cos )

— 451 sin (n + 1)0

1 — cos 0) + (1 — :
sin 0 2 cos 0)* + (1 — cos 0)O(n)
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n

+ (18n + 128 (0 10 _ 4, 2)E1£(?i@@
sin 0 sin ¢

p B0 (2 + 3)0

2
+ sin 6
={n(l —cos )+ 1} -n-0Q1).
3.9) D,=gpfine—10_ o¢, 8innd | g5, sin(n+ 1)0
) sin 0 sin sin
14BN (020 o sin (n + 3)0
sin @ sin 0

={n(l —cos0) +1} - n-0(1) .

(3.10) D, = 3, 0() SR =100 _ gy
i=0 sin @

(8.11) D, — D¢ + D& — D& = 452 (7 *{; DOt — cos o
ln

+ (1 — cos 0)0(n) — {n¥(1 — cos 0) + n}0(1)1°i n
+ {1 — cos 0) + n}0(1)< 19%”1>2+ O(?ﬁ(li?g{ﬁ )3

= 4p B0 g:nj; 1)0(1 _ cos ) + (1 — cos 6)0(n log n) -+ O(log n)

3.12) ¢, 0) = 16 12 1 81og (1 — cos 0)
e

_ Lo%@e-p[mﬁlﬁﬁz@ + 1)

— cos 0)
ind )

+ (1 — cos 0)O(n log n) + O(log n)]

- 16.(19?%"—)§(1 £ o(1)) -+ 8log n(1 + o(1))(1 — cos )

logn o sin (n + 1)(9(1

- cog 0)* .
sin 0

Thus the essential part of ¢{(r, 6) is the expression

(3.13)  4(1 — cos 0)log nl:2 et s D oo 0)] .
n sin 0

When 7 is even, the minimum of the square bracket in (3.13) is reached
for § =x, Thus 1 — ¢ ? must be non-negative. If p denotes a bounded
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function of %, p(n), we then have lim,_.p(2n) = 0.
If n is odd, we let —p¢ = —0.217 ... = the absolute minimum of

3r

sin 2/h, which occurs in 7 < o < ==. 1If ¢, is a sufficiently large con-

stant it is easily seen that the square bracket in (3.13) is positive for

0<% <fo<n— S
n+1 n+ 1

and that its minimum occurs in the interval = — {(¢))/» + 1} < 6 < = for
large odd values of n. Let § = — {(h)/n + 1}. Then for n odd

|:2 __e? sin(n + 1)0{1 o8 0)] — 2<1 + e-pﬁln h) + O(1/n?)
n sin 0 h

=2(1 — pe?) + O(n~%) .
It follows that
limp(2n + 1) = log # = —1.627 - ..

n—o0

It follows from the discussion above that we have

(3.14) Rp=1_plogn | loglogn , 8 4 g/
n n n
where 8 =0 = —log1, if n is even, and where

8= —-log{ max = —logpy=1.527.-.

§i&| }

when n is odd. This completes the proof of Theorem 1 for the case
kE=1.
We note that for 0 < » < 1/2, ¢3(r, 6) = 0 for all n and all §. Indeed,
when r = 1/2, we obtain from (3.1) that ¢{’(1/2, ) = 0 provided
(8.15) (307 + 44)sin 0 — (12n + 32) sin 20 — (2n + 4)2-"sin (n — 1)6
+(13n + 24)2-"sin nd — (30n + 48)2-"sin (n + 1)8
+ (28n + 32)2 " gin (n + 2)0 — 8n - 2" gin (n + 3)0

=0, 0<d< .
Since |sinkf/sinb| <k, k=1,2, ..., (3.15) is satisfied if
(3.16) (6n — 20)2" = T3n* + 192n + 108 .

It is easily verified that (8.17) is true for » > 7. For 1 <n =<7 the
author has verified that ¢,(1/2, ) = 0. The calculations are simple but
somewhat tedious, and will be omitted,
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4. Proof of Theorem 1 for k=2. From (2.20) we have

(A1) g9, 0) = Pyr, 0) — 2 3 (—1pc, SR — 10
=0 sin 0

where

(4.2) Pyr,0) = {n(n + 1) + 2n* + 18n)y* — (2n* — 6n — 36)r!
— (n* + 5n + 6)r°}

— {(20 + 6m)r + (160 + 24)° — (20 + 6n)r°} 51D 20‘9

+ {(®* + 5n + 6" — (n* + n)r'} S—m?’;
= A + B(1 — cos 0) + C(1 — cos §)*,

4.3) A=n"+n— {4n* + 12n)r + (6n* + 33n + 18y — (32n + 48)0°
— (5bn* — 3n — 36)r + (4n* + 12n)r* — (n* + bn + 6)r°
=—1 — %+ 5n + 6) + (1 — r)’(2n* + 18n + 36)
— (1 — r)'(12n + 54) + 241 — r)*,

(4.4) B = (4n* + 12n)r — (8n® + 40n + 48)r* + (32n + 48y
+ (8n* + 8n)rt — (4n* + 12n)r°
= —(1 — r)(dn* + 12n) + r(1 — r)*(8n* + 40n)
— r(1 — (160 — 48) — 48r(1 — 7).

4.5) C = (4n* + 20n + 24)* — (4n* + 4dn)r
Cy = (2n + 6)°
C, = (8n + 24)r° + 2nr”
C, = (12n + 36)r* + 8nr®

(4.6) C; = (8n + 24y + 12n1°
= (2n + 6)r* + 8nr!

Ci = 2nr® .
Letting
r=ev, e¢— 0gn _ loglgn ¢
n n n
o ,1<,>g,ne—q R P log n n loglogn —q +O<(logn)z) ’
n n n n

we obtain

4.7 A=glognf = pogloen) = ¢ mgyiogy,
n n
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(4.8) C, = (2n + 6) — (121 + 36) + (361 + 108)e*
— (720 + 216)& + 108ne* + O(ne’)
C, = (10n + 24) — (54n - 120)c + (1497 + 300)e?

— (281n + 500)* + 491’01

5 net + O(ned)

C, = (20n + 36) — (96n + 144)c + (240n + 288)¢*
— (4167 + 884)¢° + 560ne’ + O(ne)

C, = (20n + 24) — (84n + T2)c + (1867 + 108)e*

— (2861 + 108)¢° -+ 679 9 et + O(ne)
C, = (10m + 6) — (361 + 12) + (68n + 12)e*
— (88n + 8)& + 2-29%54 + O(ne)
27

05=2n—6n-6+9n-82—9n-53+72fn€4+O(nes).

We now write
(4.9) ¢P(r,0) = A+ Bl — cos 0) + C(1 — cos 0)* — r~ - i:.o(—l)’D;S’ .
From (4.1), (4.2), and (4.8), we find

D, - 8in § = (2n + 6) sin (n — 1)0 — (10n + 24) sin nf

— (20n + 36) sin (rn + 1)0 + (20n + 24) sin (n + 2)0
— (10% + 6) sin (n + 3)0 + 2n sin (n + 4)0,

0
cos 2n + 3) -
B 9 sin (n + 1)
D, = |—8n- R B 24 (1

Co8 -—
2

— cos 0).

D, - sin 0 = (12n + 36) sin (v — 1) — (54n + 120) sin né
+ (961 + 144) sin (n + 1)0 — (84n + 72) sin (n + 2)0
+ (36% + 12) sin (% + 3)0 — 6n sin (1 + 4)0 .

By Lemma 1, we obtain
D, = [n(1 — cos 0)* + (1 — cos 0] - [O(n) + OQ)] - O(1)
= [#*(1 — cos 07 + n(1 — cos 6)] - O(1) .

D, - gin 0 = (36n + 108) sin (n — 1) — (149n + 300) sin nd
+ (2407 + 288) sin (n + 1)6 — (1861 + 108) sin (n + 2)4
+(68n + 12) sin (r + 3)0 — In sin (n + 4)0 ,
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D, = [n(1 — cos ) + n(1 — cos )] - O(1)
+ [n(1 — cos ) + (1 — cos )] - OQ1) .
D, . sin 0§ = (72n + 216) sin (n — 1)6 — (281n + 500) sin nd
+ (416n + 384) sin (n + 1)0 — (286n + 108) sin (n + 2)0
+ (88n + 8) sin(n + 3)0 — In sin (n + 4)0 ,
Dy = {n(1 —cos 8) + 1} - » - O(1) = [#*(1 — cos 0) + n]O(1) .

4901
1

D, - sind = 108n sin (n — 1) — 3 -n sin nd + 560n sin (r + 1)

- 6;‘1 sin (n -+ 2)0 + ?g‘(’n sin (n + 3)0 — z47n sin (n + 4)

D, = {n(l — cos ) + 1} - n- O(1) = [w¥(1 — cos ) + n] - O(1) .

D, = O(n) - 2 sin(n — 1 +5)0 | _ o) .

sin 6
(4.10) D, — D¢ + De* — D& + Det — De°

= l:— 8n €08 (2n +3)0/2 + 24 sin (7?7—*—1)0](1 — cos )
cos 0/2 sin 0

n

+ (1 — cos ) + n(1 — cos 0)]0(1)(19:%;”)"
n
+ [n¥(1 — cos 0) + n]O(l)(l_O% " )z
+ [#*(1 — cos 0) + 7?,]0(1)(}(,)5:7",)4 + O(n2)( JQ%JE)S

=[-8 8 Cr B2 ¥ (10 o log ) (1 —cos oy
cos 0/2 sin ¢

+ (1 — cos 0) - Olog n) + O('(logsn)3> .
n
From (4.7), (4.9), and (4.10), we have

4.11) g, o) = 20ogn)f | 8logn) 1 _ .59y 1 8y log n(l — cos 6)
n n

3

_ bﬂe-q[_ 8, €08 (2 -+ 3)/2 o sin (n + 1)0
n cos 0/2 sin 6

+ O(n log n)](l — cos 0)

— 10—";5;?3’»6“’[(1 — cos 0)O(log n) + O( (lqifi)]
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SR

+ [sﬂ‘lf:’;_”i — e 0((1"_%;’91)](1 — cos 6)

cos (2n + 3)0/2 _ 24e7 sin (n 4 1)8
cos 0/2 n sin 6

+ 8log n[n + e7?
+ e - O(log fn)](l — cos O) .

From (4.11) it is seen that we must have the quantity L = 0 where

(4.12) L=1+ e—a[,,‘?@?@” +3)0[2 _ 24 sin(n + 1)‘?] _

n cos (0/2) n’ sin 0

For n even the minimum of L is attained for 6§ = = and equals

1 — e-—q(?ﬂ,ﬂ-ﬁg + 24(ﬁ;11)) =1—2¢7+4 ¢9. 0(.];) .
n n n

Thus if ¢ = ¢(n), a bounded function of », we require

(4.13) lim ¢(2n) = log 2 .

n->

If n is odd, we let 6 = = —(2h)/2n + 3 and find that

L;1+2e-q3i_2’i a8 n— oo |
and
min L =1 — 2pe
]
where
p=0.217..-. = max sink , and limq¢(@2n — 1) = log (2p) .
1l§7l«§—32£ h e

It follows that we have

(4.14) Rw =1 logm | loglogn _ 7 0(;)
n n n n
where
B {log 2, if n is even,
~ llog (), if n is odd.

This completes the proof of Theorem 1 for the case k = 2.

In the case k = 0, which was investigated by Szasz [8], if we employ
procedures analogous to those above for ¥ =1 and 2, we are led to the
expression
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@15)  glogm _logn . o, cogp) 08 nt 1)02
n n® cos 0/2

when

_glogn | loglogn _ t
n n n

r=1

With arguments similar to those used above, we find that the *‘ correct”
value of t is log (4/3) when = is even (as Szasz obtained [8]), and log (4//3)
when 7 is odd, the latter result being new.

5. Proof of Theorem 1 for k = 3. The theorem of Fejér [2], quoted
in the introduction, states that
(5.1) R®» =1, n=1,238 ...

We shall give a new and simple proof of (5.1), and also give a
demonstration of the sharpened result

(5.2) R =1, R).,>1, n=123,---,
and

(5.3) lirygesoup 2n—-1)(RY., —1) < a,=1.07---

where «, is the positive root of the equation

(5.4) 3—a—3ue*=90

where

= max |52 _9017... .
wsns3T h |

From (2.7) we have

(56.5) 6(1 — 2)’SP(2) = n(n — 1)(n — 2)z — 3(n — 1)(n* — 4)2*
+ 3(n + 1)(n* — 4)2° — n(n + 1)(n + 2)2t
4+ 6(n + 2)2"** — 6(n — 2)z** .

Letting 2z = ¢ in (5.5) we have for n > 2

1

— 30,
32 gin’(60/2)

5.6) 9U,(2) = : 0 ,
(6.6) JISPu(2) [(n 4) cos g oS

+ (n + 2) cos (2n — 1)% — (n — 2) cos (2n + 1)%]

_ sin 4 I: " sin nd sin nd/2 2]
= Tt L =2 TS
16 sin%(0/2) wtn gin ¢ ( sin 0/2 )
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In earlier papers we have shown [5], [6], that

. . R
(5.7) " + nS;;lné; —2( 20 *;%2) 20,

for all integers » and all 4. From (5.6) and (5.7) we have at once that
(5.8) ISP =0, 0<0=nm, n=12-.--.
However, the function ‘
(5.9) F(z) = (27 — 2)SP(2)

is analytic in |2] < 1, and RF(e®) = 2 5in OJSP(¢) = 0. Since the mini-
mum of the harmonic function RF(2) in |2| <1 occurs on |z| =1 we
have RF(z) > 0 for [z| < 1. From the representation (5.9) it follows
from the work of Rogosinski [7] that S®(z) is typically-real in the unit
circle, which is to say that

(5.10) ISP (re?)y = 0, 00=sn 0=r=1.

The theorem of Fejér, or inequality (5.1) follows from (5.10) and the
remarks made in section two.

We now attack the problem from an alternative point of view for
the case £ = 3. From (2.17) and (5.6) we write
' sin (n + 2)8

sin 6 .
_ 2( sin (n + 2)0/2 )2]

sin 6/2 /

(5.11) ¢P(r, ) = 384 sin‘*%[(n + 2 + (n + 2)

+ [P, 0) — $2(1, 6)] .

Let r=1+a/n where a=a(n)=0(1)>0. Then »r*—1=
kaln + O(a*/n?), k = positive integer independent of =, »*** —1 =
¢ — 1+ nkae® + O(n'a?e”). From (2.21) and (5.11) we then obtain for
r =1 + a/n asymptotically,
(6.12) ¢P&(r, 0) — ¢P(1, 0) = 28n*a + 56na cos § — 12n%a(4 cos® 0 — 1)

— 2n’a(4 cos 0 — 8 cos® ) —u

sin 0

= —128n%«x sin"i — u ,
2 sin 0
where

S = 6nsin (n — 1)0 — 36n sin nf + 90 sin (n + 1)0 — 120w sin (n + 2)0
+ 90% sin (r + 3)0 — 36m sin (v + 4)8 + 6nsin (v + 5)0

= —384nsin (n + 2)0 sin“—g ,
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(5.13)  ¢@(r, 0) — (1, 6) = 128 sinﬁi[?m(e?” _qpsin(e+2)0 an] .
, 2 " sin 0
Since for sufficiently large values of » we can only have

gP(r, ) =0 or r=1+n'a, a=am) >0,

provided
(5_14) 3|:(n + 2)2 + (n + 2 §1_n#(nA+2_)ﬂ — 2(§1n(771i2_)f/£>‘:|
: sin 0 ‘ sin 6/2
3 — )80 s g
sin

we see that, when »n is even and 6 = 7, we must have
(5.15) —3(¢®* — n(n + 2) — n'a =0 .

(5.15) implies that « is non-positive, contrary to our assumption that
a>0. Hence a =0 for n even and sufficiently large. However, it is
easily seen that a = 0 for all even n by the following argument. Since

n

(5.16) | ng)(z): SCEg

v=1

and because of the identity
(5.17) f;l(—l)nﬁ(n F1l-)n+2—)n+3—1)=0, n even,

it follows that the derivative of S{(z) vanishes at z = — 1 for n even.
S(2), typically-real in |z] <1, therefore cannot be typically-real in |z|
<r for r>1, n even. Thus a =0 for all even n, and R =1, n=
1,2, ..

The situation for » odd is not so simple. Fejér has pointed out [2]
that ISP(e*) > 0, 0 < 6 < z, from which it follows that ¢$(1, ) >0 for
all  with the possible exception of the values # =0 and . When = is
odd, however, it is easily seen from (5.6) and (2.17) that ¢@P(1, =) > 0.
From (5.16) it also follows that

. (3)( pi0 n
lglr? ﬁ‘i;»n(; ) _ STACEH > 0
- v=1

Consequently IS{(e¥) - cosecd >0 for all § when n is odd, and so
R® ,>1,n=1,2,--.. To obtain an asymptotic upper bound for E{_,
we shall show that (5.14) is not verified, when n is sufficiently large,
for all & when « exceeds a, =1.07-..., «, being the positive root of the
equation (5.4).

Letting 0 == — [A/(n + 2)], » odd, we find that the left hand side
of inequality (5.14) is asymptotically equal to the expression
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y sinh 40 200 _ 1y Bin A ) _ 2
3n [1 + 3 O(n )] + 3n*(e 1)( . + O(n )) na ,
from which (5.4) and (5.3) follow. It should be noticed that the constant
«, in (5.3) could be replaced by a smaller one. Indeed, for = x/n, the
left-hand side of (5.14) is asymptotically equal to

5.18 2[3_ 3 «Sinw 6 sin /2 2] .
(5.18) " a + 3¢50 ( e )

Calculation of the smallest positive a for which the expression (5.18) is
non-positive for some x > = would lead to a smaller constant to replace

.
From (2.3) and (5.1) it follows at once that R =1 for k=3 and

all positive integers .
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