
CESARO PARTIAL SUMS OF HARMONIC SERIES

EXPANSIONS

M. S. ROBERTSON

1Φ Introduction. Let the harmonic function v(r, θ) have the sine
series expansion

(1.1) v(r, θ) = Σ αvr
v sin vθ ,

1

convergent for 0 ^ r < 1 and suppose that t>(r, 0) is non-negative for
0 < θ < π. Denote the nth partial sum of (1.1) by

(1.2) S(

n°\r, θ) = Σ αvr
v sin v0 ,

1

and the wth Cesaro partial sum of order k, by

(1.3) S(*\r, θ) = Σ CΪ+*-v<Wv sin ^ , fc = 1, 2, • .
1

It was shown by Fejer [2, p. 61] and Szasz [8] that when v(r, θ) ^ 0
for 0 < θ <τr, 0 < r < 1, then ^ ( r , <?) is also non-negative for all n
when 0 < θ < π, 0 < r ^ 1/4, and the constant 1/4 is sharp. Fejer [2]
showed that the functions <S(

W

3)(1, θ) are also non-negative for all n,
0 < θ < π. In addition, Szasz [8] showed that there exists an R£\ de-
pending upon n only, so that SΓ(r, 0) ^ 0 for 0 < r ^ iC\ 0 ^ β ^ r,
but not always for r > R(n\ and that

(1.4) lft« = 1 -
w n

In this paper we shall extend the results of Szasz to Cesaro partial
sums of integral order k, k = 1, 2, 3. For k — 3 the theorem obtained
is a sharpened form of the theorem of Fejer [2]. We prove the
following :

THEOREM 1. Let the harmonic series expansion

v(r, θ) = Σ a^ s i n vβ1

be convergent f o r 0 ^ r < 1 α ^ d Ze£ v ( r , ^ ) ̂  0 / o r 0 < ^ < π , 0 < r < 1 .
Then for k — 0,1, 2, 3 £/&ere βa isίs α positive number R^ depending upon
n only, so that
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(1.5) S™(r, θ)^0 for 0 ^ r ^ &*\ 0 ^ θ

always for r > R(

n

k\ and that

(1.6) Λ«> = 1 - (3 - ft)M». + M ί θ K » _ fl>_±o(l) , Λ = o, 1, 2,

where

gk = lo

where

_ (1 /or

max I sin A |A| = 0.217 ••• /or n odd;

(1.7)

(1.8) lim sup (2w - lXieff-x - 1) ^ a 0 = 1.07 . .

where a0 is the positive root of the equation

(1.9) 3 - a - 3μe« = 0 .

Moreover, R{n] is the largest r for which Φ(n}(rf θ) is non-negative for all
θ, where ψ(n\r, θ) is defined for k — 0,1, 2, 3 by the equations (2.18),
(2.19), (2.20), and (2.21).

Since v(r, θ) in (1.1) may be regarded as the imaginary part of the
analytic function

Oό

f(z) = Σ &vZv , z = reiθ , r < 1, Ov real,
1

the property v(r, β) ;> 0 for 0 < θ < π may be interpreted by saying
that f(z) is typically-real in the unit circle, that is $/(z) > 0 for $z > 0,
and $/(z) < 0 for 3ίs < 0, | z | < 1. In this case

(1.10) F(z) - ['
Jo

is schlicht and convex in the direction of the imaginary axis for \z\ < 1.
For from (1.10) we have

(1.11) ^F(reίθ) = - %zF'{z) = - 3/(z) < 0

for \z\ < 1, 0 < 0 < TΓ.
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DEFINITION. Let ^Γand ^ Γ * denote the families of functions

(1.12) F(z) = z + b2z> + + bnz
n + . . .

which are regular, real on the real axis, schlicht and convex in the
direction of the imaginary axis in \z\ < r, and in \z\ ̂  r respectively.

With the help of Theorem 1 we then obtain the following.

THEOREM 2. Let

(1.13) F(z) = z + bj? + + bnz
n +

be a member of the family J?\. Then for n — 1, 2, 3, the nth Cesaro
partial sum of order one of (1.13) is a member of ^}2*. The radius 1/2
cannot be replaced by a larger number. Also the nth Cesάro partial sum
of order k, k = 0, 1, 2, 3, is a member of ^* where

p0 = ] — Sn'1 log n + n~ι log {(3/4 — ε) log n} , n > nQ(e)>

f\ = 1 — 2n~ι log n + n~ι log {(1 — ε) log n} , n > ^(ε),

^ = 1 — n'1 log w + w"1 log {1/2 — ε) log n) , n> wa(e),

ί = 1, n even,
Pό I > 1, n odd,

and where ε > 0 is arbitrarily small and nk(e), k = 0, 1, 2, are positive
integers depending only upon ε. ϊ%# radii >̂fc are sharp to within 0(1/%).

2* Preliminary formulas. Before we proceed to the proof of The-
orem 1 we shall mention several formulas which will be needed. The
following sums are easily calculated :

)~2(2.1) S(z) = z + 2z> + + nzn + . = z(l - z)~

(2.2) SΓ(z) = * + 2z2 + + nzn = {z - (n + l)zn+1 + nzn+*}(l - z)~

(2.3) Sΐ\z) = S[*-»(z) + S^\z) + + SίTυ(z) , k = 1, 2,

(2.4) ^fc)(2;) = Cϊ**"^ + 2CΪ+*"V + + nC\zn ,

(2.5) ^1 }(^) - {nz ~(n + 2)z2 + (n + 2)zw+2 - n^+ 3}(l - z)-6 ,

(2.6) S;e

2)(̂ ) = —-{n(n + l)z - 2n(n + 3)z2 + (n + 2){n

- 2(n

(2.7) ^3 )(z) =~{n(n + l)(n + 2)z - 3n(n + l



832 M. S. ROBERTSON

+ Zn(n + 3X» + 4)z3 - (n + 2)(n + 3)(«
+ 6(n + A)zn*1 -6nzn+b}(l

1 (fc + i fc-TO fc + i

(2.8) S?'(«) = i Σ ( - i r ' Π ( « + P) Π (n + q)zm

+ (-1)*-1*;! (w + k + l)zn+k+1 + (-Ifk! nzn+fc+*\(l -

where ΐlj

p=i(n + p) is defined to be 1 if i > i.
Let

(2.9) f(z) = Σ αvZv , «i > 0, αv real,
1

be regular and typically-real in \z\ < 1, which is to say that v(r, θ)=
$f(reiθ) is non-negative for 0 ̂  θ ̂  π, 0 < r < l , and f(z) is real on the
real axis. As I have shown elsewhere [3] the function f(z) may be
represented by the Stieltjes integral

(2.10) f{z) - ^ - Γ P ( Z , φ)da{φ) , \z\ < 1,
Joπ Jo

where a(φ) is a non-decreasing real function of φ in the interval [0, π],
and where P(z, φ) is the typically-real, schlicht and star-like function

(2.11) P(z, φ) = z{\ - 2z cos φ )-1 = ΣΣ sm φ

For φ = 0 we have P(z, 0) = ̂ (2) where S(z) is defined as in (2.1).
From (2.10) we have immediately that

(2.12) S«\r, θ) =^(*8P$W, φ)da{φ)
π Jo

where P(

n

k)(reiθ, φ) is the nth. Cesaro partial sum of order k of the power
series for P(z, φ) given in (2.11),

(2.13) %P%\reiθ, φ) = Σ Cr^V^^- sin vβ .

v-i smφ

By a lemma of L. Fejer [8], [9], [4], it follows that

(2.14) 3P(

n

k)(reiΘ, φ ) ^ 0 , O r g φ ^ τ r , 0^θ ^π,

if, and only if,
(2.15) $Slk)(reiθ) = ̂ P^ f c )(re ί θ, 0) = Σ vCS+*"vrv sin vfl ̂  0, 0 ̂  β ̂  π.

V = l

Thus, the behavior of the Cesaro partial sums of the Koebe function
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z(l — z)~2 determines the extremes to which the Cesaro partial sums of
the series expansion of an arbitrary typically-real function f(z) exhibit
their properties. Therefore, in order to prove Theorem 1 for the
imaginary part of an arbitrary typically-real function f(z) we may con-
fine ourselves to proving these results merely for the Koebe function
S(z) = z(l — z)-2. For this function the partial sums

(2.16) S™(z) = {z-(n

are known to be schlicht and star-like with respect to the origin in [1]

I z I ̂  1 — Sn'1 log n , n > n0 ,

and a fortiori typically-real in the same radius.
From formulas (2.2), (2.5), (2.6), (2.7), on letting z = reiθ we obtain

by simple, straightforward but long computations the following additional
formulas which we shall need.

(2.17) s k ! 11 - z \^$S(

n

k\reίθ) = r sin θψ™(r, θ) , fc = 0, 1, 2, 3,

where

(2.18) ψ™(r, θ) = 1 - r2 - (n + l)rw+2 ™^-----^
sin 0.

+ r-'(2n + 2 + »r«)̂ -n nθ - r"(n + 1 + 2nr^^±1)β

sin # sm 0

sin

(2.19) ψWr, θ)= {n + 6r2 - (n + 2)r4} - {(w + 2)r - ^ 2 !

~(n + 2)r^sϊΐ^n---1)θ + {(3n + 6)r-3 + TCr-5}-^^^
sin β sin <?

- {(3n + 6)r-« + ^ r - } - ^ ? + 1 } ^
sm σ

+ {(» + 2 ) r - + 3 ^ - } - s i n > - + ^ - m - « - ^ ί ? •+ 3 ) ^ ,
sm θ sm θ

(2.20) ^2 )(r, ί) = {n(n + 1) + (2τz2 + 18^)r2

- (2^2 - 6n - 36)r4 - (n2 + 5n + 6)r6}

S 1 n 2 /

sm σ

6n + (16w + 24)r2 - (2w2 ) }
sm

6 - + n)r}^^
sm θ

(2n + 6 ) r - β S i n {n ~ 1)θ + (Sn + 24
sin /?sin sm a
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36 + 8nr2)rn+i s m (n +

sinί?

sm

(2.21) ψ<n

- (2n + 6

3)(r, θ) = {n(n + 1)

—

- {Zn(n + l)(n

- 5 ( ^ + 4

+ {3n(n + S)(n

- {(n + 2)(n +

+ 8^2)r-!

in + 2) + &

5(» + 3)(n2

+ 4)r + 5(i

){riι - In -

+ 4)r2 + 3(

3X« + 4)r3

3in (n +
sin θ

n(n + i;

- iβy

r? + 15»i

12)r5 -

)(n + 2):

—

— n(n -

3)0 4

)(» +
~{n

(2 + 3

3w(n

!r4

3n(n

-2m " + 3 s i n ( w 4

sin ί

8)r2 + 60n(n +

+ 2)(n + 3X» π

2w)r3

Ay

h 4)r8}

+ 3Xw + A)r7} s i n 2 ~
sin 0

+ l)(n + 4)r6}

i + 2 ) r 5 } s ί n 4 ^
sin#

sin 30
sin<?

- {(60n + 2iO)r + 30nr}
sm θ

+ 120)rM+r + 6nrn + 9}--

sin (n + l)θ

w + 5 + 60nrn+7} i i n ^
sisin

}
sin θ

s ί n ^n + ^
sm θ

3 Proof of Theorem 1 for Ic = 1Φ We proceed now to the proof
of Theorem 1. For k — 0 Theorem 1 follows from the theorem of Szasz
[8]. For k = 1 we have ^S^ire19) ^ 0 for 0 < θ < π provided ψ(

n

ι)(r, θ)
;> 0 for all θ and r ^ i2^υ. From (2.19) we must determine the largest
r for which

(3.1) ψ™{r-f θ) = {n + 6r2 - (n + 2)r4} ~ {(n + 2)r - nr3}^™^-
s m ί
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- (n + 2 ) r « ^ s i n ( ! ^ - 1)θ + {(Sn + 6)r-3 + m"«}-B- n θ

sm θ sin θ

- { ( 3 n + 6 ) r " + 2 + Z n r ]
s i n t f

{{n
sin θ sin θ

is non-negative for all θ. We rewrite Φ{i\ry θ) in the form

(3.2) ψ(

n

υ(r, θ) = A + JB(1 — cos θ) — rw Σ ( — l^Cj—"J.?. ~_Ajt_-2.)̂ _
J=O sm θ

where

(3.3) A = n + 6r2 — (w- + 2)r* — (2n + 4)r + 2nr3

= w(l - r)3(l + r) - 2r(2 + r)(l

B — (2n + 4)r — 2nr3 ,

CO = (n + 2)r4 , Ci = (3^ + 6)r3 + nrδ ,

C2 — (3n + 6)r2 + 3nr* , C3 = (n + 2)r + 3nr3 , C4 = tw

Let

(3.4) r = β-f, ε = -

n

Then

For fixed A: we have

so that

— s2 + 0(ε3) ,

(3.5) CO = (n + 2) - (An + 8)ε + 8nea +

Ci = (4τz + 6) - (14w + 18)6

C2 = (6n + 6) - (18w + 12)e

C3 = (4ro + 2) - (lOn + 2)e + 14nε2 + O(ε3n)

To obtain an asymptotic estimate for ψn\r, θ) in (3.2) we shall make

use of the following lemma.
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LEMMA 1. Let ajy j — 0,1, , 5, be constants. Let n be a positive
integer and let

s = Σ (-lya^
j=o s in β

__ jsmjw — j j ^ ( — lya, cosjθ + cos (n — 1)6
sin θ j-o

(a) // Σ ( - I ) j ^ - 0, ίAew

— cos θ) + 1} max | α, | 0(1) as n

(b) If in addition to (a), Σ ( ~ l ) J i 2 ^ j = 0,

S = {%(1 — cos 0)3 + 1} max | a1 \ 0(1) as n -• oo.

(c) // m addition to (a) αwd (b), Σ ί — lVi^j = 0>

S = {n(l - cos ?̂)2 + (1 - cos θ)} max 1 a5 \ 0(1) as

The lemma is easily obtained by considering the limits

From (3.2) and (3.5) we obtain

(3.6) ψ^Xr, Θ) = A + B(1- cos θ) - rn[D0 - D1e + Dj? -

where

(3.7) DQ = (n + 2)ή^-Λ)l - {An + 6)^nnθ + (6n + 6) s

sin θ sin θ
^ {An + 6) + (6n + 6)

sin θ sin θ sin θ

+
sin 0 sin

= 4 βin(w + l ) g ( 1 _
sin (9

_ 4 sinjnj
sin

sm

- 4 cos O - 1)0(1 - 2 cos 0)(1 - cos θ)

- cos θf + (1 - cos θ)O{n) .
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(3.8) A = (in + S ) - 8 ^ ^ 1 ^ - (Un + 18) *****
sin θ sin θ

+ (18* + 12**J±1W *(10» + 2)
sm θ sm θ

sin θ

= {w(l-cos0) + 1} • n 0(1) .

(3.9) A = 8 w ^ - ( - ? — - ^ 2 6 ^ + 3 0 n ^
sin 0 s in θ s in

_ Unsin(n±2)θ + 2nsm(n±3)θ
sin (? sin θ

} -n- 0(1) .

(3.10) A = Σ O ( n ) - s ί n ^ ^ X ±
sin

(3.11) Do - D}ε + Aε3 - As? = 4 » - ™ i ^ ± ^ ( l - cos θf
sm ̂

+ (1 - cos θ)0{n) - {w2(l - cos θ) + l

sm

n / • \ n

_ cos /9)2 + (1 - cos <9)O(̂  log w) + O(log n)

(3.12) φ<»(r, θ) = 16 ( l o g - ? ) - + 8 log w(l - cos θ)

J»±l)?(i - cos
sm σ

+ (1 - cos tf)O(w log n) + O(log w

= 16V"*L!1L (1 + o(l)) + 8 log n(l + o(l))(l - cos θ)
n2

4 e

n sin θ

Thus the essential part of Λυ(r, θ) is the expression

(3.13) 4(1 - cos 5)log nΪ2 - - ^ - s i n i 9 l + 1 ) β ( i _ c o s

L n smθ

When w. is even, the minimum of the square bracket in (3.13) is reached
for θ == 7r, Thus 1 — e~^ must be non-negative. If p denotes a bounded
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function of n, p(ri), we then have \imn^βop(2n) = 0.
If n is odd, we let — μ = —0.217 ••• = the absolute minimum of

Q

sin hjh, which occurs in π < h < ——. If c0 is a sufficiently large con-

stant it is easily seen that the square bracket in (3.13) is positive for

0 < — ^ — < 0 < π - —^?—
n+1 n+1

and that its minimum occurs in the interval π — {(cQ)ln + 1} < 0 < TΓ for
large odd values of n. Let 0 = π — {(/&)M + 1}. Then for n odd

Γ2 - *2- «n(» + l)tf(1 _ c o s β ) | = 2 ( l + «-* «*A) + 0(1/0
L w sin 0 J V h J

= 2(1 - μe->) + O

It follows that

Km p(2n + 1) = log μ = -1.527 . . . .

It follows from the discussion above that we have

(3.14) ΈBP = 1 - w n n

where β = 0 = — logl, if w is even, and where

β = - l o g l max j »5A | l = - l o g ^ = 1.527 . . .

when 92 is odd. This completes the proof of Theorem 1 for the case
k = l.

We note that for 0 ^ r ^ 1/2, Λυ(r, 0) ^ 0 for all n and all θ. Indeed,
when r = 1/2, we obtain from (3.1) that Λυ(l/2, θ) ^ 0 provided

(3.15) (30rc + 44) sin θ - (12w + 32) sin 2Θ - (2w + 4)2~w sin (n - 1)0

+ (13rc + 24)2"w sin nθ - (30rc + 48)2"w sin (n + l)θ

+ (28n + 32)2"n sin (n + 2)θ - 8n 2~n sin (w + 3)0

^ 0 , 0 < θ < π .

Since | sin &0/sin θ\^k1 k = 1, 2, , (3.15) is satisfied if

(3.16) (6w - 20)2w ^ 73w2 + 192rc + 108 .

It is easily verified that (3.17) is true for n > 7. For 1 ^ n <: 7 the
author has verified that ^n(l/2, 0) ^ 0. The calculations are simple but
somewhat tedious, and will be omitted.
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4Φ Proof of Theorem 1 for ϊe = 2. From (2.20) we have

(4.•1)

where

(4.•2)

<

Pn(r, θ)

(r,θ)

= {n

+

= A

{<

{<

+

Pn(r

+ 1)

[2n2-

w +

5(1-

,0) r-

+ (2n2 •

h 6w)r -f

5^ + 6)

- cos θ)

+

-(:

+

0

18w>

I6n -

ca

4-24)r

ia + n)

— cos

ύn (n

In1 —

>3 — (!

s

ΘY,

sϊn

6n

2n2

nSt

1 + Λ<?
θ

- 36)r4

- ( » 2 +

+ 6»)r }

5w + 6)r6}

sin 2^

sin ^

(4.3) A = n2 + n - (4n2 + 12n)r + (5n2 + 33n + 18)r3 - (32n + 48)r3

- (5na - 3n - 36)r» + (4n2 + 12w)r5 - (ri1 + 5n + 6)r6

= - ( 1 - rY(n* + 5n + 6) + (1 - r)5(2n2 + 18n + 36)

- (1 - r)\\2n + 54) + 24(1 - r ) 3 ,

(4.4) B = (An* + 12n)r - (8n2 + 40w + 48)r2 + (32n + 48)r3

= - r ( l - r)4(4w2

- r(l - rf(16n - 48) - 48r(l - r ) .

(4.5) C = (in2 + 20n + 24)r2 - (in2 + 4w)r4

CB = (2n + 6)r6

C, = (8« + 24)r6 + 2nr7

C3 = (12ra + 36)r4

(4.6) C3 = (8n + 24)r3

C4 = (2n + 6)r2

C5 = 2nr 3 .

Lett ing

r = β - β e = log w_ __ J o g b g w_ + g_

w w n

σ-Q 1 _ ^ — 1 _ l °? w 4_ log log ^ — q nffI°£nW

n n w n

we obtain

(4.7) AS2MΪ, iίssiM^, Cs8nlogίί,
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(4.8) Co = (2w + 6) - (12n

Cx = (lOn + 24) - (5

Cz = (20n + 36) - (9

C3 = (20M + 24) - ( 8

M. S. ROBERTSON

+ 36)ε + (36w + 108)ε2

- (72n + 216)ε3 + 108rcε4 + O(ne?)

n + 120)ε + (149w + 300)e2

- (281n + 500)ε3 +

144)ε + (240rc + 288)ε2

- (416w + 384)ε3

72)ε + (186re + 108)ε2

+ 108)ε3 +

C4 = 6) - 12)ε + (68n + 12)ε3

- (88M + 8)ε3

nε
\Δ

560wε4

- - n ε 4

260
3 '

O(nε6)

O(ns?)

= 2^ - 6n ε + 9n ε2 -
97

ε3 + Δ-L
4

O(ne5) .

We now write

(4.9) ψ%\r, Θ) - cos θ) + C(l - cos θf - rn

From (4.1), (4.2), and (4.8), we find

A sin 0 = (2rc + 6) sin (n - 1)0 - (lOn + 24) sin ^0

- (20n + 36) sin (n + 1)0 + (20^ + 24) sin (n + 2)0

- (lOw + 6) sin (n + 3)0 + 2n sin (n + 4)0 ,

COS I + 3 ) ^

c o s -

sin (TZ + 1)0
sin0

(1 - cos 0)\

A sin 0 = (12rc + 36) sin (n - 1)0 - (54rc + 120) sin ^0

+ (96rc + 144) sin (n + 1)0 - (84^ + 72) sin (n + 2)0

+ (36rc + 12) sin (n + 3)0 - 6n sin (w + 4)0 .

By Lemma 1, we obtain

A = [n(l - cos θf + (1 - cos 0] [O(n) + 0(1)] 0(1)

= \n\l - cos θf + n(l - cos 0)] 0(1) .

A sin 0 = (36n + 108) sin (n - 1)0 - (149n + 300) sin nθ

+ (2A0n + 288) sin (n + 1)0 - (186w + 108) sin (w + 2)0

+[(68n + 12) sin (% + 3)0 - 9n sin (n + 4)0 f
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A = [n\l - cos θf + n(l - cos 0)] . 0(1)

+ [n(l - cos 0) + (1 - cos 0)] 0(1) .

A sin 0 = (72rc + 216) sin (n - 1)0 - (281rc + 500) sin TC0

+ (416rc + 384) sin (rc + 1)0 - (286^ + 108) sin (n + 2)0

+ (88n + 8) sin (n + 3)0 - 9n sin (n + 4)0 ,

A = -Ml - cos 0) + 1} . n 0(1) = [ή\l - cos 0) + w]O(l) .

A sin 0 = lQSn sin (w - 1)0 — 4 9 0 1 w sin TC0 + 560^ sin (n + 1)0

- — - sin (n + 2)0 + -2^~n sin (n + S)θ - 2 7 n sin (n + 4)0 ,
Δ ό 4

A = cos θ) + 1} n - 0(1) = [n2(l - cos θ) + n\- 0(1) .

A = O(n) •Σ
sin (n — 1

sin

(4.10) A - Aε + Aε2 - Aε3 + As4 - Aε

= Γ_
L cos (9/2

- c o s β y

+ [«2(1 - cos θf + n{\ - cos βy]O(l)ιo-en

n

+ [n2(l - cos θf + n(l - cos

+ in\l - cos θ) + n\O(l)(^~Y
\ n /

+ [W'(l - cos 0) +

n

n n

= Γ
L 2 4

sin 1)0+ 2 4
cos 0/2 sin0

+ (1 - cos 0) O(log n) +

j

riι

From (4.7), (4.9), and (4.10), we have

(4.11) ψ%\r, 0) = +
n

- cos 0) + 8n log w(l - cos θf

n

cos (2n + 3)0/2^ + 24sin_(_w +
cos 0/2 sin 0

+ O(n log rc)Ί(l - cos 0)2

- cos 0)O(logn) + θ(
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= L n3 β ' V ^rf~
Γ Π Λ Λ ™\3 / /IΛΛ. ™\2\-|

— cos 0)
n \ n

8log[
cos β\2 n sin θ

+ e~q O(log %)Ί(1 - cos

From (4.11) it is seen that we must have the quantity L >̂ 0 where

(4 12) L = 1 + e-*Γ

L
i ^ i/__ - 24 - ^ ( ^ + IW]
ncoa(ΘΪ2) n2 smθ J '

For w even the minimum of L is attained for θ = π and equals

1 _ e - / 2 n _ + 3 + 2^»
\ n n

Thus if q — q(ri), a bounded function of n, we require

(4.13) lim q(2n) = log 2 .

If 7i is odd, we let θ = π -(2h)j2n + 3 and find that

L = 1 + 2β- 5 ^ I 1 A
h

and

where

i

It

(4.14)

where

= 0.217

follows

minL

• = max

that we

Iff = 1

r

h

have

n

_< log 2,

== 1 —

, and

log lo^
n

if n

lim q(2n

n

is even,

- i )

V n

I log (2μ), if w is odd.

This completes the proof of Theorem 1 for the case k = 2.
In the case & — 0, which was investigated by Szasz [8], if we employ

procedures analogous to those above for k — 1 and 2, we are led to the
expression
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(4.15) 3 1 ° ^ _ M " , - . . 2n(l - cos β)
v ' n ri> cos 0/2

when

r = 1 _ 3 ]og^ + Jogjogjz, _ J_ ^
n n n

With arguments similar to those used above, we find that the " correct "
value of t is log (4/3) when n is even (as Szasz obtained [8]), and log (4/*/3)
when n is odd, the latter result being new.

5. Proof of Theorem 1 for Ic = 3. The theorem of Fejer [2], quoted
in the introduction, states that

(5.1) i ^ 3 ) ^ l , w = l , 2 , 3 , . . . .

We shall give a new and simple proof of (5.1), and also give a
demonstration of the sharpened result

(5.2) R$> = 1 , R&U > 1 , w = 1, 2, 3, • • f

and

(5.3) lim sup (2w - l)(fl^)_1 - 1) ^ ^ = 1.07 . .
W-»oo

where CCQ is the positive root of the equation

(5.4)

where

μ =

3 -

max

a —

sin
h

3μe*

h

= 0

0.217

From (2.7) we have

(5.5) 6(1 - zYSSUz) = n(n - l)(n - ΐ)z - S(n - l)(n2 - 4)z2

+ 3(w + l)(n2 - 4)2;3 - n(w + l)(n

+ 6(n + 2)zn+2

Letting 2 = eίθ in (5.5) we have for n > 2

(5.6) aSBΛ) = 3 - 2 ^ - [ ( » - - 4) cos I - »• eoS

+ (« + 2) cos (2» - 1)A - (n - 2) cos (2n + 1)-^
i^ 2

sin <? _ Γ 2 sin w^ _ „/ sin nθJ2 V~|

16 sin^/2) L sίn^ V s i n ^ / J "
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In earlier papers we have shown [5], [6], that

(5.7) n2 + n*^ - 2 f s ί n ^ / 2 Y ^ 0 ,
smθ \ sm θ\2 1

for all integers n and all θ. From (5.6) and (5.7) we have at once that

(5.8) 3S(

n

3\eiθ) ^ 0 , 0 ̂  θ ̂  π , n = 1, 2, .

However, the function

(5.9) ^)='(β- 1-β)S?>(β)

is analytic in | z | ^ 1, and 9ϊF(eίθ) = 2 sin Θ^S(

n

3)(eίθ) ^ 0. Since the mini-
mum of the harmonic function ϋ\F(z) in | s | ^ 1 occurs on | s | = 1 we
have ΐRFiz) > 0 for \z\ < 1. From the representation (5.9) it follows
from the work of Rogosinski [7] that S(^(z) is typically-real in the unit
circle, which is to say that

(5.10) $S(

n

3)(reίθ) ^ 0 , • 0 ̂  θ ̂  π, 0 ̂  r ^ 1.

The theorem of Fejer, or inequality (5.1) follows from (5.10) and the
remarks made in section two.

We now attack the problem from an alternative point of view for
the case k — 3. From (2.17) and (5.6) we write

(5.11) ψ%\r, θ) = 384 sin'-ξT(n + 2f + (n i ^ ± ^
2 L
ξT(n + 2f + (n + 2 ) ^
2 L sm θ

_ of Bin(M
V sin θ[2

+ ΨΛr, θ) - ψ«\l, θ)~\ .

Let r = 1 + α/% where α = a(n) — 0(1) > 0. Then rk — 1 =
&α:/w + O(α2/n2), fc — positive integer independent of w, rn+k — 1 =
ef* - 1 + rc-^W + Oίw-^V). From (2.21) and (5.11) we then obtain for
r = 1 + ajn asymptotically,

(5.12) φi3)(r, θ) - ψ<*\l, θ) ~ 2Sn2a + 56n2a cos θ - 12rc2α(4 cos2 θ - 1)

- 2π2α(4 cos θ - 8 cos3 θ) ~
sin

2 sin0

where

S = 6n sin (w - 1)0 - 36rc sin ?z0 + 90n sin (w + l)θ - 120n sin (w + 2)0

+ 90rc sin (n + S)θ - 36rc sin (n + 4)θ + 6n sin (n + 5)θ

= -384^ sin (w + 2)0 sin6— ,
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(5.13) #»(r, θ) - Λ3 )(l, θ) ~ 128 sin6—\zn{e? - 1) s l n (^,+ M - ariz~] .

2 L sin θ J

Since for suίRciently large values of n we can only have

Ψ(n\r, θ)^0 or r = 1 + w-1^, α = <φ) > 0 ,

provided

(5.14) 3[(n + 2Y + (n + 2 ) ^ ^ ^ - 2 ^ ? > - ± ? W 2 Y]
L sin θ \ sin 0/2 ' J

8in(rc + 2)fl _ ^ :> 0 ,
smtf

we see that, when n is even and θ — π, we must have

(5.15) -3(e« - l)w(w + 2) - n2α ^ 0 .

(5.15) implies that a is non-positive, contrary to our assumption that
a > 0. Hence a = 0 for w even and sufficiently large. However, it is
easily seen that a = 0 for all even w. by the following argument. Since

(5.16) S<*\z) = ±ι>Q+*-W ,
V = l

and because of the identity

(5.17) Σ (-l)V(w + 1 - v){n + 2 - v){n + 3 - ») = 0 , w even,
V l

it follows that the derivative of S^3)(z) vanishes at z = — 1 for w even.
S ^ ) , typically-real in \z\ ^ 1, therefore cannot be typically-real in | s |
^ r for r > 1, w even. Thus α: = 0 for all even n, and R$ = 1, w =
1,2,. . . .

The situation for w odd is not so simple. Fejer has pointed out [2]
that 3f5ίs)(βw) > 0, 0<θ<π, from which it follows that $? }(1, fl) > 0 for
all 5 with the possible exception of the values θ = 0 and π . When ^ is
odd, however, it is easily seen from (5.6) and (2.17) that Λ3 )(l, π) > 0.
From (5.16) it also follows that

C

Km JV

Consequently %>S(

n

3)(eiθ) cosec θ > 0 for all # when w is odd, and so
R?n-ι > 1, w = 1, 2, . To obtain an asymptotic upper bound for itS-i
we shall show that (5.14) is not verified, when n is sufficiently large,
for all θ when a exceeds <x0 — 1.07 , aQ being the positive root of the
equation (5.4).

Letting θ = π — [hl(n + 2)], w odd, we find that the left hand side
of inequality (5.14) is asymptotically equal to the expression
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from which (5.4) and (5.3) follow. It should be noticed that the constant
a0 in (5.3) could be replaced by a smaller one. Indeed, for θ = xjn, the
left-hand side of (5.14) is asymptotically equal to

(5.18) n* h - a +
L x \ x\2

Calculation of the smallest positive a for which the expression (5.18) is
non-positive for some x >̂ π would lead to a smaller constant to replace

From (2.3) and (5.1) it follows at once that R^ ^ 1 for k ^ 3 and
all positive integers n.
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