EXISTENCE THEOREMS FOR CERTAIN CLASSES
OF TWO-POINT BOUNDARY PROBLEMS
BY VARIATIONAL METHODS

RICHARD J. DRISCOLL

Prefatory remarks. The principal results of this paper are existence
theorems for solutions of two classes of vector differential systems; in
each case the existence theorem is established by variational methods.
In particular, the second system considered is a generalization of a scalar
system, including as a special case the so-called Fermi-Thomas equation,
studied by Sansone [8; pp. 445-450]. In spite of similarities occurring
in the discussion of the two systems considered, the two problems are
sufficiently distinct to warrant separate treatment. Accordingly, we shall
divide the remaining sections of this paper into two parts, in which the
numbering of sections and of displayed material will be independent; the
bibliography, however, will apply to both parts.

Matrix notation will be used throughout and all matrices will have
real elements; in particular, a vector u = (u,), ( =1,2, ---, n), will be
regarded as an n x 1 matrix. If M is a matrix, M* will denote the
transpose of M, while for a vector v = (u,), (j =1, 2, -+, n), we define
lu] = (u:+ «+« +u2)’®. For F(u) a scalar function of the vector u, the
symbol F,(u) will denote the vector function (F,,(u)); if G(u) is a vector
function (G(u)), (¢t = 1, 2, -+ ., m), of the vector u, then G,(u) will denote
the m x » matrix ||0G,/ou,l||, ¢t =1, <+, m;5j=1,.++,n). If Mand N
are matrices, the notation M > N is used to signify that M and N are
real symmetric matrices of the same dimensions and M — N is non-
negative. As usual, the symbol C™ represents the class of finite dimen-
sional matrix functions which are continuous and have continuous deri-
vatives of the first » orders on some given set.

ParT I

1. Introduction. This part of the paper will be concerned with
vector differential systems of the form
(1.1) Y =fvv), a<z<b,
y@) =y, y0b) =19,
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where f(x, y, z) is an m-dimensional real vector function of the real scalar
2 and the real n-dimensional vectors ¥ and z. It will be shown that the
system (1.1) has a solution, under the hypotheses H,, H,, H,, H,, of §3
and HF of §4. For reasons of convenience, we shall work primarily with
the system

(1.2) yv'=7f@99), a<x<b,
y(@) =0 =y0),

and show in §4 how a system (1.1) may be reduced to such a system.
The existence proof will use variational methods applied to the
functional

13) 10,9= (v = 2+ 12 = f@,v,2) s,

with (y, z) in the class K of function pairs defined below. In §2 there
are listed some lemmas to be used later. In §3 an existence theorem
for a solution of (1.2) is established by showing, in effect, that I(y, ?)
has a minimum for (y,2) in K, and that this minimum is zero. The
relation between systems of the forms (1.1) and (1.2) is considered in
§4, while §5 contains a comment on a modification of hypotheses.
Finally, § 6 is devoted to an example of a class of problems to which the
existence theorem proved here is applicable.

In what follows, A, will denote the class of vector functions y(x)
which are absolutely continuous and for which |¥'(x)|* is integrable on
a < x <b, while K is the class of vector function pairs (y, z) with y(x)
and 2(x) in A, and with y(a) = 0 = y(b).

2. Some useful lemmas. For future reference we collect here certain
auxiliary results.

LEMMA 2.1. Suppose that the matriz f,(z,y,z) exists and is con-
tinuous for a < x < b, all y, and all z. If for each p > 0 the elements
of f, are bounded for a < x <b, |[y| < p and z arbitrary, then there
are values K, = K, (0) and K, = K,(0) such that

lf@,y,2)| < Kj|z|+ K,, for a<x<b, |y| <p, 2z arbitrary.

LEMMA 2.2. If {w,(x)}, (m=1,2,.-+), is a sequence of wvector

b
fugwtions of class A, such that the two sequences { | W,, lzdoc} and
{ S | w?, Pdac} are bounded, then the w,(x) are wuniformly bounded on

a <x<b, and there exists a w(x) in A, and a subsequence {wmj(oa)}
such that wmj(x)—-»'w(x) uniformly and wl, j(x)—>w’(ac) weakly in the
class of integrable square functions on a < x < b.
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This lemma is a ready consequence of well-known results for the
Hilbert space of real-valued measurable functions whose squares are
Lebesgue integrable on a < x < b, see, for example, [7; §§32, 99].

LEMMA 2.3. If y(x) is in A, and y(a) =0, then

b b
§|yvdwz: ly Pde .

Fi S
4 — a)

This is a well-known condition on the smallest proper value of the
differential system %' + Ay =0, y(a) =0 = ¢'(b). For an independent
proof see [2; p. 184]; the present inequality follows from (7.7.1) of [2]
by a simple change of variable.

We will also need some results related to non-oscillation of the scalar
differential equation

(2.1) (Yu(@p'(x)) — y(@)u(x) =0, a<ax<b,

where +J, is of class C' and +, continuous on a < x < b. The equation
(2.1) is termed non-oscillatory on ¢ < « < b if for two arbitrary points
x, x, satisfying a < x, < 2, < b, any solution u(x) of (2.1) vanishing at
xz, and at x, vanishes identically on a < 2 < b. It is well-known that if
Yr(x) > 0ona <« < b, then (2.1) is non-oscillatory on @ < « < b if and
only if

2.2) J(u) = S:(x]pl(w)u”(x) + n@)ui@)de > 0

holds for all non-identically vanishing w(x) belonging to 4, and satisfying
u(a) = 0 =u(b). For a proof of this statement see, for example, [5;
Theorem 2.1], where a more general result is proved. Moreover, if (2.1)
is non-oscillatory on a < « < b, the infimum of J(u) for u(x) in A4, and

b
satisfying w(a) = 0 = u(b), S uw'dx = 1 is greater than zero, as can be

seen from an indirect argun;ent. Indeed, if the infimum were equal to
zero, then there would be a sequence of functions u, in 4, with u,(a) =

0 = u,(b), bu?dx =1,75=1,2, .-, and with J(u;) —0. One readily
a b
verifies that the sequence { u?dx: would be bounded, so that, by Lemma

2.2, there would be a u(w‘; in A, and a subsequence of {u,}, denoted
again by {u,}, such that u,(x) — u(x) uniformly on a < x < b, and u/(x)
— u/(x) weakly on this interval. The identity

Ju) = J) + | @2 — ) + (@) — wlde + | o) — w)da

would then imply that 0 = lim J(u,) > J(u), contrary to (2.2), since
4

w(a) =0 =wu(b) and | u*dx = 1. With these comments one readily estab-

lishes the following result.
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LEMMA 2.4. If (2.1) is non-oscillatory on a < x < b, and r(x) > 0
on this interval, then there exists an ¢ > 0 such that if h(x) is any
Junction continuous and satisfying |[hMx)| <e on a < x <b, then the
equation (Y(x)u') — (Yro(x) + A(x))u = 0 is mon-oscillatory on a < x < b.

3. Existence theorem for a solution of (1.2). In the future sections
we will make reference to the following hypotheses on the real-valued
vector function f(x, ¥, 2):

H,. f(z,y,2) is continuous for (z,%,2) in Q:a <2z <b, |y| < o,
[z2] < oo.

H,. The matrices f, and f, exist and are continuous for (x,Yy,2)
m Q.

H,. For any p >0, there exists a K = K, such that |9f,/0z,] < K
Jor ly|<p, a<x<b, |2|< oo, 1,]=1, .-+, n).

H, For arbitrary p >0 there exist scalar functions r(x) =
(5 0) € C, Yry(x) = Yri(x; p) € C" with Y(x) >0 on a <2 <b, and a
constant N = N(p) such that:

(a) the scalar differential equation (Yr(z)w') — Yr(x)w = 0 is non-
oscillatory on o < x < b;

(b) the integral inequality

2] vf @, v, e = | l6h, = V1Y E + lyFlde — N
holds for all y(x), z(x) in A, satisfying y(a) = 0 = y(b) and
S:Iy’ —zldz < p.
H,. For arbitrary y(x), 2(x) in A,, the vector differential system

w' — fz(xy y(x)’ z(x))w' - fy(x’ y(x)y Z(oc))w =0 , a<x< b

3.1)
w(a) = 0 = w(b)

has only the solution w(x) =0, a < x < b.
We now prove the following theorem.

THEOREM 3.1. Under the hypotheses H,—H; there exists a solution
of the system (1.2).

Let {y.(), z.(x)}, m =1,2, ---, be a sequence of function pairs of
class K such that I(y,, #.,) — I,, where I, denotes the infimum of I(y, z)
on K. Since {I(¥., 2,,)} is a convergent sequence, there exists a constant
M, such that I(y,, z,) < M,, m =1,2, -... It will be shown first that
the inequality

G2 [ (@ + 2@ v, 2@z < M, m=1,2, -
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holds for
(3.3) M = 2M,/l;, where k= Min(1, 7/[4(b — a)*]) .

Let 0,(¢) = | u(8)ds + 2.(a), Where fu(®) = (&, Yu(®), 2(®)). Then
() = 2,(%) — v,(x) 18 in A4,, and u,(a) =0, so that by Lemma 2.3,

S:I Zn — ful'dw = S:luin [dx > 4(Tz_2—a_)2§:]um Pda .

This inequality yields
34 M= ka(l% — 2 [P+ |20 — vp [N > (k/2)Sb!y:n — v, [d,
where k is as in (3.3). Since

b b b b

s YVl = yxvm’ — S Ymomda = ~S Ym [l

relation (3.2), with M given by (38.3), results from (3.4) and the obvious
inequality

S"t Y — v, [ > S”(t VLIt — 2p0,)da .

Since the sequence {rly!n — 2 de} is bounded, we may use H, to
write
1] b
2] v (@, v 2 = [ [0h, = DI + ol g Pl = N,

where (), yr(x), and N have the properties stated in H,. This relation
with (3.2) yields

b
[[ 6o+ Pz < M4 N
Since (Yx)u') — yr(x)u = 0 is non-oscillatory on a < # < b, Lemma 2.4

implies that there is an » with 0 < » < 1 such that (Yyou') — (A/r)ru =0
is non-oscillatory on @ < x < b. As y,(a) =0 = y,(b), we then have

[l l + il e = 0

and
Lordun 4 e = (1= 0] el v Pl = e

where 7, = (1 — r)Min,_,.,y(x). Thus, the sequence {Sb{y:n Pdw} is
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bounded, and since each y,(x) vanishes at a and b, the vector functions
Yn(x) are uniformly bounded on a < x <b. Moreover,

b
[(ewrde < 1o+ o — wi paz
b b
<2[ v pde + 2| 20 - 4 e

< 2Sb|y,',, tdz + 2M,

so that the sequence {Vlzm I%x} is bounded. Finally, with f,(x) con-
tinuing to denote f(z, ¥.(x), z.(x)), We have

b
5 | 2 [ider = Y} (@ — Fu) + o P
b b
< 2|2 — fulde + 25 | fo P
< oM, + 2S”| £ lda .

As the vector functions y,(x), (m =1, 2, -..), are bounded uniformly on
a <z <b, in view of hypothesis H, and the result of Lemma 2.1, this
latter inequality implies Ebl 2z Pde <K'+ K ”Sblzm [*dx + 2M,, for suita-
ble constants K’, K". He;lce, the two sequencg {¥.(%)}, {z.(x)} satisfy
the hypotheses of Lemma 2.2, and we conclude that there exist sub-
sequences, which will be denoted simply by {y.(x)} and {z.(x)}, and a
pair of functions y(xz), 2(x) in A,, such that y,(x) — y(x) and z,(x) — 2(x)
uniformly on ¢ < x < b, while () — ¥'(x) and z,(x) — 2'(x) weakly on
the same interval. ‘
With f,.(x) as above and f(x) = f(x, y(x), 2(x)) we have

Iy 20) =1y, 2) + Ly + L

where
Ln =[0G = 2) = @ = )P + 1 = £) = G = ) Pl
and
L =2 (& = 9°[0h — ) — G = 2]
+ @ = U — ) = (= e

Since Y.(x) — Y(x), z.(x) — 2(x) uniformly, we also have f,(x)— f(x)
uniformly on @ < x < b. This, and the fact that y,, — ¥', 2, — 2’ weakly
on the same interval, implies that I,,,—0 as m —> «. As I, >0, it
follows that
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I, = lim I(ym’ Zm) = I(y, 2) .
Mmoo

On the other hand, the definition of I, requires I, < I(y, z), so that
I, = I(y, z); that is, (¥, 2) renders I(y,z) a minimum in the class of
function pairs K.

It follows that for arbitrary 7(x), {(x) in 4, with %(a) = 0 = 7(b),
and ¢ a real parameter, the functional I(y + 07, z + 6¢) has a minimum
at ¢ = 0, and therefore (d/d0)I(y + 07, z + 0¢) = 0 for 0 = 0; that is,

I N O e A G R

where the arguments of f, f,, f, are z, y(x), 2(x).

In view of H,, (see [4; pp. 213-214]), for an arbitrary continuous
function g(x), @ < ® < b, there exists a solution (7(x), &(x)) of the dif-
ferential system

—=¢=0,
¢ — ful@, y(@), 2(2))n — fulx, y(x), 2(x); = g(x), a <z <Db,
7(a) = 0 = 7(b) .

Therefore, r[z*’ — ¥z, ¥, 2)lg(x)dx = 0 for arbitrary g(x) continuous on

a<x<hb, and consequently 2'(x) — f(x, y(x), 2(x)) = 0 a.e. on the same
interval. Relation (8.5), with 7(x) chosen identically zero on a < < b,

then yields S &*(@y — z)dx = 0 for arbitrary ¢ in A,, and hence Y'(x) = z(x)
a.e. on a <& <b. From the relations z(x) = 2(a) + f (s, y(s), 2(s))ds,
y(x) = S 2(s)ds, it then follows that y(x) and z(x) are of class C', and

that ¥'(x) = 2(x), 2'(x) = f(x, y(x), 2(x)) for ¢ < x < b, so that y(x) is of
class C" and satisfies (1.2).

4. Existence of a solution of (1.1). For the system
y'=f(x,v,9), a<x<b,
y(a’) =Y, y(b) =Y,

let F(x,y,2) = f(x,y + M), 2 + M(x)) — \N'(x), where () is any vector
function of class C” on a < x < b satisfying Ma) = ¥;, Mb) = ¢,. Then
(1.1) is equivalent, with v =y — \, to

w' = F(x,u, o), a<x<b,
u(a) = 0 = u(b) .

(1.1)

(4.1)

This leads us to formulate the following hypothesis.
H¥. There exists Mxz) of class C" on a <2 < b with Ma) =y,
©M0b) = y,, and such that for arbitrary p > 0 there exist scalar functions
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Yry(x) = (5 0), continuous on a < x < b, Yr(¥) = Yry(x; ) of class C’ on
a <z < b with yy(x) > 0, and a constant N = N(p) such that:

(a) the scalar differential system (Yr(x)w') — yr(x)w =0 1is mon-
oscillatory on a < x < b;

(b) the integral imequality

b b
2 v s @y + 02+ W)dw 2 [ L0k — DI P+ iy Pldz — N
holds for all y(x), z(x) in A, satisfying y(a) = 0 = y(b) and

Sbl'y’—ZPdw<p-

THEOREM 4.1. Under hypotheses H,, H, H,, H;*, H,, the system (1.1)
has a solution.

Let F(x,y,2) =f(&, ¥+ Mx), z + N(x)) — \'(x), where () is the
function described in Hf. Clearly, F'(z, y, 2) satisfies H,, H,, H,. Since
f satisfies H¥, we have

2| v F@ y +r 2+ W)z > 1 = DIV P+ iy lde — N

for arbitrary y(xz), z(x) satisfying y(a) = 0 = y(b) and Sb |y — z]’dx < p.
Hence, for such y(x), 2(x) we have

o[ v F@ v, 9do = [ l6r, = DIy P + vy Pds — N — 2]y "(@)da
2 ("1 = DIy P+ = @y e
1 b "2
= (e FLopras),

for any ¢ > 0. But by Lemma 2.4, ¢ can be chosen so small that
(Yw'Y — (Y —e)w = 0 is still non-oscillatory on a < a <b. Thus,
F(x, y, ) satisfies H,. Finally, one easily verifies that if f(zx, v, 2) satis-
fies H, then F'(x,y, 2) satisfies H,. Thus, whenever f(z,v,?) satisfies
the hypotheses of Theorem 4.1, the corresponding function F'(z, y, z) of
(4.1) satisfies the hypotheses of Theorem 8.1, so that the result of
Theorem 4.1 is a direct corollary of Theorem 3.1.

5. A comment on altered hypotheses. We note here that hypothesis
H, is implied by the more restrictive but simpler hypotheses H and H.
H:. There exists a constant C such that

Iy*(f(x’ y! zz) —f(mv y’ zl))l g Cly”zﬁ —'zll ’ fOT (x! y! zl)! (wy y! z2) 7:7& ‘Q‘

HY!. There exist scalar functions (), continuous on a < x < b,
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and y(x) > 0 of class C' on a < x < b, and a constant N such that:
(a) the scalar differential system (Y (x)W') — yry(x)w = 0 s non-
osctllatory on a < x < b;
(b) the integral inequality

2 v*r@ v, v)de = [ 10 = DIYF + iy Pds — N

holds for all y(x) in A, satisfying y(a) = 0 = y(b).
To see that H, is implied by H; and H} (assuming, of course, H,,
H,), for y(x), z(x) in A, and ¢ > 0 we write,
b b b
2Ly*f (@, y, 2)dx = Zgay*f (%, , ¥')da + ZLy*lf (@, 9,2 — f(z, 9, y)]d=z
b b
> 2Say*f(w, Y, ¥)dx — 2CLlyl ly' — z|dx
b b b
> 2[ v 7@ v, v)e — ¢y Pde — €1o)[ Iy —21'd
b
= "1 = DIY P + (s = COlw Pl — [(Cp)fe + ]

for all y(x), z(x) in A, with y(a) = 0 = y(b) and Yly' — z|'dx < p. Since
¢ can be chosen so small that (Yy,w') — (Y, — eC)w = 0 is still non-oscil-
latory on a < x < b, we see that H; and H{ imply H,.

It is to be noted that if the elements of f,(x, v, 2) are bounded for
(x,y,2) in Q, then f(x,y, ) satisfies both H; and H].

6. An example. Let f(z, ¥, 2) = g(z, y)(1 + 2°)"%, where z is a scalar
and g(z, ¥) is a scalar function of the scalars « and y satisfying the
conditions :

(@) g(x, y) and g,(x, y) are continuous fora < x < b, —o0 <y < oo}
(6.1) (b) g(@,9) =0 for a<ax<b, —o0 <y < o
(c) there exists a constant A > 0 such that if |y| > A then
yox,y) =0, a<x<b.

One may verify that f(x, v, 2) satisfies hypotheses H,, H,, H,, HY,
and H,.

PArT II
1. Introduction. Sansone [8; pp. 445-450] has proved the existence

and uniqueness of a solution of the scalar differential system

Y =P@)pr,y), 0<x< o,
ye(C on 0<2< o,
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under assumptions which are related to hypotheses H,-H; (see §§2, 7)
of this paper. The product +r(x)p(x,y) appears in (1.1) to facilitate
stating the hypotheses in such a way as to include the Fermi-Thomas
system (see [8; p. 445]),

1.2) Y’ = wy,
y(0) =1, }33 y(x) =0.

In this paper we consider solutions of a vector differential system, for
which we prove an existence and uniqueness theorem which includes the
results of Sansone.

The proof given in [8] may be considered in two parts. In the first
part the author proves, in effect, that under his hypotheses the system

Y =Y@)p@,y), <z oo,
(1.3) y(00) =v,, y(x) bounded on 0 < x < o,
yelC on 0<e< o,

has a unique solution. Essential to Sansone’s proof of this result is the
fact that his hypotheses guarantee a local uniqueness property for solu-
tions of

(1.4) Y = Y(@)p(x, ¥) ;

that is, under his hypotheses, (1.4) has for 0 < x, < « exactly one
solution satisfying y(x,) = %, ¥'(%,) = ¥, The hypotheses of the present
paper, however, are not strong enough to imply such local uniqueness,
as will be shown by an example in §2. In the second phase of his
proof, Sansone appeals to hypotheses which are designed to guarantee
that the bounded solutions of (1.3) actually satisfy (1.1). In this paper
we make a similar step, but again our hypothesis is weaker than the
corresponding ones in [8], as will be made clear in §7.

Sections 2-5 of this paper present an existence and uniqueness
theorem for a solution of the vector generalization of Sansone’s system
mentioned above. This proof is primarily by variational methods, and
the solutions are shown to be characterized by an extremal property.
In § 6 there is given a different characterization of these solutions, while
§7 contains several theorems relating to the asymptotic behavior of
solutions. Finally, §8 is devoted to properties of solutions of (2.1) as
functions of initial values.

2. Formulation of the problem. Let g(x,y) be a real-valued scalar
function of the scalar # and the n-dimensional vector ¥ = (y,;). We will
denote by g,(x,y) the vector (9y,(, ¥)), and consider the problem of
solving the vector differential system
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2.1) ¥'(@) = gy(x, y(®)), 0<z< oo,
y0) =1y,, y(®) bounded on 0 <z < o ,

where y(x) € C' on 0 < x < o and y(x) € C" on 0 <z < . We will
suppose that g(z, y) has the form g(x, y) = J(x)G(x, y), where (x) and
G(x, y) are real-valued functions which satisfy the following hypotheses :

H,. G(x,y) is continuous m (x,y) on 2. 0<x < o, |y| < oo,
and G(x,0)=0 for 0 <z < o.

H, G/(x,y) exists and is continuous n (x,y) on 0.

H,. y*G,/(x,y) >0 for (x,y) on L.

H,. 7*G/ 2,y + 1) — Gz, y)] =0 for (z,y), (x,7) on 2.

H;. (x) is continuous and positive for x > 0 and integrable on
any finite closed interval 0 < x < A.

It is to be noted that g(x, y) may satisfy H-H, without the equa-
tion " = g,(x, ¥) having the local uniqueness property mentioned in §1.
Indeed, if we take

9(x, y) = {Sym v
0, y<0,
so that
1242 >0,
9,(x, y) = { Y Y

0, y<0,

it is easily verified that g(x, y) satisfies H—-H,, with y(x) = 1. However,
the function ¥,(x) = (x — x,)*, x, > 0, satisfies the equation y"(x) = g,(x, y(x)),
as does the function y,(x) = 0. Since we have y,(x,) = (%), ¥i(x) = Yi(x,),
it follows that the local uniqueness property does not obtain here.

A few consequences of the above hypotheses are worthy of com-
ment. First, observe that H, and H, imply G,(x,0)=0for 0 < x < o,
Also, since G(x,0) =0 by H,, and

1 1 1
6, 9) = || LG, sw)ds ]| = [ v Gy, sp)ds = | s=(ovG, (o, s)is
J0 S 0
we have by H, that G(x,y) >0 on Q. Moreover, if y(x) is continuous
on 0 <x<A, A>0, and ¥%"(x) exists and satisfies y"'(x) =g,(x, y(x))
for 0 <2 < A, then y € C'" on 0 <z < A. To see this we write

v =) — | var =y - |06 uone, 0<a<a.

Hence, lim,_,y'(x) exists. This, with the fact that y(x) is continuous
for 0 < z < A, implies y'(0) exists and that lim, .y'(z) = ¥'(0).

Next we note that if G(x, y) satisfies H, and H,, then H, is equiva-
lent to the statement that G(x, y) is convex in y; that is,
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G, y) — G (@, ¥) — (¥ — ¥)*G(x,y) = 0

for arbitrary (z,v,), (z,¥.) in 2. Finally, we note that the condition
G(x,0) =0 of H, is no essential restriction, since if G(x, y) satisfies
H-H, with the exception of this condition, then the function G (z, y) =
G(z, y) — G(x, 0) satisfies H,-H, and presents the same differential system
2.1).

3. Some properties of solutions. In addition to the system (2.1),
we will consider also the system
3.1) V'@ =g,z, @), 0<a<z<bh,
y@)=v., yb =1,

where y is of class C” on a < x < b, with the obvious modification in
case a = 0. For these systems we prove the following theorem.

THEOREM 3.1. Under hypotheses H—H,, the systems (2.1) and (3.1)
have at most one solution.

We will give the proof for (2.1); the proof for (3.1) is similar. If
y,(x) and ¥,(x) are two solutions of (2.1), let n(x) = y:\(x) — v.(x). By H,
and H; we have for 0 < 2 < o,

0 < 7¥[g,(x, ¥, + 1) — 9.(%, ¥)] = V*[g,(@, 1) — 9,(=, v)] = 7*7",

and hence,
Em@wmﬁzo, 0< <o,
Consequently, upon integration by parts, we get
e = |1rrat=o.
Since (|7 = 29*y) and (|7*])" = 2|9 |* 4+ 29*7”, it then follows that

(7@ [y =20, and (I79(®)[)"=0, 0<2<co.

Consequently, either 7(x) =0, 0 < 2 < o, orelse |Hx)| — o as x— oo"
Since the latter is impossible, (2.1) has at most one solution.
The following result will be of use later.

LEMMA 3.1. If g(x,vy) satisfies H-H,, and y(x) is a solution of
y'(x) = g,(x,y(x)) on 0<x < oo with S:Iy’ Pde < o, then y(x) s
bounded on 0 < x < .

If y(x) satisfies y"” = g,(, ¥), then, since (¥ |?)" = 2|y’ |* + 2y™y" =
2|y |* + 2y*g,(x, ¥y) >0, we know that either there is an 2, such that
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ly| =0 for x > x,, or else there is an x, such that |y| # 0 for z > x,.
In the latter case we have

lyllyl=v*y', x=>u,,
and
lyPlyl” =1y y") +(y Py P — Y)Y =0, x>u,,

since y*y" = y*g,(x,y) > 0. Hence, either |y|' < 0 for x > x,, in which
case lim,_.|y(x)| < |y(x,)|, or there is an « > 0 and an @, > %, such that
|y >a >0 for >z, In this latter case, for x> x, we have
lylly' | Zv*y = |y|ly| = aly], so that [¢'|>a > 0 and consequently
:Iy’ [’ dx = . Since this is the only case in which y(x) would be un-

bounded, we conclude that if y(x) is unbounded then rly’ Pde = co.
0

4. A preliminary existence theorem. In what follows I(y; a, b) will
denote the functional

1wia,b) = {1y r +20@ade,  y@) in K@, b),

where K(a, b) is the class of absolutely continuous vector functions y(x)
with | y'(2) |* integrable on a < # < b, and satisfying y(a) = ¥, ¥(b) = ¥,.
We prove the following result.

THEOREM 4.1. If g(x,y) satisfies hypotheses H,-H,, then for any
a, b satisfying 0 < a < b, the system (3.1) has a unique solution. More-
over, this solution is a umique minimizing function for I(y;a,b) in
the class K(a, b).

By H, and the fact that g(z, y) > 0, we see that I(y;a, b) > 0 for
y in K(a, b). Let I(a, b) denote the infimum of I(y; a, b) for ¥ in K(a, b),
and let {y.(x)} be a sequence of elements of K(a, b) such the I(y,; a, b) —
I(a,b). As g(x, y,(®)) >0 on a < x < b, we have

§"1 ¥y Pl = I(y; @, b) — zg"g(x, Un)dz < I(yn; a, b) ,

b
so that there exists an N such that ‘ |yh Pde < N for m =1,2, «--.
Moreover, for a < z < b, )

@ = vl = || 0t < @ - o 1 bat < 0 - o Jnpae,
so that | ¥,(%) — ¥.| <[(b —a)N]"?, and hence |y,(2) | <|y.|+ [(b — a)NJ¥2.

Consequently, we may use Lemma 2.2 of Part I to conclude that there
is a subsequence, which we will denote again by {y,(x)}, and a function
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y(x) in K(a,bd), such that y,(x) — y(x) uniformly on a <z <b, and
yn(x) — y'(x) weakly on this interval.
From the identity

b
Ini @, b) — Iwi 0, b) = | [0 — ' + 2a(e, %) — 9(2, )
+ 2(yn — ¥)*Y'ldw

and the fact that y,(x) — y(x) uniformly on ¢ < 2 < b while y,,(x) — ¥'(x)
weakly on this interval, one obtains the lower semi-continuity relation

I(a, b) = lim I(y,,; @, b) > I(y; a, b) .

Since the definition of I(a,b) requires that I(a,b) < I(y;a,b), we see
that I(a, b) = I(y;a,b); that is, y(x) minimizes I(y;a, b) in the class
K(a,b).

It follows that if %(x) is absolutely continuous with n(a) = 0 = 7(b)
and |7'(x)|* is integrable on ¢ < 2 < b, and 6 is a real parameter, then
I(y + 6n;a,b) has a minimum at 6 =0. From this it follows that
(d/dO)I(y + 6n;a,b) =0 at = 0; that is,

b

Sa[v'*y’ + 7*g,(x, Y)ldz = 0 .
In particular, this last equality holds for arbitrary 7 of class C” on
a<z<b with 9@)=0=290b)=7(e) =2(0), and for such an 7 inte-
gration by parts leads to

(“.1) S:n"*[y(x) - S :dsS:gy(t, y(t))dt]dm 0.

By the fundamental lemma of the calculus of variations, there exist
constant vectors £ and &, such that

v@ = (a5 ot vy dt + 8o+, a<o<b.

Therefore, 4”(x) exists and satisfies
y'(x) = g,(x,y@®), a<xz<b,

with the understanding that if @ = 0, then %”(x) may fail to exist at
2 = 0. Since y(a) = ¥y, y(b) =1y, it follows that y(x) satisfies (3.1).
The uniqueness of this solution follows from Theorem 3.1. Moreover,
gince the above argument shows that any function of class K(a, b) that
minimizes I(y; a, b) is a solution of (3.1), it follows that the above deter-
mined y(x) is the unique minimizing function for I(y;a, d) in K(a, b).
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5. An existence theorem for a solution of (2.1). In what follows,
K will denote the class of absolutely continuous vector functions y(x)
with |y’ |* integrable on 0 < # < o« and satisfying ¥(0) = y,, I(y; 0, ) < =,
where

130, ) = | 1191 + 200, e
We now prove the following result. .

THEOREM 5.1. Under hypotheses H,~H, the system (2.1) has a unique
solution; moreover, this solution is a unique minimizing function for
I(y; 0, ) in the class K.

Let {y.(®)}, m =1,2, .-+, be a sequence of functions in K such that
I(y,,; 0, ©) — I, where I denotes the infimum of I(y;0, «) for ¥ in K.
Then the non-negativeness of g(x, y) implies that the sequence «{S: | yr, |*d

is bounded, and since ¥,(0) = y, for every m, as in the proof of Theorem
4.1, the ¥.(x) are uniformly bounded on each finite interval. Hence, by
Lemma 2.2 of Part I, there is a subsequence, say {y,(x)} again, and an
absolutely continuous function w(x), such that on each finite interval
Ynu(x) — y(x) uniformly, and y,(x)— y'(x) weakly. Now for any 4 > 0
we have I(¥,;0, ©) > I(¥,.; 0, A); moreover, as in §4 we have
4
13 0, 4) = 1030, 4) = 2| [(o(e, 1) — 902, 1) + U — ¥)*V'lds

and consequently lim inf,_.I[(¥,;0, A) > I(y; 0, A). Hence
I=1mI(y,;0,o)>1I(y;0,4), A>0,

and finally,
I>1(y;0, ) =limI(y; 0, A) .
A—oco

In particular, this latter relation implies that y(x) is in K, and in view
of the definition of T we have I(y;0, ) >1I, so that I(y;0, ©)=1.
That is, ¥(x) minimizes I(y;0, ) in the class K.

Now on any finite interval 0 <z < A, the thus determined y(x)
must coincide with the unique vector function which minimizes I(y; 0, A)
in the class K(0, A) of curves joining (0, ¥,) and (4, y(4)), for otherwise
one could piece together a curve which would give I(y;0, ) a smaller
value than does y(x). By Theorem 4.1 it then follows that y(x) satisfies
y"(x) = g,(x, y(x)) on 0 < x < A, where A is arbitrary, and consequently
y"(x) = g, (%, y(x)) on 0 < & < . Since I(y;0, ») is finite, Lemma 3.1
implies that y(x) is bounded on 0 < x < o and therefore is a solution
of (2.1). The uniqueness of this solution follows from Theorem 3.1,
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Inasmuch as we have actually shown that any y(x) that minimizes
I(y;0, ) in K is a solution of (2.1), the uniqueness of y(x) as a mini-
mizing function follows from its uniqueness as a solution of (2.1).

6. A further characterization of solutions of (2.1).

THEOREM 6.1. Suppose that hypotheses H—~H, are satisfied, and
Y.(x) is the unique solution of (2.1) guaranteed by Theorem 5.1. If,
for a given vector, &, y = yy(x, E), 0 < x < N, s the solution of

(6.1a) Y’ = gz, y(x)) ,
(6‘1b) y(o):yO’ y(N)::Sy N=1: 29 M)

then yy(x, &) — y.(x) and yy(x, &) — y.(x) uniformly on each subinterval
0<a <A

We will suppose in what follows that the definition of y,(x, & has
been extended so that yy(x, £)=§& for > N. The inequality (| y(x, &) |")"=0
and the end conditions (6.1b) then imply that

6.2) |ys(x, | < Max (%), [E), 0<ae <o, N=12 .-

Moreover, the identity

63) (e, = 2[4, 8 — v — | ds| ai(t, watt, £)t ],

0<zx<A, N>A,

shows that the sequence {|yy(z, £)|} is uniformly bounded on 0 < 2 < A.
Consequently, the sequence {yy(x, £)} is uniformly bounded and equi-
continuous on any finite interval, so that we may select a subsequence
{y~ (%, &)} which converges uniformly on any finite interval to a continu-
ous function y(x). From (4.1) it follows that if 7(x) is of class C” on
0 <2< o, and 70) =0 =7'(0) = 9(A4), n(x) =0 for x > A, then

(e o = [[as{ ot us 00t jdw =0, N> 4.

Since ¥y j(x, £) — y(x) uniformly on 0 < o < A, we then have

S: ’7"*[?/(9”) - g:ds Szgy(t, y(t))dt]dx =0.

As before, application of the fundamental lemma of the calculus of vari-
ation yields the result that y"(x) exists and y"” = g,(x, y) for 0 < x < A.
Since A is arbitrary, it follows that 4"(x) = g,(x, y(x)) on 0 < x < oo.
Moreover, y(0) = y,, while the relation (6.2) shows that y(x) is bounded
on 0 < x < o, go that in view of Theorem 5.1 we have y(x) = y..(x).
Now for 0 < x, < =, let 7 be any accumulation point of the bounded
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sequence {yx(x,, &)}, and let a subsequence {le(wo, &)} be chosen such
that yy (2, £) — 7. Then, as before, the sequence {yw (2, £)} is uniformly
bounded and equicontinuous on any finite interval, so that we may select
a subsequence which approaches y.(¢) on 0 < x < . Consequently, the
sequence {Y (2, £)} has only one accumulation point, namely 7 = y.(z,),
from which it follows that y,(x, &) — y.(x) for 0 <z < .

With ¢u(x) = yxy(x, &) — y..(x), as in the proof of Theorem 3.1 we
have that (|¢y(2)]?) >0, 0 <2 < N. This implies that for any 4 >0
and N> A we have |[¢y(%)]| < |¢x(4)| on 0 < o < A4, and thus yy(x, &) —
Y-(2) uniformly on 0 < z < A.

The fact that yjy(z, £) — y.(x) uniformly on 0 < x < A now follows
from (6.3), and the corresponding identity obtained by replacing y,(x, &)
by y.(x).

7. Asymptotic behavior of solutions of (2.1). At this point we
introduce the following hypotheses:
H,. For each ¢ > 0 there isan x, > 0 and a ¥(z, ¢) > 0 with 2¥(x, ¢)

integrable on every finite subinterval of x, < & < oo, r 2¥(x, c)dx = o,

z

and such that for x> x,, |y| > ¢ we have y*g,(x,y) 2G¥F (z, ¢).

H, If yx) is mm C' and |yx)|=>c>0 for 0< < o, then
I(y(x); 0, 0) = oo.

We have the following result.

THEOREM 7.1. If in addition to H-H;, either H; or H, is also
satisfied, then any solution of (2.1) approaches zero as x — .

If y(x) is a solution of (2.1), then (Jy )’ = 2y™y” + 2|y’ | > 0.
Since y(x) is bounded on 0 < z < o, it follows that (|¥|*)’ <0, so that
either |y(x)| is bounded away from zero or else y(x)—0. If H, is
satisfied then, in view of the fact that I(y(x);0, o) is finite for y(x) a
golution of (2.1), it follows that |y(x)| cannot be bounded from zero;
that is, y(x) — 0.

Suppose now that H, is satisfied. As was noted in the preceding
paragraph, (| ¥ |*)’ is non-decreasing and non-positive, so that lim,..(|y|*)
exists. This limit is zero, since |y [* is non-negative, and hence
lim,..y*y’ = 0. This fact leads to the following relations,

—2yr @@ = | (uyae =2 @+ 1y pat
—2% @ @) = 2| Oaitt, v) + VO P,
—v @@ > | bt vt

Integration now yields
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L@~ —uAr = as| yrga,
2 2 P s
and hence
1 2 A4 (7
iy = | s yrgde .
Finally, upon integration by parts we obtain
oo oo A
L@ = Al vadt — o] vt + s Glas ve)ds .

If there is a ¢ > 0 such that |y(x)| > ¢ on z, < 2 < oo, then by H,
it follows that for all £ and A satisfying 2, <2 < A < o

Livar = [ s, ods — o wrat, wenat

But this implies that rsw(s, ¢)ds < oo, contrary to assumption. Thus,

there is no ¢ > 0 such that |¥(x)] > ¢ on an interval of the form x, <
2 < oo, and since |y(x)| is non-increasing it follows that |y(x)| — 0 as
X — oo,

In connection with the comments in §1 of this paper, it is to be
noted that the hypotheses used in [8] to establish the analogue of our

Theorem 7.1 correspond to the assumption that the ¥(x) of H, satisfies
S ¥(x)dx = o, instead of the weaker requirement made here.

' For the next two theorems we will make use of the following

hypothesis.
H,. There exists a function ¢(x) such that

92, %) — gy(x, ¥) | < () | Y, — wu |,
fOT ng<oo9 |y1|<°°v ly2|<°° ’

where ¢p(x) > 0, xp(x) ts integrable on any finite subinterval of 0 <
x < o, and S xPp(x)dr < .
0
We prove the following theorem :

THEOREM 7.2. If 9(x,y) satisfies H,, H,, H;, H;,, and g,(x,0)=0,
and if a is any constant vector, then there is a unique solution y(x)
of ¥ = g,(x,y) for which y(x) —a as & — oo.

Let G(x) = S“w(t)dt. Imitating Hille [3; p. 238], we consider the
following successive approximations corresponding to a given vector «,

yo(x)an ng<°°.
u(@) =a+ |t~ Dot v, 0<w <o
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We will show by induction that for 0 <z < o,
(a) y.(x) is defined;

() [9465) — (@) <@ GO < [lIEOE g g 5 ..

We have |y (x) — yy(x)| = lS:(t — x)g,(t, a)dt‘ . The integral here exists

since on * <t < o we have [t —a||g,(t, a)| < t|g,(t, a)| < tp(t) | x|,
which is integrable on x < ¢ < . Moreover,

0@) — @) < lal| (0t = |G ,

so that (7.1) is satisfied for k& = 1.

Suppose (7.1) is true fork =1,2, ---, N — 1. Then yy(x) is defined,
since | g,(f, Yy-i(t) | < H(t) | Yy-.(t)|, where yy_,(t) is bounded on 0 < ¢ < 0.
Moreover,

|950) = Uwoi) | = || (6 = D@ults Ur8)) = 91lts vy-sN)
< [ 69(0) [ a-it) — v 8) | 28
la] [~ ¥t
< we 1)!Lt¢(t)G (t)dt .
Since G¥-'(f) is bounded, all the integrals above exist. Hence,

_ —lal [~ N1 _ lallG@)]Y
0@ = Us0) | < 7 55 S (Ge-aeat = L CIT

Now yu(®) —a =@ —Y) + W —y) + +++ + Uy — Yv-1), and the
series >yv.i | ¥u(®) — Ys-1(x) | converges uniformly on 0 < x < < by (7.1b).
Hence y(x) = lim,_..y () exists ; moreover y(x) is continuous on 0 < z < o
and satisfies |[y(x)| < |a|exp {G(x)}. Therefore |y(x)| is bounded on
0 < x < o, and H, with the uniform convergence of {yy(%)} on 0 <z <

implies y(x) = o + r(t — x)g,(t, y(t))dt, so that

y'(x) = g,(x, y(x)) , 0<2 < oo,
limy(x) = « .

I—oo

If Y(x) satisfies Y"(x) = g,(x, Y(%)) on 0 <2 < o and Y(z) — B
as ¢ — o, then the integral Sw(t — 2)g,(t, Y(t))dt, 0 < 2 < o, exists
and 7(x) = V(&) — 8 — r(t — Dg(t, Y®)dt is such that 77(x) =0,
0 <2< o, and 7,?(x)—»0xas x — . Hence, 7(x) =0 and Y(x) =8 +
s:(t — x)g,(t, Y(£))dt. With y(x) as above we then have
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90) Y@ =|a = 8+ |t = Do, v0) — 0, YONIat|
<la—gl+ | 60O ut) - Yt)ldt,

go that by a simple modification of Gronwall’s lemma, (see [1; p. 35]),
it follows that

ly(@) — Y(@)| < {a — B]exp {G(2)} .

If 8=« then Y(x) = y(x), which proves the uniqueness of solutions of
y" = g,(x,y) with given limit as & — . Moreover, |y(x)— Y(x)| <
|a — B|exp {G(0)}, so that we have the following corollary.

COROLLARY 7.1. The solution y(x) described in Theorem 7.2 is a
continuous function of a = y().

We now prove the following theorem on the order of growth of
solutions.

THEOREM 7.3. If 9(x, y) satisfies H,, H,, H,, H,, and g,(z, 0) = 0, and
if y(x) satisfies y' = gy (x,y) on 0 < x < o, then 1 = lim,_.y'(x) exists
and s finite, and y(x) = x[n + o(1)].

Note the H; implies |g,(®, ¥)| < $(x) |y |, which is all that is needed
here. If y(x) satisfies ¥’ = g,(, y), then following Bellman [1; p. 114]
we write

¥(@) = 9O + o' ©) + | @ — (e, w(e)dt .
Hence, for z > 1,
|¥(@) [ < (YO + [5/©)) + o #(t) lu(t) | dt
or
LD < gy 1+ 1v@b + |t 20 e
Therefore, by Gronwall’s lemma, (see [1; p. 35]),

PO < 1y + 1y Dexp {[ oy},

and hence there is a constant M such that
ly@) | < Mz, x>1.

Now for £ > 1 we have
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[[1oute, on1ae < [Tott) 1wty de < | tpttra

so that Smlgy(t, y(t)) | dt exists. Since
0

Y@ =y + | 9t vt

we have that y'(x) — v as © — o, where

D=0+ | o.(t, ye)dt .

The final equality in the theorem is a ready consequence of this finite
limit of ¥'(x).

8. Behavior of solutions of (2.1) with respect to initial values. We
continue to suppose here that H,-H, are satisfied, but not necessarily
any other hypotheses. Let #,(x), y(x) be two bounded solutions of y"' =
g,(x,y) on 0 < & < oo, and set 7(x) = y(®) — y(x). Then by H,, we have
¥ >0, so that (|9’ =27+ 27*7” > 0. Since 7(x) is bounded,
we must have |7(x)| non-increasing; in particular, [7(x)| < [79(0)| on
0 < x < oo. Suppose now we denote by y(x;a) the unique bounded
solution of %" = g,(x,y) which satisfies %(0;a) = a. Then y(z;a) is
continuous in « and « jointly, as may be seen from the inequality

ly(@; @) — y(z, @) | < |y@; @) — y(@; )| + |y(@; a) — y(z; a) |,
<la—al+|y@; a) — y@; @) .

Moreover, for any A > 0,

B v@iw) = +{ud; @) — 050 — [ ds| gt uit; apat ],

so that ¥'(x; ) is also continuous in z and «a.

We turn now to the question of differentiability of solutions with
respect to initial values. The derivation of our results will involve the
use of a lemma, the proof of which is based on certain theorems due
to W. T. Reid. In [6], Reid has discussed a class of non-oscillatory
linear matrix differential equations which includes as a special case the
matrix equation

(8.2) U'=P@x)U, a<z<o

where P(x) is a non-negative definite symmetric matrix with continuous
real-valued elements. As shown in Theorem 6.1 of [6], if U(x) is a
solution of (8.2) which is non-singular on a subinterval b < 2 < «, and
the necessarily constant matrix U*(x)U'(x) — U*(x)U(x) is the zero
matrix, then
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MO; 1) =i (Sb U-u *-l(t)dt>“‘

exists and is finite. Moreover, such a U(x) is a principal solution of
(8.2) in the sense of Reid [6] if and only if M(b; U) = 0. In addition,
a principal solution U(x) is characterized by U(x) = U, ..(x)C, where C
is a non-singular constant matrix and U, . = lim,..U, (x), where U, (),
t > b, is the unique solution of (8.2) satisfying U, ,(b) = E, U, (t) = 0.

It follows as a special case of Theorem 5.1 of this paper that the
vector system

(8.3) w =A@, 0<z<o
u(0) = u,, |u(x)| bounded on 0 < 2 < oo ,

where A(x) is a real symmetric non-negative matrix of functions con-
tinuous on 0 <2 < o, has a unique solution. Moreover, Theorem 6.1
shows that the solution u(x) of (8.8) is the limit, as N— o, of a func-
tion uy(x) satisfying uly = A(@)uy, uy(0) =u, y(N)=0, N=1,2, ...,
In view of the similar characterization of this solution and of the principal
solutions described above, it follows that the column vectors of U(x),
where U(x) is a principal solution of U" = A(x)U, are particular bound-
ed solutions of "’ = A(x)u. This fact will be used in the proof of the
following lemma.

LEMMA 8.1. Suppose A(x; h) is an n x n non-negative definite sym-
metric matrix, continuous jointly in the scalar x and the vector h for
0<2< o and h in some open set H. Let W,(x) be the unique princi-
pal solution of

Wi(z) = A(z; h) Wi(2) ,
satisfying
W,0)=FE.

Then, if h, vs in H we have lim,_, W,(x) = W, (), uniformly for x on
any interval 0 < x < X.
‘We consider the solutions U = Un(ac) of the system

U" = A(x; h)U
Uuo)==F, U'0)=F

(8.4)

or, equivalently,
U=V
(8.5) V'= A(x; h)U
U@o)=~F, V()= FE.
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The latter is of the form (2.4) of [6] with A =0, B = E, C = A(z; h).
The solution of (8.4) is non-singular on 0 < x < oo, since if £ is a constant
vector such that uw = U(x)¢ satisfies u(x,) = 0 with «, > 0, then

0= Sx“u*(u” — Au)dzx ,
0

— u*u/

o Sx"(g WP+ vt Auyde
= —lel = [Pqwr + wrawda,

go that £ =0.

Continuing to use the notation of [6; § 3], we compute the value of
the constant matrix {U, U} = U*x)V(x) — V*x)U(x) to be U*0)V(0) —
V*0)U(0) =0, and we find that T = E. By Theorem 3.1 of [6] we
know that any solution Y(x) of Y"” = A(x)Y with Y(0) = E has the
form

Y(a) = U(w)[E + (g U"(t)U*"‘(t)dt)Ka] ,

for some constant matrix K.

Now by Theorems 5.1 and 6.1 of [6] we have W,(x) = limy_... Y y(2),
where Yi = A(x, b)Yy, You(0) = E, Y (N) =0. But in view of the
boundary conditions satisfied by Y,y(x) we have

Y (@) = U(x)l:E' n (S U—I(t)U*‘l(t)dt)K{l ,
with
K, = —(XZV U“(t)U*“(t)dt)—l :

Hence,

N

Y o) = U(m)[E - G U-IU*‘lthS U-U*-dt )] ,

0
and finally,
(8.6) W () = Uh(:c)[E ~<§ U,:lU,’f"dt>M(O; Uh)] .
We now need an estimate of U;'(z)U '(x) for large . To this end
put Z,(x) = (1 + )"*U,(x). In view of (8.4), one readily verifies that
A +2rZ)y — Q1+ x)A(z; R)Z, =0, Z,0=E, Z)0)=0.
From this fact it follows that
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0= S:Z;f[((l + 22 — (1 + tyPA(t; h)Z,)dt

= (U + 1 22

(o ouzram + zrag wza,
0 0
and therefore

(1 + 2)Zi @) Z(x) = f(l P27+ ZEAZE .

Consequently, (Z;Z,) = ZFZ, + Z}'Z, =277, >0 on 0 < x < o, and
Z¥(x)Z (%) > Z;(0)Z,(0) = E for 2 > 0; that is, U (x)U,(x) > (1 + z)*E
and hence U; (x)Uj Y (x) <1+ 2)*E on 0 <2 < o for h in H.
Since as h—h, we have U,(x)— U,(x) uniformly on each finite
interval 0 < 2 < X, it follows that
lim M(0; U,) = M(0; U,) .
n—»no
This result, with (8.6), proves the lemma.
We can now prove the following theorem:

THEOREM 8.1. If g,(x,y) = llgyiyjH exists and 1is continuous for
(@, 9)m 2: 0<x< o, |y| < o, and if g(x,y) satisfies H-H,, then
with y(x; «) as wn the beginning of this section, we have that oy(x; a)/da,
and 0y'(x; a)/da; exist and are continuous tn x, a for 0 < x < o,
la| < e, j=1,2,¢-+,m.

Note that if the hypotheses of this theorem are satisfied, then
9,4(2, ¥) > 0 for (z, y) in 2. We denote by e” the unit vector having all
components zero but the jth, and we let da = eVh, 4y = y(x; a + da) —
y(x; @), where h is a real scalar. Then

(4y)" = g,(x, y(x; a + da)) — g,(x, y(x; )
- (S:gw(x, y(o; a) + My)d@)dy ,
so that

(%)” = <S:gw(x, y(x; ) + 64y)d0><£hg> , h+0.

In Lemma 8.1 we identity A(x; k) as Sl 9u(2, y(x; o) + 04y)d6, where
0
« is fixed, and we identify &, as zero. We note that

(ﬂ) —¢® and \Ay(w))z [ dy@)| - [49(0)| 4
h /= ’ h el = (el T

0 < x < . Hence, (1/h)4y is the unique bounded solution of 2" = A(x; h)z
satisfying 2(0) = ¢”. As explained above, the unique principal solution
of
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8.7 W= Aw; h)Z, ,
satisfying
(8.7 Z,0)=F,

is the same as the bounded solution of (8.7"), (8.7”) guaranteed by
Theorem 6.1 of this paper, of which (1/h)4y is the jth column vector,
for h #+ 0. Lemma 8.1 then implies that lim,_ (1/h)4dy(x) exists and is
equal to the jth column vector of Z(x); that is, for all «, the vector
function y, (#; a) = (@/oa,)y(x; a) exists and satisfies

(8.8) (Y, (@5 Q)" = 9u(@, Y(&; W@ )5 0 <@ < oo

Since | ¥, j(ac; a)| <1, we may use Lemma 8.1 with 2 = « in conjunction
with the inequality

| Yo (@) @) — Yo (@, Q)| < [Ya)(@5 Q) — Yo (&5 ) | + | 4@ @) — 4 (€ @) |

to show that v, j(x; «) is continuous in «# and «. Differentiation of the
right hand member of (8.1) with respect to «; shows the existence of
(0/0a)y'(z; ) and its continuity with respect to x and a.
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