THE TIME-DOMAIN ANALYSIS OF A CONTINUOUS
PARAMETER WEAKLY STATIONARY
STOCHASTIC PROCESS

P. MASANI AND J. ROBERTSON

1. Introduction. In this paper we shall give a new, spectral-free,
method to obtain the differential innovations and the Wold decomposition
of a univariate, continuous parameter, weakly stationary’, mean-continu-
ous, non-deterministic stochastic process (f;,, —o <t < ). We shall
affect a transition from the continuous to the discrete parameter case
by systematic use of the infinitesimal generator ¢H of the shift group
(U,, — <t < ) of the process, and of the Cayley transform V of
the self-adjoint operator H(§2). Our analysis will be purely in the
time-domain.

With the f,-process we shall associate the discrete parameter process
(fDy-—w, where f! = V*(f,). Since V is unitary, the f,-process is weakly
stationary. Letting _#,, _# /| be the past and present subspaces of the
fi- and f,-processes, respectively, and _# _.., _# .. be their remote pasts,
we shall show that #, = 7/ and # _.= #'. (§4). In the non-
deterministic case we shall show that the subspace +, = #Z 1. N . #, is
the past and present of the process (h,, — o <t < ), where h, = U,(I), hq
being the O0th normalized innovation of the discrete f)-process (§5). We
shall then show (§6) that the h,-process is weakly Markovian' with
covariance e~ for lag ¢, and that if

(L.1) &= T, where T,= L[y -1+ S Uds},
V2 0
the process (§,, —o <t < o) has stationary, orthogonal increments
such that |& — &,]*=|b — a|. These increments are the “differential
innovations” of our fi-process; for we shall show (6.6) that the set of
t

all convergent stochastic integrals S c(8)dE,, ce Ly— o, t), is identical

with the subspace .7, mentioned above. Since
My =N+ M ey N A e,

it follows at once that f, = u, + v,, where the u, form a one-sided moving
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1362 P. MASANI AND J. ROBERTSON
average process, and the v, a deterministic one:
U, = S c(s)d&,_,, v, = projection of f, on _Z _...
0

We thus get the Wold decomposition cf. 6.7 below.

In justification of this new approach we may mention its simplicity
and coherence. With the time-domain analysis so completed, one can
develop the spectral theory in an equally coherent way. One can also
deal conveniently with the extension to vector-valued processes. In
comparison, an approach in which spectral considerations are brought
to bear on time-domain questions or vice versa seems cumbersome and
roundabout. But quite apart from this, our approach is essentially
more general than one based on the spectral resolution of the group
(U, —o0 <t < o) and is more suggestive of further research, although
it does not yield any really new results on univariate stationary processes.
As prediction theory has advanced, its connection with the theory of
shift-invariant subspaces of the Hardy class H, initiated by Beurling
[2] has been noticed; see especially Helson and Lowdenslager [10] and
Lax [14]. Recently Halmos [8] has brought to light a result, which
shows that underlying both theories is a semi-group of isometries on a
Hilbert space (cf. also [15]). (In the case under discussion, this semi-
group comprises the (isometric) restrictions of the unitary operators
U* to the subspace M,.) One of us [16] has found that our approach
based on use of the infinitesimal generator “H and of the operator T,
defined in (1.1) extends to general continuous parameter semi-groups
of isometries to yield valuable results concerning their structure. But
since in general these isometries will be non-normal, the generator H
will not be self-adjoint and the usual spectral considerations will fail;
cf. Cooper [3]. Thus it seems worthwhile to try to dispemnse with
spectral tools im the analysis of time-domain problems.

Hanner [9] was the first to make a purely time-domain analysis in
the continuous parameter case. By an ingenious construction he proved
the existence of differential innovations and derived the Wold decom-
position. His approach, somewhat ad hoc in nature, has not been pursued
in the literature, and its points of contact with the earlier work of
Cooper [3] have gone unnoticed. Our approach differs from that of
Hanner and Cooper in the transition we make to the discrete parameter
case by means of the infinitesimal generator and the Cayley transform.

It is reasonably clear that our approach will work in the case of
processes for which the differential innovations can be had by Hanner’s
method. As an instance we cite the study of continuous parameter
random distributions due to K. Ito, Gelfand, and Balagangadharan [12,
7, 1]. It is also possible that our ideas may apply to some of the non-
stationary processes studied recently by Cramer [4, 4, 4"].
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2. The infinitesimal generator and Cayley transform. Let
(U,, —c0 <t < ) be a strongly continuous group of unitary operators
acting on a complex Hilbert space ¥; i.e. let

(a) U, be a unitary operator on X onto X, —co < ¢ < oo,
(2.1) (b)) UU, = Uy, = UU,, —o <s,t< .
(¢) U,,— Ufstrongly)?* on ¥ as h — 0, —o <t < oo,

It is known [17, p. 385] that the group has an infinitesimal generator

2.2) iH:hm%up—n on &,

k=0

where H is a self-adjoint operator with domain <7, and <& is a linear
manifold everywhere dense in X. Also, cf. [19, p. 142 and 6, p. 622]

(a) H + ¢I is one-to-one on < onto X%,
(2.3) b (H+4i)*'= -1,—8:@“ U,dt is bounded and one-to-one
on X onto &, and |(H + ¢I)7|; £ 19 .
Now let V be the Cayley transform of H:
(2.4) V=cH)=(H—)(H+ i)™ on X%.
Then [19, p. 304]

(a) V is unitary on ¥ onto %,

(b) I— V =2i(H+ ¢I)™ is one-to-one on % onto =,
(¢ H=iI+ V(I — V)* on 7,

d U V*= V*"U, on X, —o0 < m,t < o, n = integer.

(2.5)

In this section we shall establish the relationship between U, and
V* for arbitrary ¢ and n on which will hinge the subsequent develop-
ment.

The U, are expressible in terms of H by the Hille-Yosida exponential
formula, cf. [17, p. 403],

U, = lim exp (tiHJ,), (strong)?, t=0

1

26 L=Q—%myﬂ

One sees trivially that J, is a bounded operator and that so therefore
is 1HJ, = n(J, — I). Hence the term exp(ttHJ,) in (2.6) is definable

2 It is to be understood in the sequel that all operator-limits are in the strong sense.
8 | T'|p refers to the Banach norm of the operator T.
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by the usual power-series. We now assert two lemmas:
2.7 LEMMA. (Expression of U, in terms of VF).
U= o4 lim S p (S + A =1y, 120
noe k=1 I\ + 1 = ’ -

where

Proof. Let ¢t = 0. Then by (2.6)
(1) U, = lim 3 L GHT): .
n—o0 k=0 k!

Using (2.5)(c) we can express the R.H.S. of (1) in terms of V:

iHT, = —(I + V(I — V)"I{I n %(I + V) — V)‘l}—l

n
= - I+ A,
n—|—1(+ )

after some simplification. Thus

GHT) = <_ni1>kl + (—nil)k{(n Ay -1}, k=0.

Hence from (1)

o —nt o 1 —mt o

Since the first term on the R.H.S. is ¢ *I, we have the desired expres-
sion for U,, t = 0.

To obtain the expression for U_,, t = 0, we note that U_, = Uf,
V*=V*and so Ay = A_,, » = 0. Thus, taking adjoints on both sides
of (2), we get the desired result.

2.8 LEMMA. (Expression of V™ in terms of U?).

e 2S“L;(2t)e—tUﬂdt . m=0
0

L,(t) = ﬁ‘, (=1 <Z>t" , n = 0, (nth Laguerre polynomial).
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Proof. The result obviously holds for n = 0. We establish it for
n > 0 by induction. For » = 1, the desired result reduces to the equality

(1) V= I—2Swe“Utdt,

the correctness of which is clear from (2.5)(b) 'and (2.5)(b). Next, as-
suming the result for », we find using (1) that

Vet = [ 4 2S:{L;(2t) — YetUdt — 4S:S:L;(2t)e“’+” U, dsdt .
Putting ¢ = s + ¢, and using Dirichlet’s formulae we find that
4S:S:L;(2t)e“”+“ U, dsdt = 28:{Ln(20) —eU,do .
Hence

Vrn— I 4 2r{L;(2t) — L,(2t)}e*Udt .
0

Since the Laguerre polynomials satisfy the recurrence relation L, =
L, — L, cf. [18, p. 299, (10)] we get

T 2S“L;+1(2t)e—t Udt
0

as desired. The result thus holds for all » = 1. Its validity for n <
—1 follows on taking adjoints and noting that V- = (V*)* and U_, =
Ut*'

We shall denote by &(X,)re. the (closed) subspace spanned by the
subsets X, of X, for ne 4. We now assert the following lemma:

2.9 LEMMA. For any X & X, we have
(a) S{V"(X)hzo = S{U-(X)}izo
(b) S{V"(X )tz = S{U( XD}z -

Proof (a). Lemma 2.8 asserts that for » =0 V~— is the strong
limit of a linear combination of the U_, for ¢ = 0. It follows that for
any X € %,

V(X)) € S{U-(X)}izo
whence
S{V"(X)hzo € S{U-(X)hizo -
On the other hand, Lemma 2.7 asserts that for ¢ = 0, U_, is the strong
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limit of a linear combination of the V", for n = 0, so that
U_(X) & S{V"(X)}zo -

From this follows the inclusion reverse to (1), thereby yielding (a).
(b) can be derived similarly from Lemmas 2.7, 2.8 taking V=, U,
instead of V-, U_,, with n,¢ = 0.

3. Weakly stationary stochastic processes. In this section we shall
recall the basic notions and results on weakly stationary stochastic
processes.

By a weakly stationary stochastic process (S.P.) is meant a function
f on (—o, =) to a complex Hilbert space X such that the inner product

(8.1 (for ) = Vst

depends only on the difference s —¢ and not on s and t separately.
The complex-valued function v on (—oo, ) is called the covariance
function of the S.P. It is convenient to denote the values of f and
v at ¢t by f, and 7, rather than by f(¢) and ¥(¢), and to denote the S.P.
itself by (f,, — <t < ) rather than by f.

We shall be especially interested in the subspaces

My = S(f5)sztr —o <t < oo
(8.2) yan :_mQ@/Z’ , A e = (f)sem -

We shall call _#, the past and present of f,, # _.. the remote past of
the S.P., and _# .. the space spanned by the S.P. Obviously

3.3) Hn=( A

t<0

{.//_xg%sg%tg%w, —o <8<t o

It is known, cf. Karhunen [13, p. 55], that if (f,, —o <t < o)is
a weakly stationary S.P., then there exists a group of unitary operators
U, on X, —o <t < o, such that

(3.4) fore = ULf), —o0<st< o0,

The operators U, are uniquely determined on the subspace _~# .. but not
on X. We shall call (U, —o <t < ) the shift group of the S.P.
(fiy —o© <t < ). It follows easily, cf. Hanner [9, p.162], that

(3-5) Ut(%s):'-//s+t7 Ut('%~°°):~//—co, Ut(%w)=%w, —0°<S,t< co,

We ecall a S.P. (f,, —o <t < =) mean-continuous, if the function
f is continuous on (—co, o) with respect to the metric induced by the
norm of the Hilbert space ¥. From the stationarity condition (3.1) we
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readily infer the following:

8.6 LEMMA. For a weakly stationary S.P. (f,, —o <t < ) with
covariance function v mean-continuity is equivalent to each of the
conditions:

(i) f vs continuous at 0,

(ii) v is continuous at 0,

(iii) v 1s continuous on (— oo, =),

(iv) the shift group (U,, — oo <t< ) is strongly continuous on # ...

The following result is known:

3.7 LEMMA. If the S.P. is mean-continuous, then

(a) A#Z . s a separable subspace of 2,

o) A=A = A, —0 << o, where _# ,_ =clos. U,<; A s,
A = ﬂm A 5

4. The associated discrete parameter process. Let (f,, —o0 <t < )
be a weakly stationary, mean-continuous S.P. with shift group (U,
—oo <t < o). Let V be the Cayley transform of H, where 7H is the
infinitesimal generator of the shift group, cf. (2.2), (2.4). Let

4.1) .= V"(fo) .

Then the bisequence (f,)”. is a discrete-parameter, weakly stationary
S.P. with shift operator V. We shall call it the discrete S.P. associated
with (f,, —ow <t < ©).

We shall denote the past and present of f., the remote past, and

the subspace spanned by the S.P. (f.)>. by .7, . #'., and _# ., respec-
tively; thus

oo

WD 2L =O(Des A=A, A= (D
It follows that

(A S A0S A0S iy —0o <m0 < o

A= AL

n=—oo

4.3)

Ag far as we know the associated discrete parameter S.P. (f,)~.. has
been defined in the literature, not by (4.1), but as the process whose
spectral distribution is the Cayley transform (in the complex plane) of
the spectral distribution of the given continuous parameter process, cf.
e.g. Doob [5, p. 583]. It can be shown that the two definitions are
equivalent. But as indicated in §1 there are advantages in adopting
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a purely time-domain and spectral-free definition. For instance, in the
light of Lemma 2.9 we can assert the following theorem, which reveals
the close relationship between the two processes. Variants of parts
(a), (b) of this theorem are know, cf. e.g. Doob [5, p. 583-84]; part (c)
is new as for as we know.

4.4 THEOREM. () # = #{, b) A w= 7L, (€) H o= _H"..

Proof. (a) Take X = {f} in 2.9(a). We then get
= @( V_n(fo))ngo = @( U—t(fo))tgo = #,.

(b) Now take X = {f;} in 2.9(b). We then get S(V"(fo)uzo =
S(ULf))izo. Hence,

AL =clos. {7 + S(V"(f)nzo}
=clos. {7, + S(Uf))z  (by (a)
= Hew.

(¢) Take X = _~_.. in 2.9(b). Then using (3.5) we get
VH Al —) S VYA —)nzo=S(U(A —))izo= A -, k=0.
Applying V% to both sides, and using (a),
A S VA NSV H A=V A=ty E=0.
Hence, cf. (4.3),

(1) A gki] A=A

Next taking X = 27 ". in 2.9(b), we get
U(A L) SS(U(AL))izo = S(VH A L)nzo= A vy, 8Z0.

Proceeding as before, we derive the inclusion relation reverse to that
in (1). Thus (c). .

5. Non-deterministic S.P. Pre-Wold decomposition. We shall say
that a S.P. (f,, — o <t < «) is deterministic, if and only if Z .= 4 ;
otherwise non-deterministic. From the stationarity condition (3.1) we
infer the following lemma, cf. Hanner [9, p. 163]:

5.1 LEMMA. For a weakly stationary S.P. the following conditions
are equivalent:

(i) the S.P. is deterministic

(i) #,=_#, for all s,t, —c0 <s,t < oo
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(i) #Z,= _#, for some s,t —o0 <<t < oo
(iv) fie A, for some 8,1, —c0 <8<t < oo,

Let the S.P. be non-deterministic. Then by 5.1 (iii) for any ¢ and
any s<t, # S #,< _#, Hence

Nv= AN A F{0, —0<<t o,
and we get the decomposition

(5.2) A= M ot Ny Ao L N F {0}, —o0 << oo,
Moreover from (3.5)

(5°3) Ut(k/yﬁs) = u/V‘s-Hr —o < S, t < o,

If in the preceding paragraphs of this section we interpret s,t as
integers rather than as real numbers, we get the definition and prop-
erties of non-deterministic processes in the discrete parameter case.
But in the discrete case, additional results are readily available. We
recall some of these in the next paragraph.

Let (f))~. be any weakly stationary, non-deterministic S.P. with
shift operator V. Denote by (f.|. 7 -.) the orthogonal projection of f, on
the subspace _~,_,, cf. (4.2). Then

(5.4) go=fl—(fil #Z,)+0, —co<n<ow.

The vectors g, and &} = g,/|g,| are called the nmth innovation and
normalized innovation wvectors, respectively, of the process (f))7.. It
is eagily seen that

(5.5) (Woy 1) = Oy Wi = V™(H3), —o0 <m,m < oo,

so that (k})~. is an orthonormal S.P. with the same shift operator V

as (fi)2~. It is an important fact that in the discrete analogue of
(5.2), viz.

(5.6) A=A et Ny A LA F {0},
the subspace N, is the past and present of A/:
(5.7 A0 = B (h)iame = S(VHhO))i=—wn +

The relations (5.6), (5.7) constitute the Wold decomposition of M,. From
this decomposition follows at once the canonical decomposition of f into
a one-sided moving-average part and a deterministic part:

o = Uy, + vy, —o < n< w

Gy Je=lrty=Sakia, a=lgl Slal<e
v = (fal A7)
(Un)=w, (V.)>. have the same shift operator V as (f)>..
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To revert to the continuous parameter case, let (f,, —o <t < )
be a weakly stationary, mean-continuous, non-deterministic S.P. with
shift group (U,, —o < ¢ < o). It is clear from the equalities in 3.7(b)
that attempts to define “innovation vectors” g, for this process by an
equation analogous to (5.4) will fail. Indeed, since there is no atomic
time unit in the continuous parameter case, all that we may expect
our f,-process to possess are “differential innovations.”

Now let (f))>.. be the discrete S.P. associated with (f,, — o <t < ),
Since the latter process is non-deterministic, it follows from Theorem
4.4 that so is the former. Let 7} be its Oth normalized innovation vector,
and let

(5.9) h, = Uf(hy), —oo <t< oo,

The resulting process (h,, — < t < =) plays an important role in the
theory. In §6 we shall show that it is weakly Markovian, and explain
how the differential innovations of the f,-process can be had from it.*
Here we shall show that the subspaces _7~, of (5.2) are its past and
present subspaces:

5.10 THEOREM. (Pre-Wold Decomposition) Let (f,, —oo <t < )
be a weakly stationary, mean-continuous, non-deterministic S.P. with
shift group (U,, —oo <t < ), so that ¢f. (5.2)

~//t:=//”-—°o+</V.t) L/Z—m_L/Vt,
Then v, = S(h,),<, 18 the past and present of h,y, —oo <t < oo,

Proof. By Theorem 4.4, #\= _# A" «= _# _.. Hence, taking
t=0=mn in (5.2), (5.6) we see that _+"| = _s",. But taking X ={h¢} in
2.9(a), where h; is the Oth normalized innovation of the associated discrete
process, we find on using (5.7) that

(5.11) Ao = A0 = S(VHh))i=mw = S(U,(h0))sso -
Hence by (5.3) and (5.9)
N = Ut('/’/o) = @’( Us(ha))sst = @(hs)3§t .

6. Differential innovations and the Wold decomposition.  Let

4 The physical significance of the h;-process has been indicated by Wiener and Wintner
[20]. When % is the class of Le-functions on a probability space (2, #, P), and t is the
time, h: provides the weak (or wide sense) version of ‘‘random time”’, i.e. time as measured
by a perfect clook which is subjected to Brownian fluctuations. More precisely, if

Yo(w) = exp[id{t + axi()}], w€EQ

where (;, — <t < ) is the Brownian movement S.P., and A, @ are constants such that
a2 = /2, then the y;:- and h:-processes have the same wide sense properties.
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(fi, — o < te =) be a weakly stationary, mean-continuous, non-determin-
istic S.P. with shift group (U,, —o <t < =), and let %) be the Oth
normalized innovation vector of the associated discrete process (f,)Zw.
In the next lemma we study the S.P. (h, —o <t < =) defined by
(5.9), the present and past subspaces .+, of which have been mentioned
in the Pre-Wold decomposition 5.10.

6.1 LEMMA. (a) The h,<-process is weakly (or wide sense) Mark-
ovian; more fully,

(be] A7) =€"h,, —o0 <s8<T<

depends only on the terminal vector h, of 4"y = S(Me)exs-
(b) Its comvariance function v is given by v, = e, —oo < t < o0,

Proof. (a) Let ¢t = 0. Then by 2.7

— o—tht PR _1_ —nt \* ko ’
he = eh + lim 33 (—n ? 1) (d + A — Iyh)

where

2n & (n— 1Y
A, (k) = Vi(h) .
(i) = 20 5 (22 ) v

Since by (5.5) the A} = V’(h{) constitute an orthonormal process, we see
that

h, = ehy + 7,, where 7, | hiyh ,, --+,t=0.
It follows from (5.10) that 7, 1 4+, = &(h,),<,. Hence
e*hy = (h,) "), t = 0.
On applying U, to both sides we get
(1) e'hy = o] 1), —0<s< oo, t=0.

This reduces to the desired relation on changing the index.
(b) From (1) it follows at once that

Y = (hs-H, hs) = e_t y t 2 O-

This in turn entails that v, = ¢!, —o0 <t < oo,
We shall now study the &-process mentioned in (1.1). By definition

6.2) £, = 171?{@ . S:hsds} , —m<t< oo,
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It follows at once that & = 0 and

b
6.3) 3 —§a=1/——1§{h,, —h, + Sahsds} L —w<ab< .

6.4 THEOREM. (a) The E,-process has increments which are station-
ary under the group (U,, —o <t < ), t.e.
Ut(éb —&) =& — iy, —0<a,bt< oo,
(b) The E-process has orthogonal increments, i.e.
& —& L& —&, if —o<a<b=c<d< o,
(© & —&I=|b—a], —o<ab<lx.
@ E—E &—E)=|&—El=b—c, if —o<a<c<b<d< oo,

Proof. (a) follows at once from (6.3) since U,(h,) = k..
(b) Let a <b=<c¢<d. Then from (6.3) and 6.1(b),

2E, — Eu, E0 — £) = (h,, —h, + Sihsds, hy — hy + gjh,dt)
S
+ S:{es“’ — e ¢ + Sze"‘“‘dt}ds .

Since the expression in each {} on the R.H.S. is zero, the result follows.
(¢) First let 0 = a < b. Then from (6.3) and 6.1(b)

b b
206 — &= (h = by + | hds, by = ho+ | hidt)

= {1 — et + Sbe“bdt} — {e‘? -1+ S: e“dt}

0

+ Sb{es—b —e7F + Sbe‘“"‘dt}ds

0 0

b
0

— 91— e + 0+ S Sbe““—“dtds .
0
Since the last integral equals

S:{Sse“”dt + Sbes“dt}ds — 9%+ 2 — 1),

0 8

it follows that |&, — & |* = b.
Next, let —0 <a <b< w. Then by (a) & — & = U&-. — &),
b—a>0, and so

Igb_éa]2:l§b~a'—§0|2:b—a.
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(c) is a simple consequence of (a), (b), the vertification of which
we leave to the reader.

In view of the last theorem, the stochastic integral S” c(s)dg, will

exist for any complex-valued function ¢ € L,(— o, ), c¢f. Doob [5, Ch.
IX, §2]. In the next lemma we shall show that the vector A, is ex-
pressible in terms of the & by means of such an integral. In effect
we shall invert the relation expressed in (6.2):

6.5 LEMMA. (Inversion formula)

t

h, = V?{gt — S es"‘ésds} - V?St_wes“‘dfs , —o<t< .

—o0

Proof. Since h, = U,(k}) and U (as a function of ?) is strongly con-
tinuous on (— oo, ), it follows that the vector-valued function ~ s
continuous for ¢ € (— o, ), and therefore by (6.2) so is the function

b

E. Hence the Riemann integral S e tEds exist for —o <a<b=t.

a

Moreover, since

S:e**~t§sdsl = S@s_‘léa |ds = S:e““Vs-ds or Vs-ds,

the infinite integral t e’ '€, ds converges.
Now consider the case t = 0. We have from (6.2)

V?S“ (& — E)ds = — S e’{hs iy Ssh,,da}ds
—c0 —o0 0
— g ehods + hy + S Soe’hadads.

Now by Dirichlet’s formula the last integral equals

0 0 0 0 0

S S eh.dsdo = S {S esds}h,,da =S e“h.do .
Hence

)

(1) vE| e - g)ds=h,.

Since for any real ¢, U,(& — &) = & — &,.., U,(hy) = h,, we get the first
equality in the lemma by applying U, to both sides of (1) and then
changing variables.

The second equality follows on integrating by parts:

[_omde, = el — || edtey =& - | _oeds.
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The use of integration by parts is justified as follows. In the first
place, for — < a < t< o we have

(2) SZe‘*‘dS, = [e*E =t — S:E,ds(e““) .

This follows from the fact that for a continuous integrand the stochastic
integral is a Riemann-Stieltjes integral (with vector-valued integrator &,)
and that for the latter, integration by parts is valid, ef. [5, p. 429 (2.6)]
and [tll, p. 63 (3.31)]]. Next, the last integral in (2) is obviously equal
to | &e''ds. Finally, since both t e 'dE,, St E.e'ds are known to
exist?, we can let ¢ — — o in (2), of. [5, p. 428 (2.4)].

The formulae (6.2) and 6.5 together entail the following important
result:

6.6 LEMMA. For any real t, the past and present subspace A4 of
t
h, is the set of all (convergent) stochastic integrals c(s)dg,, with

complex-valued functions ¢ € L(— o, t), i.6. A", = S(&, — E)o.cxte

Proof. Denote by . #® the set of all such stochastic integrals. Let
— < 7=Zt< . Then by 6.5

T

h, = 1/78 _eidE, = S

c(s)dé, ,

where ¢(s) = 1/2¢*~" on (— oo, 7] and ¢(s) = 0 on (7,¢]. Since ¢ € L(— ,1],
it follows that k.e_#7/2. Hence 4", = &S(h.).c; S ¥
To prove the reverse inclusion, let

g= St c(s)d§,, where ce Ly(—oo, ] .
Suppose first that ¢ is a step-function:
o(s) = 3 0t (5)

Xs, being the indicator function of the interval J, = [a,, b,] S (— oo, t].
Then by definition (cf. Doob [5, p. 427 (2.1)])

g= Ié.lck(fbk - fak) .

From (6.3) it is clear that ge _#",. Next suppose ¢ € L,(—,t], and
¢ = lim, .c™, where ¢™ is a step-function. Then by definition

5 We note thﬁt from 6.4(c) it follows that &_ =& = ¢y, —o0 < < oo,
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t

c"(s)dE, € A7,

g = lim S
since _#", is closed. Thus ;% = _47.
We may sum up the main results established so far as follows:

6.7 THEOREM. (Wold Decomposition I) Let (f,) —o <1t < o) be a
weakly stationary, mean-continuous, non-deterministic S.P. with shift

group (U,, —o <t < ). Let h) be the 0th normalized innovation of
the associated discrete process, and let

he = UL, a=ht—ho+§‘hsds, fw<t< .
0

Then (@) A= N+ A cwy Ny L My —0 <t < 0, where 1 =
S(h,).<: s the past and present of h,

(b) the &,-process has stationary, orthogonal increments such that
|& — &P = |t — s|; moreover, 47 = S(&, — &)e.c<iy 1.6. N7 1S the set of
all stochastic integrals St c(s)d&, with c¢e L(— o, t].

6.8 UNIQUENSES THEOREM. Let (,, —o <t < ) be any process
with the following properties:

(i) 1t has orthogonal increments such that
l’?b“"]a|2=lb—a|y _°°<ayb<°°y and 7]0:0

(ii) Ut(y]b - 7]&) = 77b+z - 7]u+t’ —oo < a, by t < o
(lil) @(% - vr)c,réo = %J—hoo ﬂ ‘//0.
Then 7, = é*°§,, where &, is as in 6.7, and a is some real number.

Proof. Our proof of this result is essentially that given by Hanner
[9, p. 175-176]. Since our treatments and notations differ, we may
indicate the main steps. We first show that

@(Y}a - vr)v.réb =M%, @(% - nr)aga,rsb = </V‘{i n .44,

where _¢7, is anin 6.7(a). It follows from 6.7(b) that&, — &, = S:fa_b(s)ch]s.

By piecing together the functions f, .11, — <% < o, we can define
a function f on (— oo, ) such that

b
t—&=|f@dn, a<b.
Using the fact that & — &, = U,(&-» — &,-1), we can show that f is

essentially constant-valued on (— o, o). From this the desired result
is immediate.
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An immediate corollary of Theorem 6.7 is the cannonical decompo-
sition of the vector f, itself:

6.9 COoROLLARY. (Wold Decomposition II) With the hypothesis of
Theorem 6.7 we have

@ fi=u+v, w=(| 1) v=(|AZ-);

(b) the u,~process in (a) is a one-sided moving average, i.e.

u,=S:c(s)d8$,_s, o <t< o, where ce L0, ).

and @(us)sst = */I/‘tv —oo t < S
(c) the w,-process 1is deterministic, and SW,),<; = A —w, fOr
—oo <t < oo,

7. Purely non-deterministic stochastic processes. We call a weakly
stationary S.P. purely non-deterministic, if and only if _# _., = {0}. For
completeness we state here the anologue of a theorem given by Kolmo-
gorov for discrete parameter processes:

7.1 THEOREM. For any weakly stationary, mean-continuous sto-
chastic process (f,, —o0 <t < =) the following conditions are equiva-
lent:

(i) (f,, —o <t < ) s purely non-deterministic;
(ii) (fi,, —© <t < =) is a one-sided moving average:

fo=Te@d,, ceLio,

(§,, —o© <s< ) being a process with stationary and orthogonal
increments such that &, — E,1°=|b — a|;
(i) lim,.. (fo] #Z-)=0.

Proof. The proof runs parallel to that in the discrete case and is
omitted.

It follows from Corollary 6.9 and Theorem 7.1 that every weakly
stationary, mean-continuous, non-deterministic S.P. (f,, —o <t < o)
can be decomposed in the form f, = u, + v,, where the wu,-process is
purely non-deterministic, the v,-process is deterministic, and all three
processes have the same shift group (U,, — <t < o). We shall refer
to the u,~and v,-processes as the purely non-deterministic part and the
deterministic part of the f,-process. With an obvious notation, we have

M= AW+ 7P, YL A
AP = 47, MO = A ..

Now let ()", (v))>- be the purely non-deterministic and determin-
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istic parts of the discrete process (f1)>.. associated with (f,, — oo <t < o0).
Then by 6.9(2), 4.4(c), and (5.8)

Vy = (fo['//we): (fo’l%’_w)—: v,
and therefore
Uy = fo— Vo=J0s — Vo= Ug.

Moreover, the shift operator V of the wu,-, v,-processes is the Cayley
transform of H, where 1H is the infinitesimal generator of the shift

group (U,, —o <t < o) of the u,~, v-processes. We can thus assert
the following:

7.2 COROLLARY. If (f1)* 4s the discrete process associated with
the weakly stationary, mean-continuous, non-deterministic S.P. (f,,
—o <t < ), then the purely mnon-deterministic and deterministic
parts of (f)>. are the discrete processes associated with the determin-
istic and purely non-deterministic parts of (f,, —o <t < ).
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