EXISTENCE AND ASYMPTOTIC BEHAVIOR OF PROPER
SOLUTIONS OF A CLASS OF SECOND-ORDER
NONLINEAR DIFFERENTIAL EQUATIONS

Pur-Ker Wona

1. This paper deals with proper solutions of the second-order
nonlinear differential equation

1.1) y'=yF(y, ),

where (i) F'(u, ) is continuous in # and = for 0 < u < + o and
© = Ty,
(ii) F(u,z) >0 for v >0 and = = =,
(iii)) F(u,x) < F(v,x) for each x = x, and 0 < u < v < + oo,

By a proper solution we understand a real-valued solution ¥ of (1.1) which
is of class C’[a, =), where %, < a < + o. An example of equations
of this type is the Emden-Fower equation [2, chapter 7]

1.2) Y=ty

Our interest is in the existence and asymptotic behavior of positive
proper soluttons of (1.1). Since F'(y,x) >0 for y >0, all positive
solutions of this equation are convex. They are therefore of two types:
(1) those which are monotonically decreasing and tending to nonnegative
limits as # — + o, and (2) those which are ultimately increasing and
becoming unbounded as z becomes infinite.

In this section we shall consider proper solutions which are of
type (1), i.e., solutions which are confined to the semi-infinite strip
S={=¥): 0=y=K,a<x< +xo}). We observe that in view of
properties (i) and (iii) the function yF'(y, x) satisfies a Lipschitz con-
dition
(1.3) | uF'(u, x) — vF(v,2)| < Hlu—v|
in every closed rectangle R={(x,%): 0=y =< K,a <2 < b}, where

H= H(K, a,b). Before taking up the existence of such solutions, we
first derive the following lemmas.

LemMMA 1.1. Let w(x) be a nonnegative solution of (1.1) passing
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through two points (a, A) and (b, B), where a < b and A, B > 0.
Then the solution is unique.

Proof. Suppose that v(x) is a second nonnegative solution such
that w(a) = v(a) = A and u(d) = v(b) = B. We first assume that (a, 4)
and (b, B) are two consecutive points of intersection of # and v and
that w(x) > v(x) for a < # < b. Using (1.1) and property (iii) we find
that

(1.4) wa—mmngwqm%@—F@mmx>m
Since
(1.5) YWW~MMM:BW@—UMH—MM@~MM,

and since w'(a) > v'(a) while %/(b) < v'(b), the right-hand side of (1.5)
is clearly negative which contradicts (1.4). If v and v should have
other points of intersection on (a,b) we can partition the interval
[a, b] into several segments whose end points are the abscissas of the
consecutive points of intersection of # and ». The same argument
leads to a contradiction in each case. This proves the assertion.

LeMMA 1.2, Let u(x) be a nonnegative solution of (1.1) passing
through (a, A) such that lim,., u'(b) = 0, where b may be finite or in-
finite. Then u(x) s unique.

The proof is identical with that of Lemma 1.1 since the right-
hand side of (1.5) will also be negative under the present assumptions.

The next lemma guarantees the existence of solutions passing
through two points, provided the abscissas of these points are suffi-
ciently near each other.

LEMMA 1.8. Let (a, A) and (b, B) be two points such that
a < b, A, B>0

(b — a) is small enough so that

(1.6) Hb—ap<p<1
and
(1.7) L) > g”g(x, L F(L, t)dt ,

where
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(1.8) Lz) = Ab —2)+ B(x — a)
(b—a) ’
and
—a
(1.9) RS IR
& — a) , v =t.

Then there exists exactly one positive solution ye Cia,bdb] of (1.1)
which passes through these points.

Proof. In view of Lemma 1.1, a solution, if it exists, is neces-
sarily unique. To establish the existence we replace the boundary
value problem by the equivalent integral equation

(1.10) ¥(@) = L@ ~ | g, ouOF @, it ,

where L(x) and g(x, t) are given by (1.8) and (1.9) respectively. To
solve (1.10) by successive approximations, we introduce a sequence
{y.(x)} of twice differentiable convex functions passing through (a, A)
and (b, B) defined by

uie) = Lia)
(1.11) voi@) = L@ — | 000, O F ., it
\k=0,1,2, ...

Since both g¢(x,?) and L(x) are positive in (a, b), (1.7) shows that
0 < y,(%) < L(x). If we assume that 0 < y,(x) < L(x), then (1.7) and
property (iii) implies

L) > (o) = L) — | o, y)F (@, )it
> L(x) — S" 9@, OLEF(L, t)dt = y(@) > 0 .

It follows by induction that 0 < y,(x) = L(x) < max (4, B) for all k.
The sequence {y,(x)} is thus positive and uniformly bounded.

Let K = max (4, B) and M = sup F(K, ), then
b
1@ — %@ = | g, OLOF L, Hat

< KMSb 9(e, t)dt
< KM® — a) .
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If R denotes the closed rectangle defined by 0 <y < Kand a <z < b,
then by (1.3),

| uF'(u, ) — vF(v,2)| < Hlu — v]|
for all points of R. Moreover, (1.11) shows that

[90s@) — o) | £ HY 9o, 1) 9:0) — v 1(0) |

so that we have, by induction,
(1.12) [ Y (@) — ()| < (KMYH* (b — a)*** |

We thus obtain the estimate
(1.13) |y.@)| = K+ H KM, [H(b — @]

which, in view of (1.6), implies the uniform convergence of {y,(x)}.
This proves the lemma.

As pointed out before, a positive proper solution of (1.1) is either
monotonically decreasing or monotonically increasing. As the following
theorem shows there always exists exactly one solution of the former
type which passes through a given point (a, A4).

THEOREM 1.1. For any given point (a, A) where A >0, there
exists exactly one positive proper solution y of the class C*a, )
which passes through (a, A) and is monotonically decreasing in [a, «).

To prove this result we consider the variational problem of mini-
mizing the functional

(1.14) J@) = | 1wy + 20y, B)lde
where
(1.15) hy, ) = g”tF(t, @)t

within the class 2 of all nonnegative functions y € D'[a, =) such that
y(a) = A and that the integral (1.14) exists. Since (1.1) is the Euler-
Lagrange equation of problem (1.14), the solution y of (1.14) will be
a solution of (1.1), provided, of course, y exists and is of class C’[a, ).

Since the functional J(y) is positive-definite, J(y) has the trivial
lower bound 0. We next remark that we may restrict our attention
to positive functions y ¢ 2 which are convex in [a, ). To show this,
we assume that the positive function y is concave in an interval
(c, d), i.e.,
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> Y@ =2) +yd@ =) _ 1
- (d—o

y(®)
In view of hypothesis (iii) and the definition of A(y, ), we then have
ML, z) = h(y,x), c=x=d,
and, by a variational argument,
a a
(1.16) S [L/(@)fds < S [y (@)d

unless y(x) = L(z) in (¢, d). Hence, if y* denotes the function obtained
from y by substituting L(x) for y(x) in (¢, d),

J*) < J(y) .

Also, we need only consider positive convex functions y which are
nonincreasing in [a, =), since, as (1.16) shows, the functional J(y)
becomes infinite for convex increasing functions. Finally, the problem
J(¥) = min is not vacuous, since the function v defined by

A(Z:f), a<z<bh

0, b=«

is in £ and evidently J(v) < C < + o,

The proof of the theorem depends on the validity of an analogous
result for a finite interval [a, b] and the performing of a suitable
passage to the limit b — oo. The result in question is the following:

LeMMA 1.4. There exists a unique positive solution u(x) of
equation (1.1) which passes through the two points (a, A) and (b, B),
where b >a and A, B> 0. If v denotes any other positive function
of D'a, b] for which v(a) = A, v(b) = B, and if J(y;b) denotes the
Sunctional

(L.14) I ) = | 1@y + 20y, 0)lda,
then
(1.17) J(u; b) < J(v; b)

unless v(x) = u(x) in [a, b].

We first assume that the interval [a, b] is short enough so that
conditions (1.6) and (1.7) are satisfied. Lemma 1.3 will then guarantee
the existence of the unique positive solution u of (1.1) through the two
points, and all we have to prove is inequality (1.17). To do so, we
note that the solution w(x) of the linear differential system
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w" = p(x)w, p(x) >0
(1.18) w(a) = A
w(b) = B

satisfies the inequality
b b
(1.19) |1 + pepwids < | 10y + p@nids,

where v is any other function of D'[a,b] which satisfies the same
boundary conditions and does not coincide with w(z). Inequality (1.19)
is an obvious consequence of the identity

10" = w) + pla)w — wplda
= {1 + payrias — | 1w + payelds

which is obtained by expanding the left-hand side and observing that,
in view of (1.18) and the boundary conditions,

b
Sbv’w'dw = |ow'}} — gbvw"dw = |lvw']} — S prwdx
and
[vw'] = [ww'], = Sb(w'2 + ww')dx = Sb(w'2 + pwidx .

Setting, in particular, p(x) = F'(u, ), we have w(x) = u(x) and
thus, by (1.19)

(1.20) S"[(u'y + wF(u, ©)|de < Sb (W) + v*F(u, 5)|dw .

Since F'(s, x) is a nondecreasing function of s for s > 0, the function
h(u, x) defined by (1.15) is convex in u. Hence, for nonnegative » and

v,
2[h(u, ) — h(v, )] £ (W — V)F(u, x) .
Combining this with (1.20), we obtain

S"[(u')z + 2h(u, ¥)]ds < Sb[(v')ﬂ + 2h(v, ©)lde

unless u and v coincide. This establishes (1.17) in the case in which
the interval [a, b] is short enough so as to satisfy conditions (1.6) and

a.mn.
If b is an arbitrary value in (@, «), it is sufficient to consider the
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problem

{J W b) = Sb (') + 2h(y, ©)|dz = min
(1.21) a

y(@) = A, yb)=B

in the class 2, of nonnegative convex functions y € D'a, b]. We thus
may assume

0 =< y(x) =< max(4, B) = K, aZx=bh.

Now we divide the interval |a, b] into a finite number of sub-
intervals [a;, a,] (@ =a, < a,--- <a, =b) in each of which the
assumptions of Lemma 1.3 are satisfied. If y(a,) =A,, where ye2,,
the conditions restricting the length of these subintervals will be

(1.22) H(a,, —a) <p<1
and
(1.23) | e, OLUOF (L, 1t < L),
where
(1.24) Lw) = Allen =0+ At — )|
(@pn — @)
and
(@ — 2)E — ay) , t<az
(@ — a) o
(1.25) g.(x, t) =
(alc"r-l — t)(x — ak) <t
(@4 — ay) ’ =0

Since A, < max (4, B) = K, we have F[L,(t), t] < F(K,t). Hence, if

M = max F(K, z) in [a, b], condition (1.23) will be satisfied if

M Sak+lgk(x, HL(t)dt < L) .

ay

In view of (1.24), this will be true if both the inequalities

M§""“gk<x, D@y, — Odt < (@, — @)

aj

and

(1.26) M guo, 0t — addt < (o — @)

aj

hold. Since these inequalities are equivalent, it is sufficient to con-
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sider one of them. A computation shows that

17 i, 0t — a)dt = @ — @)aen — D@ + G — 20 ,

2k

and (1.26) will therefore follow if
A (@ — e + @ — 20) < 1.

Since
(@1 — @) = (@ — @)

and (& + @y — 20;) = (@ — a;) + (@4 — &) =2(a44, — @), the length
of the interval is thus restricted by the condition

M@y —a,) < 2

and inequality (1.22). Since H = H(K, a, b), this shows that a finite
partition of the type indicated is indeed possible.

In each of these subintervals we now replace ¥y, ye€ 2,, by the
solution of (1.1) having the same values at the ends of the interval.
If the new function so obtained is y*, it follows from the result just
proved that

J(y*; 0) < J(y; D) .

In the treatment of the minimum problem (1.21) it is therefore suf-
ficient to consider curves y consisting of a finite number of arcs each
of which is a solution of (1.1). Moreover, the abscissas of the points
where two adjacent arcs meet may be taken to be the same for all
functions of a sequence {y,} minimizing the functional J(y; b).

Since in each of the subintervals [a,, @,.,] the functions ¥, are
solutions of (1.1), elementary considerations show that we can select
a subsequence {y,} which converges in each subinterval [a,, a;..] to a
solution y,, of (1.1) and that, moreover, ¥.,(@.:) — Yu+1(@r+1). The
function y defined by y(x) = y,(x) for a, =« < a,, is therefore of
class D'a, b], and it is thus a solution of the minimum problem (1.21).

To show that y(x) coincides in all these intervals with the same
solution of (1.1), we have to show that ¥’ is continuous at the points.
a,. To do so, we choose a positive ¢ such that

(@ + ) < ayy (@ +6) < Qs

and ¢ is small enough so that Lemma 1.3 applies to the interval
[a, — ¢, a, + €]. There will then exist a solution u of (1.1) for which
u(a, — €) = y(a, — ¢€), w(a, + ¢) = y(a, + ¢€) and, as shown above, we
have the inequality
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S“"“[um + 2h(u, @)]ds < S”"“[y” + 2Ny, )ldw ,
ak——s ak—E
unless y(x) = u(x) in this interval. Hence if %’ is discontinuous at
x = a,, it is possible to replace ¥ by another function which yields a
smaller value of J(y; b). But this contradicts the minimum property
of y, and we have thus proved that ¥’ must be continuous throughout
[a, b]. This completes the proof of Lemma 1.4.

We are now in a position to complete the proof of Theorem 1.1.
As pointed out above, it is sufficient to consider positive admissible
functions ¥ € 2 which are convex and decreasing in [a, ). If ¥
is any such function, we choose a value b in (a, ) and define a
function u e w, w2, as follows: u(x) = y(x) in [b, o) and w(x) = y,(x),
where y,(x) denotes the solution of (1.1)—whose existence is established
in Lemma 1.4—which satisfies y,(a) = A and y,(b) = y(b). In view of
Lemma 1.4, we have

J(y) < J(),

and it is clear that 0 < y,(x) < A in [a, «).
We now take a sequence {y,} in 2 for which

(1.27) lim J(y,) = inf J(¥) ,

and we choose a sequence of values b,(a < b, < b, < ---) for which
limb, = 4+ . For each of these values b, we construct the corre-
sponding function y,, €®. As just shown, we have

J(yn,bm_H) é J(yn.bm) .

Hence, the diagonal sequence J(y,,,) cannot have a larger limit than
the sequence J(y,), and (1.27) shows that J (. ;,) is likewise a minimiz-
ing sequence.

Since 0 =¥,,, = A, and since ¥,,, is a solution of (1.1) in
[a, by] if » = N, an elementary argument shows that this sequence
contains a limit function ¥ which is a solution of (1.1) in [a, by].
But N is arbitrary, and y is thus a solution of (1.1) throughout [a, =),
the function y—Dbeing necessarily convex—must be decreasing for
a <2< +o., This completes the proof of Theorem 1.1.

Such a solution separates those solutions which are convex and
increasing to +c from those which are decreasing and becoming
ultimately negative.

We add here a property of the positive decreasing solutions whose
existence is established in Theorem 1.1.

LEMMA 1.5. If y is a decreasing, positive proper solution of
(1.1), then
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(1.28) lim zy'(x) = 0 .

L— 00

Since (xy' — y) = xy”’ = xyF(y, x) > 0, the negative quantity
#(x) = xy’ — y is increasing for z > a. Let lim y(x) = ¢, ¢ = 0, then
clearly ¢(x) = —c. If lim¢(x) = —e¢, the lemma is proved. If lim ¢(x)
= —(c + A), where A >0, we have 2y —y < —(4 ~¢) for z in
(a, =), i.e.,

_y___i—_cgo, a<x< oo,
X

This, however, implies a contradiction, since the expression & (y — A — ¢)
is negative for large = and tends to zero for * — + . This completes
the proof.

THEOREM 1.2. Fquation (1.1) has solutions which ultimately
decrease monotonically to positive constants i f, and only if, there is
some B >0 such thot

(1.29) er(B, ) < +oo
Proof. If y is such a solution, it is easily confirmed that
¥@) = y®) + YO — ) + | ¢ — OF @, tit
Since y(b) > 0 and y'(b) < 0, it follows that
Y@) = y(@) = | (¢ — O P, hat = a| ¢ — aF @ v,

where lim y(z) = « > 0. This shows that condition (1.29) is necessary.
To show sufficiency, we consider the integral equation

(1.30) y(@) = a + S‘:(t — (O F(y, )t ,

and suppose that S is a positive constant such that (1.29) holds. Then
we can find a point @ = x, such that for all x = a, we have
S“(t — @)F(B, t)dt < % .

We define a sequence of functions {y,(x)} by
Yr) = a

(1.31) Yunl®) = @ + ‘:(t — B F (s, t)dt
£k=20,1,2,
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If we choose « such that 0 < a < B/2, we see that 0 < o < y,.(x) and
yo(x) = a < 8. By assuming y,(x) < 8 we find that
Yeul@) = - | (€ = DU OF (., )t
<L s ¢—oFeEna<s.

Hence induction shows that 0 < & < y,(x) < 8 for all k. Moreover,
if , and 2z, are any two points such that a =2, < 2, < o, then,
from (1.31), we have

@) = v @) = o~ o { | nk @, tat + | vF, vae}
= o, — ol | wOF @, it

In view of the uniform boundedness of {y,} and (1.29), it follows that
the sequence is equi-continuous also. Since F'(u, x) < F'(v, x) when-
ever 0 < u < v < «, it follows from the assumption v,., > v, that

Yo = @) = | ¢ = D Fe, ) — v F (o, 018t > 0.

This, together with the fact that ¥, >y, shows that {y.(z)} is a
monotonically increasing sequence. We can therefore find a uniformly
converging subsequence whose limit function y(x) is the solution of
-equation (1.30).

It remains to show that the solution of (1.31) so obtained is indeed
of class C?a, ) and satisfies (1.1). To this end, we observe that,
for ~ > 0,

y(@ + h}z —y@ r YO F(y, t)dt‘ < Sl 190 - tty(t)F (, )t

gf%@ﬂuML

A corresponding inequality holds for A < 0. The solution y of (1.31)
being continuous in [a, «), it follows that

v@= | yOF@, bar .

In a similar manner, we can show that y” = yF'(y, «), and the. con-
clusion follows.

COROLLARY. Egquation (1.1) has proper solutions which ultimately
decrease monotonically to zero 1f, and only tf, for each B >0
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(1.32) er(B, w)ds = +oo .

Proof. We note that Theorem 1.1 assures the existence of a
positive solution of (1.1) which is asymptotically equivalent to either
a positive constant or zero, and that Theorem 1.2 gives a condition
which is both necessary and sufficient for the former to hold, it follows
that (1.32) is both necessary and sufficient for a solution to decrease
to.zero. The necessity can also be shown directly by the following:
simple argument.

If y(x) >0 as x — o, we can choose a value a =z, such that
y(@) < N if > a and y(e) = A, where \ is a positive constant. Writ-
ing (1.1) in the form

N = 9(@) = ¥0) + YO)a — b) + | (¢ — DUOF(, byt
=90 + vO)Xe — )+ [ ¢ — aF0, i,
where b is a iumber in (@, «©). By Lemma 1.5, we can make |4'(b)(a — b)|

arbitrarily small by taking b large enough. Since %(b) — 0 for b — oo,,
we can thus choose a b such that

[9(6) + ¥'(B)@ — b)| < %

Hence,

% < gb tF(n, B)dt < S”tF(x, £)dt .

Since a can be taken arbitrarily large, the result follows.

2. In this section we consider positive proper solutions of (1.1}
which are convex and increasing. We begin with a necessary con--
dition for the existence of such a solution, which is valid if hypothesis
(iii) is replaced by the nonlinearity condition (iv) w™*F(u,x) is a.
strictly increasing function of u for each 2 = x, and some positive.
constant e.

THEOREM 2.1. If F(y, ) satisfies hypothesis (iv) instead of (iii),
and if (1.1) has positive, convex increasing proper solutions, then

@.1) r[w"EF(Bx, o) eds < + oo

Jor some B > 0.
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Proof. Let y be a positive, convex increasing proper solution of
{1.1), then y(x) > Bx for B > 0 and some x = x,. Let

(2.2) w(x) = y(@)y'(x)
so that by (iv)
w' = ') + v'F(y, ©)

Ty » F(y, x)
=W e, v

2.3 > ) + yrEG(z)
=yy'ly'y™ + Gy =),
where G(z) = (Bz) *F(Bx, x). If we set r=(1 +¢)/(2 +¢) and s =

2+ ¢e), then, r,s > 0and r + s = 1. With the help of the inequality
[4, p. 37]

2.4) rA + sB > A'B*,

F'(Bz, x)

where we have set

yyr=rA
and
Gy (y')" = sB,
we find that
(25) Wt > plo=F (B, o)

where ¢ = constant and 0 < a =¢(2 +¢)* < 1. We now define

(26) h(w) =0 Sx [w—isF(ley x)]112+sdx ,

and

mw=%www+mm,
then (2.5) becomes
H(x)<O0.

The positive function H is thus necessarily decreasing for sufficiently
large x and must ultimately tend to some finite limit A* = 0. Since
w™® is bounded for all x = x,, we conclude that Z(x) must ultimately
be bounded also. This proves our assertion.

In the case of the special equation

@ v’ = Q™
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where @ is a nonnegative continuous function in [x,, =), Theorem 2.1
reduces to

COROLLARY 3.1. A necessary condition for equation (2.7) to have
positive convex imcreasing proper solutions is that

(2.8) S"’[Q(m)]l/n“dx < 4o

With slight changes, the technique used in the proof of Theorem
2.1 will yield the following more general result:

THEOREM 2.2. If F(y, x) satisfies hypothesis (iv) instead of (iii),
and if equation (1.1) has positive, convex increasing proper solutions,
then there is some constant B > 0 such that

(2.9) rx%—s—l[F(ﬁx, w)]'de < +oo ,

where § and s are any two positive constants which satisfy

0<s<1
(2.10) 0+2s<1
0+1=2s(1+¢).

Proof. If y is a positive, convex increasing proper solution of
(1.1), then there is some B > 0 such that

(2.11) y(x) > Bz, y'(@) > B, for all x > z, .

From (2.3) and inequality (2.4), we see that
w Tyt 14280 ,,M\—1
YV T GEyTE)
-;l— ’ -1— ’ s((nyt\r—sy,s(1+28) —r
> () (A) @rwy-ye=.

Hence, for any ¢ > 0,
(2.12) wdw' > K[G(@)](y) byt 951 |

where k = constant. If moreover, s and 6 are so chosen as to satisfy
condition (2.10), then the exponents of ¥ and %’ in the inequality (2.12)
above are both nonnegative. Combining this inequality with (2.11),
and using the fact that G(z) = (Bx)*F(Bzx, x), we obtain

(2.13) w W > px* 7 F (B, %),

for all # = x,, and p = constant.
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As in Theorem 2.1, we now define
h* (@) = pS:Ooc2*’"3"[F(,8x, o) dw
and
H*@) = %m(x)rs +hH) .

It follows from (2.13) that

d
—_H* 0,
dx @) <

and we thus conclude, as in Theorem 2.1, that A*(x) is necessarily
bounded. This completes the proof.

It is easily confirmed that for 6 =¢(2 +¢)* and s= (2 +¢)7,
condition (2.10) is satisfied, and (2.9) reduces to (2.1) so that Theorem
2.1 is indeed a special case of Theorem 2.2. If we apply Theorem 2.2
to equation (2.7), we obtain the following extension of Corollary 2.1:

COROLLARY 2.2. If 0 and s are any two positive constants for
which condition (2.10) helds, and if equation (2.7) has positive, convex
inereasing proper solutions, then

(2.14) wa*[Q(oc)]de < Foo,
where \ = 2s(n + 1) — o6 — 1.

We will now consider the problem of existence of positive increas-
ing proper solutions of (1.1) having specified asymptotic forms. The
simplest case is that of finding a solution ¥ such that y(x) ~ ax, where
a > 0.

THEOREM 2.3. Egquation (1.1) has positive proper solutions y of
the form

(2.15) y(x) ~ ax , a>0,
iof, and only if, there exists a positive constant S such that
(2.16) Sme(,Bx, B)dis < +oo
We write y(x) = zu(t), where t = 1/x. The function u(t) will then

have a constant limit if ¢ decreases to zero. Making the necessary
substitutions in equation (1.1) we obtain
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dzu = —4 _ﬁ _1. =
(2.17) T = ut F(t , t) uG(u, t)

for u(t). Since

S:tG(B, tydt = g:F(-’f- R _]Z‘_> % = S:awF('Bx’ x)de

Theorem 2.8 will be a consequence of the following result (which we
formulate in terms of #, ¥ and F rather ¢, 4 and G):

THEOREM 2.4. If F(y,x) ts continuous for 0 <z < b and other-
wise satisfies hypotheses (i), (ii) and (iii), then equation (1.1) will have
solutions which are continuous in some interval [0,a) (0 < a < b)
and decrease to a positive constant as x decrease to zero if, and only
if, there exists a constant 8 >0 such that

(2.18) S:xF(B, w)ds < +oo .

Theorem 2.4 is in many respects analogous the Theorem 1.2, and
its proof depends likewise on our solving a suitable integral equation.
The integral equation in question is

(2.19) y@) = A+ Bo — | g, ow®F @, tat ,

where g(x, t) is the Green’s function

@, 1) {w, r=t=a,
z, t) =
g t, O0<t<uz.

To show that condition (2.18) is necessary for the existence of a solu-
tion y with the required properties, we note that y(x) must satisfy
the integral equation

(2:20) ¥@ = A, + Ba - | gt O F @, it ,
where 0 < ¢ < @, and 4, and B, are determined from the conditions
y(e) = A, + Be
¥@ =B, — | WOFw, it
Since y'(e) > 0, B, must be positive. In view of the fact that

y@) = limy@) = A >0,
z—0

it thus follows from (2.20) that
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A g”tF(A, t)dt < A, + Ba,

and this implies (2.18).
To show that (2.18) is also sufficient, we solve the integral equation
(2.19) by the iteration

Yo(x) = A

(2.21) Yir@) = A + Br — S:g(x, () F (Y, )t
k=012 ---,

where A = B/2, B = £/2a, and the value a is chosen so that

[[aF s, 2 = —;—

The possibility of choosing such a value of a follows from (2.18). If
0 = yu(x) = B, we have

[ 96, onOF ., tiae < 6|5 (s, tat < £
and thus, by (2.21),
Youl®) 2 A+ Ba — £ =
Moreover,
B T
< = — =)= .
Yin®) < A + Bo 2(1+ a)_B

It follows that 0 < y,..(%) = B. Since y(x) = B/2, all functions y,(x)
of the sequence (2.21) satisfy these inequalities.

The rest of the convergence proof for the iteration (2.21) is
exactly the same as the corresponding argument used in the proof of
Lemma 1.3.

COROLLARY 2.4. Under the hypotheses of Theorem 2.4, equation
(1.1) well have solutions which are continuous in [0, @) and decrease
to zero for x — 0 if, and only if, there exists a positive constant B
such that

(2.22) SaxF(,Gx, p)dz < +oo .

With the help of the transformation y(x) = xu(t), where ¢t = 1/x,
and equation (2.17), we have
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| oot 0= [ P (50 3)

- gaxF(,Gx, )i .

Hence, if u(t) is any positive solution of (2.17) which decreases mono-
tonically to a positive constant as ¢ — o, then y(x) = zu(zr) will be
the desired solution of (1.1) in [0, a). By Theorem 1.2, a necessary
and sufficient condition for (2.17) to have such solutions is that

rtG(B, tdt < +oo

for some B > 0, and the result follows from (2.23).

We will now consider the following more general question: Let
v be a given positive convex increasing function of class C?a, ).
The problem is to determine whether equation (1.1) has positive proper
solutions which are asymptotically equivalent to v. To answer this
question we introduce a Liouville type transformation

(2.24) {Z _ Z(”t)

where the new independent variable ¢ is defined by
(2.25) t = S‘”[v(s)]-zds .

Under this transformation, the interval [a, =) is mapped onto (0, b],
and a computation shows that « must satisfy the equation

(2.26) % = u[asz (uv, t) — %—{x, t}] = uG(u, t),

where {x, t} denotes the Schwarzian differential operator
_d (B _1(&Y
= (5) - 2(5)

In order that y(x) ~ cv(x), u(x) must therefore be a positive solution
of (2.26) which decreases to a positive constant for ¢ — 0.

We observe that if the given function v were convex decreasing
rather than convex increasing, the problem of determining whether
(1.1) has proper solutions of this type can be treated in the same way.
However, the new variable ¢ in the Liouville transformation will now
be given by

t= | [ve)ds,
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where v is now a positive, convex decreasing function of class C?*a, «).
Since the procedure is the same in either case, we need only consider
the convex increasing case.

To simplify matters we shall further restrict ourselves to those
convex funections v(x) for which the positive continuous function p(x)
defined by

@.27) p(z) = L@

v()

is such that [F'(uv, ) — p(x)] is ultimately of one sign. That is to
say, we assume that either (1) G(u, ) < Oforallu >0and 0<t<a < b,
or (2) G(B,t) > 0 for some B > 0 and all sufficiently small %.

If case (1) holds, then the Atkinson-Nehari criterion [6, Theorem
I} shows that a necessary and sufficient condition for the existence of
a positive solution u(¢) which decreases to a positive constant as ¢
decreases to zero, is that

(2.28) 0§—Vﬂ@ﬁﬁ<+m
0

for some constant ¢ > 0.

On the other hand, if (2) holds, then by Theorem 2.4, the cor-
responding necessary and sufficient condition is the existence of some
positive constant B for which

2.29) S:tG(B, tdt < +oo .

Expressed in terms of « and v(z), both (2.28) and (2.29) may be combined
into a single condition:

(2.30) rvz(x)riﬁ_'ﬁ*(ev, 2)—Ylde < +oo

» V*(8) v
If we regard (2.27) as a linear homogeneous equation with p(x) given,
and that » and v are two linearly independent positive solutions whose
Wronskian is negative, then one solution must be convex increasing

and the other is convex decreasing. Moreover, if v denotes the in-
creasing solution, then

w@) = (@) S:[v(s)]‘zds
so that (2.30) may be written as
Smu(x)v(x) | F(Bv, x) — p(x) |de < + oo .

We can now state the following result:
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THEOREM 2.5. Let p(x) be a positive continuous function in [x,, )
and u and v be two linearly independent positive solutions of (2.27).
If, moreover, [F(uv, x) — p(x)] is either megative jfor all p >0 or
posttive for some (>0, then a necessary and sufficient condition for
equation (1.1) to have positive, convex proper solutions y of the form

(2.31) y(x) ~ cv(z) , c>0,

18 that there is some B > 0 such that
(2.32) S“u(x)v(x) | F(8v, ©) — p(x) | dw < +oo .

COROLLARY 2.51. If F(ux® x) — a(a — 1)x2 is ultimately of one
sign, where o > 1, then a mecessary and suffictent condition for
equation (1.1) to hawve positive proper solutions of the form

(2.33) y(x) ~ cx® , c>0, a>1,

18 that, for some B > 0,

(2.34) S”w | F(B2®, z) — afex — Lo~ |dow < +oo .

Proof. If we let p(x) = a(a — 1)x 72, then u(x) =2 and v(x) = =%,
and the result follows from (2.32).

COROLLARY 2.52. If F'(ue*, x) — a® s ultimately of one stign,
where a > 0, then equation (1.1) has positive proper solutions of the
SJorm

(2.35) y(x) ~ ce* , a,¢c>0,

if, and only if, there exists some constant 8 > 0 such that
(2.36) S“]F(,eew, z) — a|de < +oo

As pointed out before, the Emden-Fowler equation
(1.2) y' =z, n>1,

is a particular example of equation (1.1) with F(y, x) = z*y**. We
can therefore apply the results obtained here to investigate the existence
and asymptotic behavior of proper solutions of this equation.

From Theorem 1.2, we see that a necessary and sufficient condi-
tion for equation (1.2) to have positive proper solutions which ultima-
tely decrease to positive constants is that
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roo"“dx < o,
It follows that we must have

(2.37) r+2<0.

From Theorem 2.3 we find that equation (1.2) has positive proper
solutions y of the form y(x) ~ cx, ¢ > 0, if, and only if

rx"*”dw < 4o .

Hence, we obtain the condition
(2.38) M+n+1<0.

Corollary 2.51 shows that a necessary and sufficient condition for
(1.2) to have positive proper solutions of the form y(x) ~ cx®, a >1,
is that

Smw | Br =0+ — a(a — D2 |de < +o0 .

This condition will be satisfied if, and only if A*! = a(ae — 1) and

a(n — 1) + X = —2, Thus, the required condition in this case will be
(2.39) a=—2F+2 4,
n—1

From Corollary 2.52, it is easy to see that equation (1.2) cannot
have any proper solution which is exponential. Finally, suppose that
u(x) i3 any positive, convex increasing proper solution of the Emden-
Fowler equation, then, by Corollary 2.1, it is necessary that

[1Q@r+de = ["aerdo< +oo .

In other words, we must have
(2.40) 2v+n+3<0.
Applying this inequality to the special equation
y' =y, n>1,

we find that it cannot have any proper solution which is convex and
increasing. Moreover,

S”x"“dw = rx*"””dx = +oo

so that, by the Corollary of Theorem 1.2, this equation has a decreas-
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ing proper solution through every point (a, 4), A > 0, which decreases
to zero as # — . (cf. [2], Chapter 7, Theorems 1 to 5).

An elementary example of the Emden-Fowler equation for which
an explicit solution is known is the equation

yll — 2x~6y3 .

It is easily confirmed that «® is a solution of this equation. If we set
a=2and 8=11in (2.34) we find that the integral vanishes so that
the condition of Corollary 2.51 is indeed satisfied.

If we assume moreover that v(z) is a proper solution of (1.1), then
(2.30) may be used to determine the possible existence of a second
proper solution y distinct from v such that their ratio is asymptotically
constant. Without loss of generality we may assume that y(z) = v(x)
for each # = #,. A necessary and sufficient condition for the existence
of such solutions is the boundedness of

g”vﬂ(x) S-di [F(8v, x) — F(v, x)|de
Jvi(z)

for some B > 1.

A condition for the difference of two proper solutions to be asympto-
tically constant may be obtained as follows: Let w(xz) be a positive
proper solution of (1.1), and we let a second proper solution y be of
the form

y(@) = u(x) + w(x) ,

where ue C¥a, «) and u(x) ~ k, k > 0. Differentiation shows that «
must satisfy the equation

ju" = G(u, ) ,
(G(u, ) = uF(u + w, ) + |F(u + w, z) — F(w, x)] .

In view of Theorem 1.2, this equation will have proper solutions
which ultimately decrease to positive constants if, and only if, there
exists some B > 0 such that

waG(,@, D) < + oo

THEOREM 2.6. Let w(x) be a positive proper solution of (1.1).
1. A necessary and sufficient condition for the existence of a
second positive proper solution y such that y(x)/w(x) ~ k, k > 0, is that
ds

S“wz(x) Sx—;-[F(Bw, %) — F(w, ©)|de < + oo
wi(s)



EXISTENCE AND ASYMPTOTIC BEHAVIOR OF PROPER SOLUTIONS 759

Jor some B > 1.
2. A mnecessary and sufficient condition for the existence of a
second, solution y such that y(x) — w(x) ~ ¢, ¢ > 0, ts that for some (£>0

S“w[(pc + W) F (Y + w, ¥) — F(w, 2)|de < +co .

All results obtained thus far concern the asymptotic behavior of
proper solutions, but the question of positive convex solutions having
finite asymptotes is also of interest. As the following result shows,
equation (1.1) always has such discontinuous solutions.

THEOREM 2.7. If F satisfies hypothesis (iv) instead of (iii), and if
A is an arbitrary real number and a and 6 are positive; then there
exists a solution y of (1.1) with y(a) = A, which is not continuous in
{(a, @ + 9).

Proof. Since y(x) is convex, the value of y(a + d) can be made
arbitrarily large by a sufficiently large choice of y'(¢). We may accord-
ingly assume that y(a + 0) > 1. Let ¢ be the point in (a,a + 0)
where y(c) = 1, and we recall that, for y > 1, Fi(y, ) > y*F(1, ). It
follows from (1.1) that

(2.41) [y@)] = a® + 2 S:y(t)F(y, ty()dt ,

where y'(¢) = a,ande <z < a + 4. If 0 < p<F(1,z)forwela,a+d]
and « > ¢, we then have

2 S yy'F(y, t)dt > yy'F(y, t)dt

2|,
> 25 gy (L, 6)dt
20

llV

S 1+2ey;dt

- {v@r —1}.

For x¢[a, c], this holds trivially. Choosing «® large enough so that
a* > (1 + €)Y, we conclude from (2.41) that

[yl(x)]2 z_ aZ + 1 + [y2+28 . 1] ,

or, with 82 = a? — p(1 + ¢)™* and M = o(1 + ¢)7,

[Y(@)] = B+ (wy)y™.
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If y(x) is continuous in [a, @ + 6], ¥'(x) necessarily remains positive.
Hence

a4t -
Sol/,82 + (M)TE gy(a) VB L (M) = ( a),

where b = a 4+ 6, and this reduces to

(b N a) = B—GIHEX:V 1 —I—df?\,t)‘ﬁ-zs °

Since the integral exists, this provides a bound for the right end
point of the interval of continuity. In view of the fact that 5% =
o — o(1 + &), it is also obvious that (b — @) can be made arbitrarily
small by a sufficiently large choice of @ = ¥'(a). This completes the
proof.
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