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CAUCHY SEQUENCES IN MOORE SPACES

KENNETH E. WHIPPLE

In this paper the concept of a Cauchy sequence is extended
te Moore spaces., This concept is then used to characterize
those Moore spaces which are completable (i.e., topologically
equivalent to a subspace of a complete Moore space). The
definition for Cauchy sequence given here is shown to be a
generalization of the usual definition for Cauchy sequence in
a metric space, Also considered are certain questions con-
cerning completability of a Moore space having a dense com-
pletable subspace.

It is well known that every metric space is a subspace of a com-
plete metric space. In [6] Mary Ellen Rudin proved the existence of
Moore spaces that are not subspaces of complete Moore spaces. In
[1] O. H. Alzoobaee gave a sufficient condition that a Moore space be
a subspace of a complete Moore space, but it was not stated and it
appears to be unknown whether this condition is necessary. The re-
sults of the present paper were obtained independently of Alzoobaee’s
paper.

Let S be a topological space and let G be a monotonically de-
creasing sequence of open coverings of S. The statement that G is
a development for S means that if D is an open set containing the
point z, then there exists a positive integer % such that if Re G,
xe R then Rc D. A topological (T.) space S having a development
is called a Moore space. The statement that G is a strong develop-
ment for S means that if D is an open set containing the point =,
then there exists a positive integer = such that if Re G, and xe R
then Rc D.

If G is a development for the Moore space S and if H is a mono-
tonically decreasing sequence of open coverings of S such that H, is
a refinement of G, for each %, then H is said to be a refinement of
G. A refinement of a development is a development, and a refinement
of a strong development is a strong development. Furthermore, every
development has a refinement that is a strong development.

The statement that a development G for S is complete means that
if T is a monotonically decreasing sequence of closed point sets such
that 7, is contained in an element of G, for each 7, then there is
a point z such that xe T, for each n. A Moore space is said to be
complete if it has a complete development. In [6, Th. 3, p. 322],
M. E. Rudin proved that a topological (T}) space satisfies R. L. Moore’s
Axiom 1 [3] if and only if it has a complete development as defined

191



192 KENNETH E. WHIPPLE

here. Every refinement of a complete development is a complete de-
velopment,

Every metric space is a Moore space, but the converse is not
true. In [4], R. L. Moore gave a necessary and sufficient condition
for a Moore space to be metrizable, This condition is restated in
Section 3 of this paper. In [5], J. H. Roberts proved that a metri-
zable space S is a complete Moore space if and only if S is a com-
plete metric space with respect to some metric d for S.

Let M be a subspace of the Moore space S, let G be a develop-
ment for S, and let H be the sequence such that H, = {R-M: Rec G,}.
Then H is a development for M and is called the development for M
relative to G. If G is a strong development for S, then H is a strong
development for M.

2. The Cauchy-sequential separation property. A point sequence
p is said to be a Cauchy sequence with respect to a strong development
G (or simply Cauchy sequence (G)) if, for each positive integer n, some
element of G, contains a final segment of p.

If G is a strong development, then every convergent sequence is
a Cauchy sequence with respect to G. Furthermore, if a Cauchy
sequence with respeect to G has a convergent subsequence, then the
sequence converges. Using these facts, the following theorem can be
verified.

THEOREM 1. A strong development G is complete tf and only if
every Cauchy sequence with respect to G converges.

Let G be a strong development for S, and let D be an open set
in S. Then p is said to be an interior sequence with respect to G
of D (or simply interior sequence (G) of D) if p is a Cauchy sequence with
respect to G and for some positive integer n every element of G, that
contains a final segment of p is a subset of D. A development G is
said to have the Cauchy-sequential separation property if G is a
strong development having the property that if p is an interior sequence
of an open set D, then for each positive integer n there is an element
R of G, such that p is an interior sequence of R and every Cauchy
sequence having a final segment in R is an interior sequence of D.
(The phrase “with respect to G” is omitted whenever there has been
only one development mentioned.)

It follows that if p is a point sequence converging to a point «
and if D is an open set, then xze D if and only if p is an interior
sequence of D. Furthermore, suppose H is a refinement of a strong
development G, p is a Cauchy sequence (H), and D is an open set.
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Then p is a Cauchy sequence (G), and if p is an interior sequence
(G) of D, then p is an interior sequence (H) of D.

THEOREM 2. Suppose M ts a subset of the Moore space S, G s
a strong development for S, H is the development for M relative to
G, and p 1s a sequence of points in M. Then (1) p is a Cauchy
sequence (G) tf and only tf p is a Cauchy sequence (H); (2) if p is
an tntertor sequence (G) of an open set D in S, then p is an tn-
terior sequence (H) of D-M; and (3) ©f » ts an interior sequence
(H) of an open set R in M and if R’ is the maximal open set in
S such that R'-M = R, then p is an interior sequence (G) of R’.

THEOREM 3. If M s a subspace of a complete Moore space S
and H is a development for M, then there exists a refinement K of
H having the Cauchy-sequential separation property.

Proof. Let G be a strong, complete development for S, let E be
the development for M relative to G, and let F' be a common refine-
ment of H and E. Then F' is a strong development for M., Let K
be the sequence such that K, = F, and such that for each positive
integer m, K,,, consists of those elements R of F,,, for which there
are an open set U in S and an element D of K, such that R U and
U-Mc D (where R denotes the closure of R in S). Then K is a
refinement of F'.

Suppose that p is an interior sequence (K) of an open set T in M
and 7 is a positive integer. Then p is a Cauchy sequence (G); hence p
converges to a point 2 in S. There exists an integer m > n such that
each element of K, containing a final segment of p is a subset of 7.
Let R be an element of K,,, that contains a final segment of p.
There exist an open set U, in S and an element R, of K, ., such that
RcU, and U,-Mc R,. Then p is an interior sequence (K) of R,.

Suppose that ¢ is a Cauchy sequence (K) having a final segment
in R,. Then ¢ converges to a point % in S, There exists an open
set U, in S and an element R, of K, such that R, C U, and U,-M C R,.
Then y € U,; hence ¢ is an interior sequence (K) of R,; and hence ¢ is
an interior sequence (K) of T.

Suppose that G is strong development for a Moore space S. The
statement that the Cauchy sequences p and ¢ are equivalent (denoted
p ~ q) means that p is an interior sequence of an open set D if and
only if ¢ is an interior sequence of D. This relation is an equivalence
relation. Furthermore, if p and ¢ are Cauchy sequences such that for
each positive integer 7 some element of G, has both p and ¢ as interior
sequences, then p ~ q.
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THEOREM 4. If S is a Moore space having a development G with
the Cauchy-sequential separation property, then there exists a com-
plete Moore space S’ such that S s topologically equivalent to a
dense subset of S’. Such a space S’ is called a completion of S,
and S s said to be completable.

Proof. For each Cauchy sequence p, let p’ denote the collection
of all Cauchy sequences that are equivalent to p. For each point
in S, let & denote the sequence each term of which is . Let S’ =
{p':p is a Cauchy sequence (G)}, and for each open set D in S, let
D’ = {p": p is an interior sequence of D}. The collection B’ = {D": D
is an open set in S} forms a T) basis for S'.

If D is an open set and p is a Cauchy sequence, then p’' € D’ if
and only if there exists a Cauchy sequence ¢ such that p ~ ¢ and D
contains a final segment of ¢. To establish this, suppose p ~ ¢ and
D contains a final segment of ¢q. If R’ is an element of B’ containing
p’, then ¢,€ R-D for some m; hence ¢,€ R’-D’. Now, suppose that
p'eD’. Let R,=S and for each positive integer =, let R, be an
element of G, such that p is an interior sequence of R, and every
Cauchy sequence having a final segment in R, is an interior sequence
of R, ;. Let g be a sequence such that ¢,€ R,-D for each n. Then
D contains a final segment of ¢, and p ~ q.

Hence, it follows that the sequence G’ such that G, = {R’: Re G,}
is a development for S’. Moreover, G’ is a complete development, as
will now be proved.

Let T’ be a monotonically decreasing sequence of closed sets in
S’ such that for each m there exists an element R, of G/ that con-
tains T,. For each positive integer n let p(n) € T,. Then p(n) is an
interior sequence of FK; for each positive integer % < n. Let ¢ be a
sequence such that, for each n,q, is a point of p(n) belonging to
R,-R,- --- -R,. Then ¢ is a sequential limit point of the sequence
{p(1), p(2), ---}; thus ¢’ T} for all <.

The transformation F' from S into S’ such that F(z) =4’ is a
topological transformation from S onto a dense subset of S'.

3. Metric Spaces. Suppose G is a development for S. The
statement that G satisfies Axiom C means that if x is a point of an
open set D then there is a positive integer % such that every two
link chain of G, that contains xz is a subset of D. If G satisfies
Axion C, then G is strong. In [4] R. L. Moore proved that a topo-
logical space is metrizable if and only if it has a development which
satisfies Axiom C.

While it is true that every metrizable Moore space is completable
and every space having a development satisfying Axiom C is metrizable,
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it is not true that every Axiom C development has the Cauchy-sequential
separation property.

THEOREM 5. There ewxists a space S having a development G
such that G does nmot have the Cauchy-sequential separation property,
but G does have the property that for each positive integer n, every
two link chain of G,., 18 contained in an element of G,.

Proof. Let S be the subspace of E* consisting of the points (z, y)
such that © > 0 and y/x is a positive integer. Let G be the sequence
such that G, consists of all point sets of the following types:

(1) {(t, mt):a < t < b} where m is a positive integer, 0 < a < b,
and b —a < 277"

(2) {(=,9):0<a<r and y/vec N} where 0 < » < 2™ and N is
a finite set of positive integers.

Then G is a strong development, and every two link chain of
G,., is contained in an element of G,. But G does not have the
Cauchy-sequential separation property since the Cauchy sequence p
such that p, = (27",27") is not an interior sequence of any element
of G,.

A development G for S is said to have property U if, for each
positive integer m, there is an integer = > m such that if DeG,
there is an element V of G,, such that every element of G, that in-
tersects D is contained in V,

THEOREM 6. If G is a development for S having property U,
then G satisfies Axiom C and has the Cauchy-sequential separation
property.

Proof. Clearly G satisfies Axiom C. That G has the Cauchy-
sequential separation property follows from the fact that if U and V
are open sets such that for some integer » every element of G, that
intersects V is a subset of U, then every Cauchy sequence having a
final segment in V is an interior sequence of U.

THEOREM 7. If d is a metric defined on S, then the following
statements are true.

(1) There exist sequences u and v of positive numbers con-
verging to 0 and a monotonically decreasing sequence G of open
coverings of S such that tf Re G, then diam (R) < u, and +f H is
a point set such that diam (H) < v, then H 1is contained in some
element of G,.
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(2) Ewvery such sequence G is a development for S having pro-
perty U.

Proof of (1). Let u,v, and G be the sequences that, for each =,
U, = 1/n,v, =1/3n, and G, = {R(y):ye S and 0 < r < 1/2n} where
R(y) = {weS:d(x, y) <}

Proof of (2). Clearly, G is a development for S. Suppose m is
a positive integer. Let m be an integer greater than m such that
u, < v,/4. Suppose ReG,. Let ye R and let H = {x: d(y,2) < v,/2}.
Then diam (H) < v,; hence H is contained in some element of G,.
But every element of G, that intersects R is a subset of H. Hence,
G has property U.

Let G be a sequence as in Theorem 7. Then a point sequence p
is a Cauchy sequence with respect to G if and only if for each posi-
tive number ¢ there is a positive integer n such that d(p;, p;) < ¢ for
all integers ¢ and j greater than n. Hence if p and ¢ are Cauchy
sequences, the real number sequence » such that », = d(p,, q,) con-
verges. Let &(p, q) denote this limit, Then p ~ ¢ if and only if
3(1), qg)=0. If p is an interior sequence of an open set D, there
exists a positive number ¢ such that every Cauchy sequence ¢ for
which J(p, q) < ¢ is an interior sequence of D. Furthermore, if p is
a Cauchy sequence and ¢ is a positive number, there exists an open
set R having 9 as an interior sequence such that if ¢ is an interior
sequence of R then 3(10, q) < ¢. In other words, the usual completion
of a metric space is the same as the completion that is obtained by
the methods of Theorem 4 whenever G is a development having the
properties of Theorem 7 with respect to the given metric.

4. Dense subspaces. Suppose M is a dense subspace of S, G is
a strong development for S, and H is the development for M relative
to G. If G has the Cauchy-sequential separation property then so
does H (Theorem 8), but the converse is not true (Theorem 9). How-
ever, if H has the Cauchy-sequential separation property, there does
exist a development H’ for S having this property (Theorem 10). It
is not true, however, that if M is completable (or even complete)
then S is completable (Theorem 11),

THEOREM 8. If M 1is a subspace of the Moore space S and if G
1s a development for S having the Cauchy-sequential separation pro-
perty, then the development for M relative to G has the Cauchy-
sequential separation property.
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Proof. This is a direct consequence of Theorem 2.

THEOREM 9. There exist a space S, a dense subset M of S, and
a development G for S such that G does not have the Cauchy-sequential
separation property, but the development for M vrelative to G has the
Cauchy-sequential separation property.

Proof. Let S be the subspace of E® consisting of the points
(x, y) for which 2 = 0 and ¥ = 0, and let G be the development such
that G, consist of the following types of point sets:

(1) {(z,9):2=0,y=0, and (v — a)*+ (y — b)* < »*} where a = 0,
b=0, and 0 < r < 1/m;

(2) {(x,y):x>¢t and 0 <y < 1/t}+ {(x,0):m —1/4 <z < m+
1/2 for each integer m >t -+ 1/4} where t = n;

(38) {(z,y):x>¢t and 0 <y <1/} +{(=,0):m — 12 < x<m+
1/4 for each integer m >t + 1/2} where ¢t = n.

Then G does not have the Cauchy-sequential separation property,
since the sequence p such that p, = (n, 0) is a Cauchy sequence (G)
but is not an interior sequence of any element of G,. However, the
set M = {(z,y):x >0 and y > 0} is dense in S, and the development
for M relative to G has the Cauchy-sequential separation property.

THEOREM 10. Suppose G is a development for a space S, M 1is
a dense subset of S, H is the development for M relative to G, and
H has the Cauchy-sequential separation property. Then there is
a strong development H' for S having the Cauchy-sequential separa-
tion property. Furthermore, H is the development for M relative
to H', and G is a refinement of H',

Proof. For each open set D in M, let D’ denote the maximal
open set in S such that D'-M = D. Let H’' be the sequence such
that H, ={R’: Re H,}. Then H’ is a strong development for S, and
H is the development for M relative to H'.

That H’' has the Cauchy-sequential separation property follows
once it is shown that if K is an open set in S containing a final
segment of the Cauchy sequence p with respect to H’' then there is
a Cauchy sequence ¢ (with respect to H and to H’) of points in M-K
such that p ~ q. To this end, let R, be an element of H! containing
a final segment of p for each %, and let ¢ be a sequence such that ¢, €
M-K-R/- --+- -R]. Then each R, contains final segments of p and gq.
If p or ¢ is an interior sequence (H’) of an open set D in S, then D
contains final segments of both p and g¢.

Suppose p is an interior sequence (H’) of an open set D in S.
There exists a positive integer m such that every element of H,
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containing a final segment of p is contained in D. Now ¢ is an in-
terior sequence (H) of some element U of H,; hence U’ is an ele-
ment of H) that contains a final segment of p; hence U’C D, and q
is an interior sequence (H') of D,

Suppose ¢ is an interior sequence (H’) of an open set E in S.
There exists an open set U in M such that ¢ is an interior sequence
(H) of U, and U’'C E. There is an open set V in M such that ¢ is
an interior sequence (H) of V and every Cauchy sequence (H) of
points in M having a final segment in V is an interior sequence (H)
of U. Then V’ contains a final segment of p. Assume that p is
not an interior sequence (H’) of U’. For each positive integer n,
let W, be an element of H, containing a final segment of p that is
not contained in U’. Let r be a sequence such that

P€ M-V W W e WL,

Then r is an interior sequence (H) of U; hence there is an integer k
such that W,c U. This implies that W, U’ which is a contradiction.
Thus p in an interior sequence of K.

In [2], B. Fitzpatrick proved that every completable Moore space
contains a dense metrizable subspace. In conversation with this author
he raised several questions concerning dense subspaces of noncompletable
spaces some of which are settled by the following example due to M. E.
Rudin.

THEOREM 11. There exists a moncompletable Moore space S such
that (1) S contains a complete metric subspace that is dense in S,
@) S s locally metrizable (and therefore, locally completable), and
(8) every subspace of S contains a dense metric subspace.

Proof. Let U= {3,exy4™: N is a finite set of positive integers}
and let V=U — U (with respect to the topology of E'). Let M =
Ux0and let =V x I(0,1). Let B be a maximal collection of
number sequences such that (1) if de B then d; € V-I(4~*1, 47%) for
each 7, and (2) if ¢ and d are distinct elements of B then there is
a positive integer % such that ¢; = d; for all integers 7 = .

Let S be the space having point to be an element of M, F', or B
and having a basis consisting of all point sets of the following types:

(1) {(z,y)eM + F:(x —a)+ y* < r’} where ac U and r > 0;

(2) {zy):u<y<ovl where 0<u<v<1landzeV;

(3) ¢+ {e; x I(0,1): e =m,m + 1, ---}* where cec B and m is a
positive integer. (If @ is a collection of point sets, then Q* denotes
the union of all elements of Q.)
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M. E. Rugin proved that S is not a subspace of a complete Moore
space |6, Th. 8, p. 324].

The subspace F' is a complete metric space that is demse in S.
Furthermore, M + F' is a metrizable open set and B is a closed and
isolated point set, hence S is locally metrizable.

- Suppose T is a subspace of S. Let B’ be the set of all points of
T.B that are not limit points of T-(M + F'). Then B’ + T-(M + F)
is a metrizable dense subspace of 7. Thus, every subspace of S con-
tains a dense metric subspace.
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