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RESTRICTED BIPARTITE PARTITIONS

L. CARLITZ AND D. P. ROSELLE

Let nx(n, m) denote the number of partitions
N="N+ N+ - + M
m=m;+ mg;+ - + my
subject to the conditions
min(n;, m;) = max(Wie, Mmis)  (G=1,2,--+, k—1).
Put

n 0

§P(m, y) = >, mln, mary™.

We show that

k 1 — gi—iy2i-1
(&) =

a(m, m; Dury™ =1+ (1 —2) S 2%z, 9)
0 k=1

n

iMs s

¢(n, m) xnym —_ Z xnyng(n)(xz, yz) ,
n=0

n 4

where 7(n, m; 1) denotes the number of ‘‘weighted’’ partitions
of (n, m) and ¢(n,m) is the number of partitions into odd
parts (n;, m; all odd).

Consider partitions of the bipartite (n, m) of the type

wL1) M=y + N+ Mg+ *+
m=m,+ my+ mg+ -+,
where the n,, m; are nonnegative integers subject to the conditions
(1.2) min(n;, m;) = max(N;,, M;) (7=1,2,8,---).
For brevity we may write (1.2) in the form

(n.i’ mj) = (nj-i-lv my'-)—l) (j - 1’ 2; 3y o ')

and say that the “parts” of the partition (1.1) decrease.

Let n(n, m) denote the number of partitions (1.1) that satisfy
(1.2) and let p(n, m) denote the numbers of partitions (1.1) that
satisfy

(1'3) (njr mj) > (nj+19 mj—l—l) (j:—l, 2, 3) M ') .

By the inequality (1.3) is understood
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min(n;, m;) > max(n;,, M;,,) 71=1238,..°).

The generating functions for m(n, m) and o(n, m) are given by [2]

(1.4) I (1 — 2%99) (L — @i~y (L — ai=yi)

1— 1— x2j+1y2j+1
1’5 =y n(n+1)/2 - - ,
e ><1 y)Z( v) I—Ila o) (L—a ") (L— g™
respectively,

For the case of unipartite (natural) numbers generating functions
are known for partitions with parts restricted in various ways [3].
The notion of a part of the partition (1.1) implied by the conditions
(1.2) suggests that these results can be extended to bipartite numbers,
For example, we may think of p(n, m) as the number of partitions of
(n, m) with unequal parts. We shall find generating functions for
bipartite partitions with at most k& parts, weighted parts, and odd
parts.

2. Partitions with at most k parts. We consider partitions of
the type

n="n, +n R
@.1) 1+ N+ + Ny
m=m; + My + -+ +my,
where the n;, m; are nonnegative integers subject to the conditions

(2-2) (njy mj) = (nj+1y mj+1) (j = 1» 25 tt Y k— 1) .

Let 7,(n, m) denote the number of partitions (2.1) subject to the
conditions (2.2) and let w,(n, m|a, b) denote the numbers of these
partitions that also satisfy

(2.3) (@, b) = (ny, m,) .

Note that m(n, m) defined in §1 satisfies

(2.4) w(n, m) = lim 7, (n, m) .
k=co

We define the rational function &% of x and y by the recurrence

min{a,b)

(2.5) o = o = ey (k=)
If we put
(2.6) é(k) — Egto)o ,

then in the limit (2.5) becomes
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2.7) §W = Xayes™ (kz1).
r s=0

It is clear from (2.5) that &% is the generating function for
w(n, m|a,b). Thus it follows from (2.6) that &* is the generating
function for 7w,(n, m). Explicitly, we have

(2.8) &= 3 mn,m|a, by

(2.9) g0 = 3 m(n, myary”

n, 0

We define the generating functions

(2.10) Fi(u, v) = Z wEgY
(2.11) u) j— Z unE(k 1)
so that
(2.12) Fi(z,y) = &9 .

Using (2.10), (2.11) and
(2.13) W =&  (r=min(a, D)),
we get

Fiu, v) = Swoet™ + Swveh™ — Surgs
>

r=s s=r

:<1iu i 1_1_v —1>Fk(uv).

It follows that

_ 1—uv
(2.14) F.(u, v) = T_wid—0 F(uv) .

On the other hand, using (2.5), (2.11), and (2.13), we get

ﬂw:§ P

( xy@“ﬂ+2uyx®k“—§mwm%wM)
=0

H

1
- 1 Fc— ’
1= 1 — ) i (TYU)

which implies
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_ 1 — ayu?
(2.15) Fi(u) = Y Y —" Fo_(xyu) (k=1),

It follows from (2.5), (2.11), and (2.15) that

1 k—2 1 — x2j+1y2j+1u2
2.16) F(u) = —,
( ) «(®) 1—wu = 1 — 2y Hu) 1 — 7y 'u) 1 — 27 yiu)

Thus, using (2.12) and (2.14), we have evidently proved
THEOREM 1. If &® 4s defined by (2.9) then

1 — xzj—1yzj—1
2.17 w = . "y .
& T AT e o)

We may now write (1.5) in the form

(2.18) S @) L — ) (w, 0)

which is analogous to the well-known identity

(2.19) M@ +29= Saevr I — o).
n=1 n j=1

=1
3. A g-identity. If we put

(301) E = S(N) ’ ab — 4(1?) ’

then it follows from (2.4) and (2.9) that & is the generating function
for m(n, m). Moreover, it is clear from (2.14) and (2.16) that

& e 1 — wuv
(3.2) Flu,0) = 5w, = s Fuo)

33  Fu)= S ut.
= e(u, xy) e(wu, zy) e(yu, vy) 11 (1 — a2+l |
j=0
where

(3.4 o) = o6, 0) = [LA — oty =T -,
@e=1—QU—q)-L—0).

We define the polynomial

(3.5) Hy(@) = Hys, ) = 3 1],
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where
[n] — (9.
DA @Dar
It has been shown [1] that

(@) e(wyt?)
Using (3.3), (3.4), and (3.6), we then have

(3.6) 2‘ H(@)H(1) o _ _e(t) e(xt) e(wt) eeyt)

St = SHWELG) 5 gy 20

Comparing coefficients of u", we get

1 2 n
3.7 o == —_— n—k Mo Ml .
o0 : (@Y)n I [/ﬂ]x Y Hi(w) Hi(y)

Note that xy = ¢ in the right member of (3.7).
It is clear from (8.7) that

(3.8) P2, y) = (@Y)aban
is a polynomial in %, y with integral coefficients which satisfies
P.(z, y) = Py, ),

P, 0)= L=

mnp,(m, %) =@ +a+ 1),

)

Also it follows from (2,15) that P,(x, y) satisfies the recurrence

89 P—QQ+4+z+y)Pi+[n—11(+y+ xy+ "y )P,
—ay[ln —1][n - 2]P,_, =0,

where [j] = 1 — afy?,

4. Weighted partitions. We define x(n, m;\), the number of
weighted partitions of the bipartite (n, m), by the relation

4.1) 7(n, m; \) = gv 1,

where the inner sum is extended over all partitions of the form (2.1)
subject to the conditions (2.2) and the additional condition max(n,, m,)>
0; that is, over all partitions with exactly k& parts. It follows from
the definition of m,(n, m) that we may write (4.1) in the form
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(4.2) T(n, m:\) = g{) NI, M) — Tys(m, m)) .

It should be remarked that the sum in (4.2) is finite, the upper bound
for k& being max(n, m).

Multiplying both members of (4.2) by z"y™ and summing over =,
m it follows from (2.9) and (2.17) that we have established

THEOREM 2. We have

(43) S, my ey = 14+ (L= SNV, 0)

n 0

Note that (4.8) is a direct analogue of the well-known identity

(4.4) T — ) = %xx zz; 1 — @iy,

We remark that (4.3) may be proved in a different manner, If
we put

min(e,b)
(4'5) Eab(k) = l + A rsZ:O xrysgrs ]
where the prime denotes that we sum over all », s in the indicated
range except r = s = 0, then it follows from (4.1) that

(4.6) E(N) = fwn(N)

is the generating function for w(n, m; \). We may then evaluate &(\)
by the methods of §2.

5. Partitions into odd parts. We shall say that the j-th part
of the partition (1.1) is odd if each of n;, m; is odd.

Let +(n, m) denote the number of partitions of the form (1.1)
with parts odd and subject to the conditions (1.2). Let 4(n, m|a, b)
denote the number of these partitions that satisfy the additional
condition

(5.1) 2a+ 1,26+ 1) = (n,, my) .
We define the rational function By, of z, y by the relation
min(a b)
(5.2) Boarioprs = 1 + Z.o T T
so that
(5.3) B2r+1,2r+1 = 182a+1,2b+1 (’I" - min(a'y b)) .

If we put
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(5.4) B = Bew
then in the limit (5.2) becomes
(5.5) B=1+ r§0x27+1y23+1,327+1,23+1 .

It follows from (5.2) that

(5.6) Beatioprs = iow(%, m | a, ba"y™ .

Thus, using (5.5), we get
(6.7) B=_5. dm, muy” .

We define the generating functions

(5.8) Hu, 0) = 3 00 ssauns
(5.9) H(u) = nz=lou’n/82n+1,2n+l y
so that

(5.10) B =1+ xy H(*, v’ .

Using (5.8), (5.8) and (5.9), we have

B 1 —uw
(5.11) H(u, v) = A—wd_ H(uwv) .

The proof of (5.11) is exactly like that of (2.14).
On the other hand, it follows from (5.2), (5.3), and (5.9) that

Hw) = 3, m(l 3 m”“y““/aw,w)

ry8=0

1 x had
= T— -+ 1 yu Zoxwyhumu(r’s)Bzr+1,zs+1
— — 8=

_ 1 ay (1 L \\Hwr
B l—u+ 1—u\l—au * 1 — yu ) @y,

which implies

. 1 / 1— -’1?2?/2?1/2 2,2
(6.12) Hw) = 1—u \1 + (1 — 2*u) (1 — y*u) H('y %))'

Repeated applications of (5.12) yield



228 L. CARLITZ AND D. P. ROSELLE

(5.13) H(u) =
1 oo
1 —u a=0

1 — x4j+2y4j+2u2
1— wzf“y”“u) 1-— x21y2.1+2u) a-— x”“y”u) *

J=1
Thus, using (5.10), (5.11), and (2.17), we may state

THEOREM 3. If +(n, m) denotes the number of partitions of
(n, m) with odd parts, then

(5.1 S plm maryn = Samyea, o)

n,m=0

where ™ (x, y) ts defined by (2.17).

The fact that (2.18) and (5.14) are analogous to well-known
identities for unipartite numbers leads one to conjecture that o(n, m) =
J(n, m). There are, however, counterexamples to this conjecture,
For example, it is easily verified that

0, 4) = 6 # 4= y(5,4) .
It would be of interest to know whether generally

o(n, m) = 4(n, m) .
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