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TRIPLE SERIES EQUATIONS INVOLVING
LAGUERRE POLYNOMIALS

JOHN S. LOWNDES

In this paper it is shown that the problem of solving the
triple series equations of the first kind

(1) S4Al@+1l+n)lms)=0, O0sz<a,
(2) S AL@+p+wlise)=f@), a<z<b,

(3) S AL(@+1+n)Laex)=0, b<a<oo,
n=0
and the triple series equations of the second kind

(4) S BI@+p+nLlixw)=g@), 0=c<a,

(5) S BJla+1+mLisa)=0, a<a<b
n=0

(6) S Byl + B+ 0)Lala; 2) = k), b<z<oo,

n=0

where a + 8 >0, 0 < 8 <1, Lu(o; ) = Lg(x) is the Laguerre
polynomial and f(x), g(x) and k(x) are known functions, can
be reduced to that of solving a Fredholm integral equation
of the second kind. The analysis is formal and no attempt
is made to supply details of rigeur.

In a recent paper [1] the present author has solved the dual
series equations

(1) SCI@+B+mLxe) = f@), 0sz<d,

(8) 2ocnr(a+1+n)Ln(a;w):g(x), d< o< oo,

where a + 8 >0, 0 < B8 < 1. The triple series equations (1) to (6)
can be considered to be extensions of the equations (7) and (8). In
other papers [2], [3], [5], and in a book by Sneddon [4], the solution
of triple integral equations involving Bessel functions and triple series
equations involving functions orthogonal on a finite interval have been
considered and in every case the solution is expressed in terms of the
solution of one or two Fredholm integral equations.

2. In the course of the analysis we shall use the following results.
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The orthogonality relation for Laguerre polynomials is

(9) §:x“e“”Lm(a; o)L, (c; m)da = %{b—)am . a>—1,

where 4,,, is the Kronecker delta.
Using the results (5) and (20) given in [1] it is easily shown that

. e I’'(n + DM+ B + n) . .
(10)  S(r, ) = (rw) ,,Z:“o Tatitnr L, (a; x) L,(a; r)

11) N mgzn(ym CyTe muTdy

1
=————=8,(r,»),
{ra—-py™
where 8 <1, a + 8 > 0, n(y) =e'y**~* and ¢t = min (r, x).
If f(x) and f’(x) are continuous in e <2 <b and if 0<0o <1,
then the solutions of the Abel integral equations

12) s = | 0y,
and
(13) sy = | Ay,

are given by

_ sin(om) d (¥ f(x)
14 Fy = D LN SO _ar,
and

_ _sin(on) d (*  f(x)
(15) F = - SR LB _a,
respectively.

3. Equations of the first kind. In order to solve the triple
series equations of the first kind we set

1) S AL+ 1+mL(@e) =4, a<as<b,

and using the orthogonality relation (9) we find from equations (1),
(16) and (3)
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_ I+ . B
an 4, =2t S rees(r)L(a; r)dr, a> —1.

Substituting for A4, in equation (2) and interchanging the order
of summation and integration we have

(18) Sbe"gz';('r)S(r, x)dr = z*f(x) , a<x<b,

where S(r, x) is defined by equation (10).
Using the notation of equation (11) this can be written as

19) [‘epr)Sitr, s)dr + | esS.(r, ) = (L ~ B0 s @),
where a <z <b, a+8>0, B<I1.

Inverting the order of integration in equation (19) we find that
it becomes

| o)y = (@ - BFe @)
@ — o)

20
(20) _ Sa 1(y) dys e"g(r) dr
o (x — y)? (r —y)?
where
_ (* e7"é(r)
(21) o) = | A

When 0 < 8 < 1, equation (21) is an Abel integral equation and using
the results (13) and (15), we find

dy .

(22) 6—T¢(T) - _ sin (Bﬂ)igb( @(’y)

T dr Jr(y — r)*—?

Also, from the results (12) and (14), we see that equation (20) can be
written as

@) )o@ = Fu) - B "weuy, oas | =, f<gﬁ dr

fora+8>0, 0<B8 <1, a<y<b, where

_IA—-p8 d ' af(@
@ Fo = S e e

is a known function, and

(25) Uy, & = S dz

(y — x)~*a — &)° ~
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It is shown in [2] that

26 Wy, &)= —@=87 1,
(26) ¥, €) W= O — a7 <B<

and hence equation (23) becomes

@) o) = Fy) — ﬂf’;n_(i’;l)_ﬁgz (“y‘f?ﬂ n(é)dégi%dr.

Using equation (22) we can write

* e"g(r) __sin@Br) (* dr d " D)
Sa (r — &) dr - L (r — &) dr ST (y — r)—* dy
__ sin (B7) 1 b d(y)
(28) —— {(a 1 S 20—y
Y R A S ()
BS“ (r —&§)'s Sr (y — )= dy} ’

after an integration by parts.
Inverting the order of integration in the last term of equation
(28) and using the result given in [2]

v ar _ (y — a)
29 = , 0 1,
29) Bga (r =8y —r)*t  (y—E&a— §&° <A<
we get
(30) g Ped) g, - SIn(BT) S" ?(y) ﬁ

a (r — &)F (e — &) Ja(y — )y — a)?

Substituting for this expression in equation (27) we find that
@(y) is given by the equation

G o) = F@) - | 0@, 9)dz,  0<B<1, a<y<b,

where M(x, y) is the symmetric kernel

sin® (87) S“n(é)(a — O e
@ —a)(y — a7 (2 = Hy —9)

Equation (381) is a Fredholm integral equation which determines
@(y), #(r) is then obtained from equation (22) and the coefficients A,
which satisfy the equations (1), (2) and (3), when a + 8 >0, 0< 8 <1,
can be found from equation (17).

If we put a = 0 the triple series equations (1), (2) and (3) reduce
to the dual series equations considered in [1] and it is easily shown that
the above solution reduces to the solution obtained in that paper.

(32) Mz, y) =
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4. Equations of the second kind. To solve the triple series
equations (4), (5) and (6) we put
(33)  SBJ(@+1+mL(xe)=v), 0=z<a,
n=0
=), I<ar< oo,
and use the orthogonality relation (9) to find that equations (5) and
(33) give

__Irm+1 (fr ey VoL
60 B, = 2D ([ + Lo L mar

a>—1.

Substituting for B, in equations (4) and (6) and interchanging
the order of summation and integration we find

@) {[ %) + [mlerse, odr = o), 0=w<a,
= x*h(x) , b<a< oo,
where S(», z) is given by equation (10).
In the notation of equation (11) these equations may be written as

@6 [erns.r e + [erins.r, mar

+ [ eminnS.r, midr = (@ — BPrg(a)
where 0 <z < a,
@) (oS v + (oS, sar

+ oS, w)dr = {01 - Aan@),

where b <2 < oo, a+8>0, <1,
Inverting the order of integration in the above equations we have

69 | MO tw) [ ES arldy = (0 - @)Farate)

for 0 <2 < a, and

(39) SM— vy = (1 — B)fah(z) — g“—ﬂ”—awwdy
b (x — y)f 0 :

(@ —v)

_ bi(y_)_ NL ! '
go (x — y)* dygb r —y)° Vo(r)dr

where b < ¢ < oo,
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(40) (1) ) = |,

)ﬂ
(i) #.) = S( .

When 0 < 8 <1 we may use the results (12) to (15) and deal
with equations (38), (39) and (40) in a similar manner to that used
to obtain equations (22) and (27) and find that

(41) P.) = 6w — ww)|] LD ar,

(42) n()¥.y) = Hy) — (Si“ e, I oo = @ (§)de

sin (6m) _{ (by~ Lt Znieyde|" D gy

oy - b r — &)

(43) e ") (1/') ._Sin(—’eﬂ:)iSGMdy’ 0<1‘<a’
T dr ey — )

and

(44) e Ty(r) = — Ming@/)d_y s b<r <o,
™ rdr (y — )’

where G(y) and H(y) are the known functions

_Id—-p5 d (*_ ag)
) 6w) = T dyso(y_x)l_ﬁdx, 0<y<a,

and

_IA-p) A whe) g, .
wo  Hp=L0ZA L g, by <o,

From equation (41), using the result (43), it can be shown that
¥.(r) and +ry(7) are related by the equation
sin (Br) d_ S G(y)

T dr brny)y — 1)
. o t(r i3
¢ SnEm "o o9y g,

(e — r)—? r — ¢

dy

(47) ey (r) = —

where 0 < r < a.
By a similar method to that used to obtain equation (30) we can
show that

= ey (r) . sin(Bw) [~ (& — b’
(48) ) T ar = B ) — v
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Using this result and equation (41) it can be shown, after some
manipulation, that equation (42) can be written in the form

9 w@TW) + | T@)NE, v
_ Hy) — SnBT) (b= 87 e
v Z(y — by~ So y—g 9%
where N(z, y) is the symmetric kernel
50) N(z,v) = sin* (87) PUEG — NP L.y oo .
©0 N Y = w50 o . -85 o SYS

Equation (49) is a Fredholm integral equation of the second kind
which determines Z,(y), vr.(r) can then be found from equation (44)
and +(r) from equation (47). Finally, the coefficients B, which satisfy
the triple series equations of the second kind when a + 8 > 0,
0 < B <1, are given by equation (34).

If we let b — o in equations (4), (5) and (6) they reduce to the
dual series equations considered in [1] and the above solution can be
shown to agree with the solution obtained in that paper.
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