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AN ANALYSIS OF EQUALITY IN CERTAIN
MATRIX INEQUALITIES, 1

WiLLIAM R. GORDON AND MARVIN MARCUS

In this paper we are concerned with analyzing the cases
of equality in certain inequalities that relate the eigenvalues
and main diagonal elements of hermitian matrices.

Let E,. denote the 7" elementary symmetric function of
k variables (E, =1). If H=(h;;) is an n-square positive semi-

definite hermitian matrix with eigenvalues 7;< --- <7, and if
1<r=<k=n, then it is known that

1.1) Er(hu; Sty hkk) = Er(h, CTE) -

If > 1 and at least » of hy, -, hi are positive then (1.1)
can be equality if and only if there exists a permutation ¢ € S,
such that

(1.2) H = diag (row, =+, Tom) + Hos

where H,—; is (n — k)-square and + denotes direct sum, Of
course, if »r =k = n then (1.1) is the Hadamard determinant
theorem:

1.3) 1_1 hii=det(H) .

If some hi; = 0, then H is singular and (1.3) is equality. If
hii >0,17=1, - -+, n, then the condition (1.2) yields the well-known
criterion for equality in (1.3), namely H = diag (hii, - - -, hun)-

2. Results. Let f(x) = f(x,, ---, ;) be a function defined for all
nonnegative vectors x = 0 (i.e., ; 20,¢ =1, ---, k). We shall agsume
that f is symmetric: f(,q), **+, T,0) = f(&) for all o € S, the symmetric
group of degree k. Let C, denote the cone consisting of all x>0
with at least » positive components. The function f is said to be
strictly C,-concave if f is concave for x € C, and if for = and ¥ in C,
and 0 < 6 <1 the equality

2.1) flox + (1 — O)y) = 0f(x) + (1 — O)f(y)

holds then it follows that x ~ y, i.e., # is a positive multiple of y.
The usual definition of strict concavity requires that f be concave and
that (2.1) holds if and only if * = y. We say that f is C,-positive if:
fi) >0 if and only if zeC,. Also, f is strictly C,-monotone if
S+ u) > flx), veC,, u = 0, u % 0.

THEOREM 1. Let H = (h;;) be anm m-square positive semi-definite
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hermitian matrix with eigenvalues 0 < v, <+ <v,. Letl<r<k<mn.
Assume that f is symmetric, concave and nondecreasing in each vari-
able. Let h,,,,t =1, -+, k, be k main diagonal entries of H. Then

(2'2) f(hwlwly sty hmkwk) _2_ f(711 ] 7k) .

Assume in addition that f s strictly C.-monotone, strictly C.-concave
and C,-positive. If at least r of the h,,,t =1, -+, k, are positive
then equality holds in (2.2) if and only if for some peS,

(2.3) h"’t‘”t = Yo s t=1 -k,
and, in fact, in row and column @, H is 0 off the main diagonal,
t=1, -+, k.

The inequality (2.2) is found in [3].

Proof. To begin with we can assume that w,=¢¢t=1, ---, k,
and h, < --- < h,,. For, we can rearrange the main diagonal entries
with a permutation similarity without affecting the eigenvalues. A
trivial induction shows that for f strictly C,-concave, a’<C,, and
8, >0,t=1, ---,m, >,", 0, =1, then

(2.4) f@ 0,a‘) > ﬁ 6.f(a?)

and equality implies that a* ~ a%, s, t =1, ---, m. Now there exists
a unitary U such that U*diag (v, -+, v,)U = H and hence

(2.5) hit = 3wl i=1 e m.

Since the matrix U is unitary we know that the matrix S whose
(i, j) entry is |u;[% is doubly stochastic (d.s.). Thus (2.5) becomes

(2°6) (hm M hwn) = S('Yn Tty 7n) .

Let d = (hy, ++*y Buw)y ¥ = (7 -+, 7,), and for any n-tuple v let x[k]
denote the truncated vector (z,---, ;). If 6 €S, then 2°=(,;,** ) Tymy)-
By Birkhoff’s theorem [1] let

(2'7) S = Z CaPo

ceG
where G is a subset of S,, ¢, > 0, 0 €@G, P, is an n-square permutation

matrix corresponding to ¢ and 3.z ¢, = 1. From (2.6), (2.7) and (2.4)
we have

Al = £(S, erli1)

2.8)
2 ‘;Gcaf(/\/u[k]) *
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Consider a summand in (2.8) and choose f, €S, so that
a(¢,(1)) < +- - < o(pt,(k))
and hence
(2.9) Yotzgan = 00 = Yotzun
The symmetry of f implies that
JOrlk]) = f(reelk]) -
Now since o, (t) = t, t =1, -+-, k, we know that
(2.10) Vous(t) Z Vi s

t=1, .-+, k. Then since f is nondecreasing in each variable we have

(2.11) JOOLED = f(rs + 25 70)
and hence (2.8) becomes
(2°12) f(d[k] g f(’yn MR 7k) ’

the required inequality (2.2).

Suppose equality holds in (2.12). Since d[k]eC, we know that
S(d[k]) > 0 and hence f(v[k]) > 0. Thus v[k]eC,. We also know that
S(re[k]) = f(v[k]) and in view of (2.10) it follows that

(2.13) vorelk] = v[k] .
Setting ;' = v, e S, in (2.13) we have
(2.14) vkl = ([k])>e .

‘We must also have equality in (2.8) which because of the strict C,-
concavity implies that v’[k] ~ ¥’[k], 0, 6 in G. In other words,

7'kl = a7 (K]

for some fixed 7eG, a, >0 all eG. In view of (2.14)

k] = a,(7[k])
so that

dlk] = gacﬂ"[k]

= {;Gcoaa(ﬂk])’*

= c(v[k])5, ¢ > 0.
The equality in (2.12) implies that
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S@lk]) = f(r[k])
= ferlk]))
and thus

Se(r[kD*) = AOED*)

or

Sfler[k]) = fv[k)) -
Now v[k] e C, and hence by (2.1) ¢ = 1. Thus
(2.15) dlk] = (v[k])*= .
Since A, < -+« £ hy, (2.15) implies that

7!/:(1) é cee ’Y,,,(k) .

But v, £ -+ <7, and v.€S, and hence 7, , =7v,t=1, ---, k. In
other words,
(2'16) hi =, 1=1 k.

Now we agsert that (2.16) implies that the first & rows and columns
of H are 0 off the main diagonal. To see this we observe that if
e, = (0 +++, 0,y) and u,, ---, u, are orthonormal eigenvectors of H
corresponding to 7, ---, 7, respectively, then using the standard inner
product in the vector space of complex n-tuples,

h, = (Hen 61)

2.17 n
@10 = 3}l w) P,

Since v, = h,, we conclude from (2.17) that (e, u;) =0, if v; > 7.
Suppose v, =+ =7, <Y1 = *++ =7, Then (¢, u;)=0,7=r+1, --+, n,
and hence ¢, €{u,, ---, %,», the space spanned by u,, -+, u,. But then
He, = v,e, and we conclude that the first column (and row) of H is 0
off the main diagonal. Since 7v,, ---, v, are the eigenvalues of the
submatrix obtained from H by deleting row and column 1, an obvious
induction completes the proof.
Make the following choice for f:

(2.18) f(mu .o, xk) = E;/r(xf’ .o, x%)

where 0 < ¢<1. We assert that for » >1 or r=1,¢ <1, f is
strictly C,-concave. For 0 < 6 < 1 consider

fOz + 1 — 0)y) = EJ((0x, + 1 — 0)y)?y -++, (6% + (L — O)y)")
= E/" (0w + (L — O)yl, -+~ Oxf + (1 — O)yi)

= GE (@], -+, @) + 1 — OE(yly -+, yh)

= 0f(x) + 1 — 0)f(y) .

(2.19)
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In (2.19) we have used the monotonicity and C,-concavity of EY" [4],
r > 1, and the strict concavity of t4,t =0, for r =1. When ¢ <1
the first inequality in (2.19) is strict unless x =y. If ¢=1,r > 1,
then the second inequality is strict unless  ~ y. In either event if
(2.19) is equality then x ~ ¥ so that f is indeed strictly C,-concave.
Also, f is obviously strictly C,-monotone and C,-positive. We have

COROLLARY 1. Let H satisfy the hypotheses of Theorem 1 and
let 0<qg<1. Then

(2-20) Er(hilwly *t hz)kwk) g Er('\/f’ °t A//Z) .

If at least r of the h.,., are positive, t =1, -+, k, then equality holds
n (2.20) if and only if for some @S,

hmtmg:7¢(t)y t:1y"'ykr

and H is 0 off the main diagonal in row and column w,, t =1, ---, k.

We remark that if fewer than » of the 4,,,, are positive then
the left side of (2.20) is 0 and hence fewer than » of v, ---, v, are
positive. If » = k = n then (2.20) becomes

(2.21) 11 hy; = det H

the Hadamard determinant theorem. If H is nonsingular and equality
holds in (2.21) then Corollary 1 implies (since k;; > 0,5 =1, -+», m)
that H = diag (A, -+, h..). If H is singular and equality holds in
(2.21) then some %;; = 0 and H has a zero row and column.

As another example consider the function

f(x) = Er(xly c xk)/E'r—l(xlv ] xk)

for e C,. We assert that f is strictly C,-monotone, C-positive, and
strictly C,-concave. The C,-positivity is obvious and the strict C,-
concavity is a result in [4]. To verify the strict C,-monotonicity we
show that for zeC,
of .
. .__>0, :1,...,1(;._
(2.22) 53, J
This will suffice since we are only interested in showing that

fle + u) > f), zeC,, u =0, u=*0.
First observe that

(2.23) Er(x) = x.iEr—-l(ﬁj) + Er(ﬁj)

where E.(#;) indicates the »*™ elementary symmetric function of
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Xy vy By, Xjiyy v+ & Thus the sign of of/ox; is the same as the
sign of
(2.24) E, ()E,_(%;) — E()E, &) .
From (2.23) we see that (2.24) is equal to
(v,B, (%)) + E,_(@,)E, (&) — @,E, (&) + E(Z;)E,_(2;)
= B (%) — B, (%;)E, (%;) .
Now it is known [2] that
B (&) > E.(Z,)E, ()

since at least » — 1 of the components of Z; are positive. We can

now state

COROLLARY 2. Let H satisfy the hypotheses of Theorem 1 and
assume that at least r — 1 of v, -+-, 7, are positive. Then

Er(hwlwl! ] hmka)k) > ET(’YU M) 71:)

(2.25) > .
Er-—l(hwlwly tt Y hmkwk) - E ——1(’71! R 'Yk)

If at least v of v, -+, 7, are positive then the inequality (2.25)
is equality +f and only if for some pcS,

hwtwt = 707(!) ’ t = 1! tt Y k

and H is 0 off the main diagonal in row and column w, t =1, ---, k.

Proof. First observe that if p of v, ---, v, are positive then H
has at least n — k + p positive eigenvalues. Hence since H is positive
semi-definite we know that at most n — (n — k + p) = k — p of the
main diagonal elements can be 0. We conclude that any set of £k
main diagonal elements must contain at least p positive elements. It
follows that both sides of (2.25) are defined. Also, if »p = r we obtain
the stated conditions for equality by applying Theorem 1.

We can derive an immediate consequence of Theorem 1 by replac-
ing the matrix H by X*HX where X is any n-square unitary matrix.
The main diagonal entries of X*HX are (Hz;, %,),j7 =1, -++, n where
2; is the jth column of X.

COROLLARY 3. Let H and f be as in Theorem 1. Then for any
set of k orthonormal vectors x,, «--, x,,

(2'26) f((Ha'n xi)y M) (ka: xk)) = f(717 ] 7k) .

If at least r of the inner products (Hxj;, x,),j =1, -+, k, are positive



AN ANALYSIS OF EQUALITY IN CERTAIN MATRIX INEQUALITIES, I 413

then (2.26) is equality if and only if
(2.27) He; = Ypii%; J=1 -k,

for some oS, i.e., x, +-+, ¥, are an orthonormal set of eigenvectors:
corresponding to v, ---, v, 1n some order.

Proof. Let X be a unitary matrix whose first k& columns are
X, +o+, %. The result (2.26) follows from Theorem 1 applied to X*HX.
If equality holds and if » of the inner products (Hz,, ), «-+, (Hx;, x;)
are positive then X*HX is 0 off the main diagonal in row and column
Jyg=1, -+, k, and (X*HX);; = Yp;»J =1, -+, k, for an appropriate
@ €S, This completes the proof.
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