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UNIFORM CONVERGENCE FOR MULTIFUNCTIONS

R. E. SMITHSON

Let % be a collection of multivalued functions on a
topological space into uniform space. The topology of uniform
convergence is defined on % , and it is shown that for point
compact functions this topology is larger than the pointwise
topology. Some results are given on uniform convergence of
nets in % . It is also shown that if & consists of point com-
pact continuous functions on a compact space, then the compact
open topology and topology of uniform convergence are the
same. Finally the following Ascoli theorem for multifunc-
tions is obtained. Theorem: Let % be the set of point
compact, continuous multifunctions on a compact regular space
into a T.-uniform space. Then ¥ & is compact if and only
if (i) & is closed in &, (ii) & [#] has compact closure for
each x and (iii) & is equicontinuous.

1. Introduction. In [2] the topology of pointwise convergence
and the compact open topologies were defined for sets of multivalued
functions. Basic properties of these topologies (such as separation
axioms, etc.) were studied and some characterizations of compact sets
were obtained. The purpose of the present paper is to continue the
development of the basic topologies to topologies generated by uni-
formities, and hence, to a discussion of uniform convergence.

Thus let (X, .77) be a topological space, and let (Y, 7°) be a uni-
form space. Let & be a family of multivalued functions on X into
Y. We construct a uniformity for & as follows. If Ve?, define
W(V) by: W(V) ={(F,G e x |forall xeX, (y,Gx) NV ¢
for all ye F(x), and (F(z), y) N V = ¢ for all y’ e G(x)}.

The cumbersomeness of this definition is a result of the fact that
F(z) and G(x) are subsets of Y rather than points. Note, that if F
and G are singlevalued functions, then W(V) = {(F, @) |(F(z), G(x)) €
V}. We could have used the set {(F, G)|F(x) x G(x)C V}, but then
we might not get many pairs in members of the uniformity. An-
other possibility is sets of the form {(F,G)|F(x) x G(x) NV # ¢}.
This could give a reasonable definition, but this condition is some-
what weaker than the one chosen, and in some cases allows too many
pairs (F, G) in the set. Now we let W be the uniformity generated
by the collection of all such sets W(V). The topology generated by
W is called the topology of uniform convergence (we sometimes
abbreviate this to the u.c. topology or simply u.c.) and we obtain

the following relationship between this topology and the topology of
pointwise convergence defined in [2].
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DEFINITION. A multifunction F: X— Y on a topological space
X into a topological space Y is called point compact if and only if
F(x) is compact for each ze X.

If (Y, 7") is a uniform space, we shall assume that Y has the
topology generated by the uniformity 7°. (See Kelley [1] for notation
and definitions.) Further, if A C X, then A* and A° denote the closure
and interior of A respectively. Finally, in this paper the terms
function and multifunction will be synonymous.

LemMMA 1. If each member of & 1is point compact, then the
topology of uniform convergence 1is larger than the topology of point-
wise convergence.

Proof. From [2] we have that the pointwise topology is gener-
ated by sets of the form {Fe & |F(x)c U} or {Fe & |F(x) N U # ¢}
where z € X and U is an open subset of Y. Thus let &7 = {Fe & |F(2) C
U}, and let He . We shall show that there is a Ve?" such
that W(V)[H]c <. Since H(x) is compact and U is open, there
exists a member Ve 7" such that V[H{z)]c U [1; pg. 199, Th. 33].
Now suppose that Ge W(V)[H]; then (H,G)e W(V) and hence,
if ¥ e G(x), then (H(x), )N V # ¢. Therefore there is a yec H(x)
such that (y,y)e V. Thus y' e V]yl]c V[H(x)]c U. That is, G{») C
U, and so W(V)[H]c U. Now suppose that < = {F|F(x) N U # ¢},
and let He 7. Then there exists y € H(x) N ¢ and there existsa Ve
7" such that Vlylc . If Ge W(V)[H], then (y, G(x)) N U # ¢. Thus
there is a ¥y €G(x) such that (y,¥)e V and hence, y' e V[y]C 2.
That is, G{x) N U # ¢ and W(V)[H] C ¢7. These two results show that
the topology of uniform convergence is larger than the topology of
pointwise convergence.

We can now use this result to get the following.

THEOREM 2. Let & be the set of point compact multifunctions on
X into Y. Then a net {F,, a«c D} converges uniformly to Fe 7 1if
and only if {F,, ac D} is a Cauchy net, relative to 2/, and converges
pointwise to F.

Proof. That uniform convergence implies pointwise convergence
follows from Lemma 1, and if a net converges uniformly, it is a
Cauchy net with respect to 27 .

Now suppose that {F,, « ¢ D} is a Cauchy net with respect to 77~
and suppose F, — F' pointwise.

Now let W(V)e”, Ve?. We need to show that there is
a BeD such that F,e W(V)[F] for all « > . Let V' and V, be
closed symmetric members of 7 such that Ve V'c V,C V.
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Since {F,, a € D} is Cauchy, there exists a g such that (F,, F,) e
w(V’) for all a, v > .

Now let xe X, and let ' ¢ F(x). If V,e7", then there exists g’
such that v > g implies that F,() N V,[y'] # ¢. Thus there is a
net {y,, ve D'}, y, € F,(x) such that y, —%'. Now if « > 8 and v >
max (8, B) then, (F.(x),y,) N V'« ¢. Thus there is a net (¥.,, ¥;) €
V',ve D in Fy(x). Now if {y,,|ve D'} = A is finite there is a 7, and a
D/, a cofinal subset of I’ such that (y., ¥,) € V', veD,. Otherwise
AcC F,(x) is infinite and since F,(x) is compact A has a limit point
Yy, € F(x). Then in either case there is a ¥, € F,(x), such that (y,, ¥') €
V’. We have shown that (Fl(x),¥) NV’ % ¢ for all xe€ X, where
y' € F(x), and for all @ > .

The next step is to show that (y, F(x)) N V' == ¢ for all z, and
all « > B where ye F,(x). For this let xe€ X and V,e 7" with V,
symmetric. Then there exists a g’ such that F,(x) C V,[F(»)] for v >
B'. Thus there is a net (y, y.) with vy, ¢ F,(x) and y, € F(x), ve D'.

Now fory e F (x), (y, F,(x)) N V' +# ¢ fora, v > B and all x. Hence,
for all xe X, (y, y,) € V'oV’ where y, € F(x). If y, is a limit point of
{y,, ye D'} in F(x), then since V| is closed (¥, y,)e V.,C V and so (y,
F)NV==g¢ for all xe X, ye F,(x), a > S.

These two together imply that (#,, F)e W(V) for a« > g8 and so
{F,, « € D} converges uniformly to F.

DEFINITIONS. Let F: X — Y be a multifunction on a topological
space X into a topological space Y.

(1) The function F' is upper semi-continuous (u.s.c.) if and only if
whenever F(x) C V, an open subset of Y, there is anopenset U X
such that xe U and F(U)C V.

(2) The function F' is lower semi-continuous (l.s.c.) if and only if
whenever F(x) N V % ¢, V open, there is an open set U, such that
xe U and F(x') NV # ¢ for all ' ¢ U.

(3) The function F' is continuous if and only if it is both u.s.c.
and l.s.c.

THEOREM 3. Suppose the net {F,, a e D} converges uniformly to F.
If each F, is u.s.c. (l.s.c., continuous) and if F is point compact,
then F is u.s.c. (l.s.c., continuous).

Proof. Let xe X and F(x) =S, an open subset of Y. Let Ve
7" such that V[F@)]cS, and V'eZ7 2 V'-V'CV and let geD be
such that F,e W(V')[F] for all « > 8. Now let « > g and then
F,(x) c V'[F(x)] (we may assume the F,(x) is contained in the interior
of V'[F(x)]) and so there exists an open set U C X such that F(U) C
V'[F(x)]. Also since (F, F,) e W(V’) we have (v, F(x")) N V' # ¢ for
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all &’ and ¥’ e F(«’) (in particular this holds for all #’e U). But then
there exists a y e F(x) such that (¥',y)e V' V’C V and hence F(z')C
VIF(x)]c S for all '€ U and thus F is u.s.c.

Now suppose that Fi(x) N S +# ¢, and let ye F(z) N S. Further, let
Ve7 be such that V[y]c S and let V'e? and V'-V'CV (we
assume that ¥V and V'’ are symmetric). Let ge D such that F,e
W(V")[F] for all @« > g. Let a be fixed, @« > B, and then F,(x) N
V'[y]l # ¢. So let xe U X be an open set such that F,(z') N V'[y] +=
¢ for all o’ € U, where y’' e F,(x) C V'[y]. Now there is a y” e F(z')
such that (¥, ¥’)e V'’ and hence, (¥”’,y)e VoV’ C V. Hence, F(@') N
S # ¢ for all #’€ U, and so F is l.s.c.

The above two parts show that if each F, is both u.s.c. and
l.s.c., then so is F. Consequently if F, is continuous for each «,
then F' is continuous.

COROLLARY. Let {F,, aec D} be a net of u.s.c. (l.s.c.) functions
nto a T,-space such that for each Ve~ there is a Se€ D such that,
a> B, and vy, Y. <€ F(x) implies that (y, y)e V. If {F, aeD} con-
verges uniformly to F, then F is a continuous single-valued function.

LEMMA 4. Suppose that F: X — Y 1is a continuous point compact
Sunction on the space X into the regular space Y. Let KC X be
compact, and let U be an open subset of Y such that F(x) N U #= ¢
for all xe K. Then there exists a compact set CC UN F(K) such
that F(x) N C == ¢ for all x€ K.

Proof. Let xe K and let ye F(x) N U. Then there is an open
set V,C Y such that ye V,c V}c U, and an open set W,C X such
that xe W, and if 2’ W, then F(¢') N V, # ¢. Pick such a V, and
W, for each x€ K. Thus the family 97" = {W,:xe K} is an open
cover of K and so there is a finite subcover, W,, «--, W, . Let V,
be the set corresponding to W, as above. Then the set C' = Uk, V'
c U is closed and F(x) N C" = ¢ for all xe K. Finally, since F is
u.s.c. and point compact, F(K) is compact and so C = C' N F(K) is
the desired set.

REMARK. If we merely require that F be l.s.c. in Lemma 4, the
proof given shows that there is a closed subset C’' of U such that
F@x) N C + ¢ for all xe K.

LEMMA 5. Let & be the family of continuous, point compact
functions on a compact space (X, .7") into the uniform space (Y, 7).
Then the topology of uniform convergence is the same as the compact
open topology.
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Proof. Let Kc X be compact and let £, <, be open subsets
of Y. From [2] the compact open topology is generated by sets of
the form T = {Fe & : F(K)C &, and F(x)N &, # ¢ for all xe K}.
First we shall show that T is open in the topology of uniform con-
vergence. For this let e T. Since K is compact, F' is continuous
and F(x) compact, F(K) is compact and so there is a member U, e
7" such that V,[F(K)]c ¢, Also, by Lemma 4 there is a compact set
Cc F(K)N ¢, such that F(#) N C =+ ¢ for all e K. Let V, be a
member of 7° such that V,[C]C #,, and let V be a symmetric mem-
ber of 7" such that V< V, N V,. Then if Ge W(V)[F], we get G(K) N
7, and G@) N &7, # ¢ for all xe K. Hence W(V)[F|cC T, and so T
is open with respect to the topology of uniform convergence.

Now let Ve 7" and consider the set W(V)[F']. Let V'’ be a closed
symmetric member of the uniformity such that V- V'c V. If ze X,
then, since F' is point compact, there exists a finite set {y,, -+ -, ¥} C F(%)
such that F(x)c U? V'[¥:]° Further, by the continuity of F', there
exists a closed, hence compact, neighborhood K of 2 such that
FK)cU! Vy]% and F NV'[y]’+ ¢ forall t =1, ---, k and ze K.
Since X is compact we obtained a finite cover K, .-+, K,, of X of such
sets together with corresponding sets Ut V'[v,]° « -, ui V'iy: ' Set
S; = Ut V'[y;,]° and define a set U; as follows:

U;={Ge 7 :GK,;)cS; and G@) N V'[y; ] # ¢
for all 4; and z¢ K} .

Note that F'e U; for each j =1, ---, m. Further, let Ge N U;
and let yeG(x) where xe K;. Since Ge U;, G(x)S; and hence,
ye V'[y;;]° for some y;,. Also F(x) N V'[y;,] # ¢ follows from the con-
struction of the K;’s. Hence, (F(x), y) NV # ¢. Finally, if ye F(x)
for ze K;, then, since G(x) N V’[yij]O # ¢, there exists a ¢y’ € G(x) such
that (v, y)e V'oV’. Thus (y, G(z)) NV +# ¢, and the u.c. topology is
contained in the compact open topology. Hence, the lemma follows.

DEFINITION. Let &% be a family of functions on the space X
into the uniform space (Y, 7") the family & is equicontinuous at
xe X if and only if for each Ve 7" there is a neighborhood U of =«
such that for all Fe o (1) F(U)c V[F(x)], and (2) for each z¢ U,
GR NV]y] # ¢ for all ye F(x).

LEMMA 6. Let % be a collection of point compact functions on
the space X into the uniform space (Y, 7") which is equicontinuous
at x. Then the pointwise closure of ZF inm the family of point com-
pact functions on X into Y is also equicontinuous at .

Proof. Let F be a point compact function which is in the
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pointwise closure of &% . Let V be a closed member of 7° and
let V'e?7" be closed and symmetric and suppose V'oV'C V. Let
U be a neighborhood of x such that for each Ge. &, G(U)C
V'[G®)] and G(z) N V'[y] # ¢ for ze U and ye G(x). Now if F(U) &
V[F(x)], there is a z€ U and ay € F(z) such that y ¢ V[F(x)]. Since F(x)
is compact, there is a finite set {y, ---,¥,} C F(®) such that F(x)C
U! V'[y:]° = S. Further there is an open set 7' such that ye T and
TN V]y] = ¢ for each i. Now set W(S) = {H: H(x) = S} and W(T) =
{H: Hz) N T+#¢}. Then W = W(S)n W(T) is a pointwise open set
containing F such that WnN & = ¢. This is a contraction and so
we conclude that F(U)C V[F(x)]. A similar argument will show that
F(z)N V]y] # ¢ for all ye F(x) and ze U. Hence the lemma follows.

We say that the family & is equicontinuous in case it is equi-
continuous at each point. Then if & is equicontinuous, each member
of & 1is l.s.c., and if each member of . is point compact, thene ach
member of & is u.s.c. and hence, each member of & is continuous.

Let .# be a family of funections from the topological space X into
the topological space Y. A topology .7~ on & is said to be jointly
continuous (j.c.) if and only if the function P: & x X— Y defined
by P(F,x) = F(x) is continuous.

LEMMA 7. If 7 1is an equicontinuous collection of point compact
functions, then the pointwise topology for F 1is jointly continuous.

Proof. First we shall show that P is u.s.c. For this suppose
that F(x) C W where W is an open subset of Y and (F,2)e .7 x X.
Since F'(x) is compact, there is a symmetric V in the uniformity
such that Ve V[F(x)] C W, and such that F(x) c | V]y]° = S for ye
F(x). Since .& is equicontinuous, there is a neighborhood U of x such
that G(U) ¢ V[G(x)] for all Ge #. Further, let T = {Ge & G{x) C S}.
Then (F,x)eT x U and P(T x Uyc W. A similar argument
shows P is l.s.c. and so the pointwise topology is jointly continuous.

COROLLARY. If F' is an equicontinuous family of point compact
functions on the compact space X into the wuniform space (Y, 7"),
then the u.c. topology, the pointwise topology and the compact open
topology are all the same.

Proof. This follows from Lemmas 5 and 7 together with Pro-
positions 6 and 7 of [2].

We need one more lemma before stating one of the main theorems
of this paper.

LEMMA 8. If & is compact relative to a j.c. topology .7, and
if each member of F 1is point compact, then F 1is equicontinuous.
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Proof. Let Ve 27; the uniformity for Y; let V'’ be a symmetric
member of 77 such that V'oV'C V, and let ¢ X. Since P is con-
tinuous, we can find a neighborhood W(F') for each F'e. & and a
neighborhood U(F') of x such that there is a finite subset {y,, - -+, ¥}
of F(x) and such that for Ge W(F), GR)cU! V'[y], and G(z) N
V'ly;] # ¢ for each y;,. Then there is a finite subcover W(F)), ---,
W(F,) of & with corresponding sets U(F), --+, U(F,). Let U =

»  U(F;). Then if Ge #, Ge W(F;) for some j, and if ze U, then
G cUt V'[y)] where y,e F;(x). Thus, since G(x) N V'[y;] # ¢, for
each y € G(z) there is a ¥’ € G(x) such that (y,y ) V'-V'C V and so
G(R) C V[G(x)] for all ze U. On the other hand let y e G(x). Since
Gy c Ut V'y:] and GR) N V'[y;] # ¢ for all y, we get G(z) N V]y] #
é. Hence, &7 is equicontinuous at x, and the lemma follows.

Now by combining the above results with Theorem 3 in [2] we
get the following Ascoli Theorem.

THEOREM 9. Let & be the set of all continuous, point compact
Sunctions on a compact regular space into a T, uniform space. Let
& have the topology of uniform convergence. Then o subset FFC &
1s compact if and only if

(i) & s closed in &,

(i) Flx] = U{F(x): Fe &} has compact closure for each xc X,

and

(iili) &7 s equicontinuous.

We can extend many of the above results in the following way.
Let .o~ Dbe a family of subsets of X. Then in the definition of
W(V) replace xe¢ X by x<c A for some Aec.®”. Then generate a uni-
formity by these sets. This gives us the topology of uniform con-
vergence on members of .o (If & = {X}, there is no difference,
and if .7 is all singletons we get pointwise convergence). In par-
ticular if .97 is the set of compact sets then we obtain the topology
of uniform convergence on compacta. Then if we use the topology of
uniform convergence on compacta in place of the u.c. topology, we
can obtain results analogous to Theorem 9 for functions on locally

compact spaces.
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