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NEAT HOMOMORPHISMS
JAMES J. Bowk

The study of neat homomorphisms found in this paper
originated with a generalization of neat subgroups and a
property of torsion free coverings studied by Enochs. Several
useful characterizations and properties of neat homo-
morphisms are shown leading to the characterization of
various rings. A ring is hereditary if and only if each com-
ponent of the natural decomposition of a neat homomorphism
is neat. Furthermore, a ring is Noetherian if and only if
the direct sum (and direct limit) of a family of neat homo-
morphisms is neat. For the singular torsion theory, every
non-zero torsion module contains a simple submodule if and
only if the product of a family of neat homomorphisms is
neat. If R has zero singular ideal and zero left socle, then
the singular theory coincides with the simple theory if and
only if the above condition is true.

1. Properties of neat homomorphisms. In this section the
definition, originally due to Enochs [4], of a neat homomorphism is
given and various characterizations are shown. R shall always
denote a ring with an identity and all modules are unital left R-
modules.

DErFINITION 1.1. For left R-modules, a homomorphism f: E — F
is nmeat if and only if given any proper submodule H of a module G
and any homomorphism ¢: H— K, the homomorphism fo.o has a
proper extension in G if and only if ¢ has a proper extension in G.
A submodule T of F' is a neat submodule if the canonical monomor-
phism ¢: T'— F' is neat.

ExXAMPLES.

(1) For Abelian groups, H is a neat subgroup of G if and only
if pH = HnN pG for all primes p. This is the usual definition of neat.

(2) If R is an integral domain, then for a torsion free module
G, T is a neat submodule of G if and only if T is a pure submodule.

(3) For R an integral domain, Enochs [4], has shown that for
every module F, the torsion free covering »: T(E)— F is a neat
homomorphism.

(4) For any ring R, a submodule N of a module F is neat if
and only if N has no proper essential extensions in F.

Diagramatically, for f: £ — F to be a neat homomorphism means
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(using the obvious notation) that a commutative diagram (with HSG")

GI
H————G
(1) d N

always guarantees the existence of a commutative diagram (with
H; G")

144

H———G
(2) o 1

Reference to these diagrams will be made throughout § 1.

THEOREM 1.2. For left R-modules the following are equivalent:

(@) f: E— F is a neat homomorphism.

(b) Diagram (2) can be completed whenever G is an essential
extension of H.

(¢) Diagram (2) can be completed if o is a monomorphism.

(d) Diagram (2) can be completed if G =R and H is o left ideal
of R.

() Diagram (2) can be completed if o is a monomorphism and
G is an essential extemsion of H.

(f) There are no proper extensions of f in the injective envelope

I(E) of E.

Proof. The equivalence of (a), (b), (c), and (e) are easily shown.

(a) = (d) Obvious

(d) = (a) Given diagram (1), with H & G’, there is an € G'—H,
xz # 0 and a homomorphism gB: R — G’ defined by g(1) = z. Let I =
{ae Rlaxe H}. It is seen that I is a left ideal of R and IS R.
Define a: I— H by «a(a) = ax. o« is a well-defined homomorphism.
Then one has the following commutative diagram

[———— >R
y g
(3) He— @
¢ 7'
L

E—1 L F.
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By (d), there exists a left ideal J 22 I and a homomorphism ¢":J — E
such that ¢'|;, = g0 a. Now pg(J) ¢ H since I2J. Let G" =
H+ g(J). Then HS G”"cG. Define ¢: G'— E by é(u+ B(b) =
o(u) + ¢'(b), where we H and beJ. To see that ¢ is well-defined, let
0=u"+p0%)ecG”, with ' e H and ¥’e€J. Then B(u)=bc=—u'€ H,
so b’el. Hence oo a(d) = ¢'(b"). But oo a®) =o'z =oc(—u) =
—o(w). Therefore o(w') + ¢'(d") = 0 and ¢(0) = 0. Hence ¢ is well-
defined. It is clear that ¢ is a homomorphism such that ¢|, = o,
implying that f is a neat homomorphism.

(a)=(f) Let g: E'— FE be a proper extension of f in I(E).
i.e., ES E'CI(E) and g|, = f. Then fo 1, has a proper extension
and f neat implies 1, has a proper extension in I(E). Let E"2FE
and ¢: E” — E be such that ¢|, = 1,. Then E is a direct summand
of E”, contradicting the fact that I(F) is an essential extension of
E. Hence f has no proper extensions in I(E).

(f) = (e) Consider diagram (1) with ¢ a monomorphism and G
an essential extension of H. Now there is an a: G'— I(E) such
that @], =70 and « is a monomorphism. Using the obvious iden-
tifications, consider HCECI(E) and Hc G'cI(E). Then HCENG'
and if H=+ ENG' let ¢ = a|zns, then ¢ has its image in E and so the
map E NG — E agreeing with ¢ completes diagram (2). If H =
ENG', then f|,=7l|y; so define g: E+ G —F by g+ x) =
f(e) + z(x). Then B extends f in I(E). But then E + G’ = E and
f =P8, whence G'C E and the canonical monomorphism completes
diagram (2).

Using Theorem 1.2 (f) and Zorn’s Lemma, the following corol-
lary is immediate.

COROLLARY 1.3. For every homomorphism g: G — F, there exists
a neat homomorphism f: E— F with GC ECI(G) and fls=g9.

REMARKS.

(1) If f: E—>F and g: F— G are neat homomorphisms, then
g o f is a neat homomorphism.

(2) Enochs [4] has shown that if f: F— F is a neat homomor-
phism and F is an injective module, then E is an injective module.
Consequently, a module E is injective if and only if the constant
map e: £ — 0 is neat.

2. Ring characterizations using neat homomorphisms. Note
that when a ring is hereditary, many trivial statements concerning
neat homomorphisms can be shown. However, some of these state-
ments characterize hereditary rings.
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- THEOREM 2.1. For a ring R, the following are equivalent:

(a) R s left hereditary.

(b) Quotients of injective modules are injective.

(¢) If f is a meat homomorphism and f =10 p is the natural
decomposition of f with p an epimorphism and i a monomorphism,
them p and i are meat.

(@) If f s a neat homomorphism and f = hog, where h and g
are eptmorphisms, then h and g are meat.

Proof. The equivalence of (a) and (b) is well known (see [1]).

(a) = (¢) Clearly if f is neat, » is neat. To show 7 neat, con-
sider the following commutative diagram, with I and J left ideals
of R, I& J.

Jy
‘/J/'l/ Ul Tl
BS (B — L F .

Now p an epimorphism and R hereditary implies the existence of a
y: [—FE with poq =0. Now 70p =f is neat and fo+ has an
extension 7 so there is a left ideal I' 2 I and a ¢: I' — E so that
¢, =. Let ¢ =po¢’. Then ¢|, = 0 implying 7 is neat.

(¢) = (b) Let @ be an injective module and let Q-5 F—0
be exact. Let ¢: F— I(F) be the canonical monomorphism and con-
sider ¢ o p. Since @ is an injective, 7o p is neat. By (¢) ¢ is neat,
so using Remark (2), F is an injective.

(a) = (d) Proof same as (a) = (c¢).

(d) = (b) As above, let @ 2, F——0 be an exact sequence with
@ an injective. Consider the epimorphism #: F'— F/F = 0. Since Q is
an injective, ko p is neat. Then by (d) % is neat and using Remark
(2), F is an injective.

Next we consider sums and products of a family of neat homo-
morphisms.

THEOREM 2.2. For left R-modules, of {f;: E;— F;}'., is a finite
family of meat homomorphisms, then

is a mneat homomorphism.

Proof. Consider the following commutative diagram, where I<J
are left ideals of R.
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l——J
ou - o,
prll p’r‘xl

El—fl——> F,.

Now f, is neat, so there is a left ideal I, 2 I and a ¢,: [, — E, with
6.l = pr,oo. This process can be continued in the obvious manner
choosing a sequence of ideals {I}};-,, I& I,C +---I,CJ and homomor-
phisms {¢;: I, — E;};_,, with ¢,|, = pr;o 0. Let ¢! = ¢;|, for 1 =1,2,
-+«,n and define ¢: I, - @, E; by ¢(x) = >.7., ¢i(x). Then clearly
¢, = o and f is neat.

THEOREM 2.3. For left R-modules, the following are equivalent:

(a) R 1is left Noetherian.

(b) If {fi: E;,— F.};c. 1s a family of neat homomorphisms, then
F=2es[ii @Bica B, — @Bic. F; is a neat homomorphism.

(¢) If {Ql}ica s a family of imjective modules, then @,;.. Q; s
an tnjective module.

d) If (4, <) s a directed set, {(E,), fij}. and {(F%), 9:;}4 are
direct systems of wmodules, and {u;: E;— F};., 1s a direct system
of meat homomorphisms, then u;, = limu:lim E;,—lim F, is a mneat

L —

homomorphism.

Proof. (a)=(b) To show f neat consider the following com-
mutative diagram where I & J are left ideals of R and p;, v; are the
obvious projections.

I—FJ
B
DL —— DF;
pil wl
S
Ei_'—’ Fz .

Now I is finitely generated so there is a finite subset B of 4 so that
p; o0 = 0 for 1€ A—B. Using the obvious notation, let

B=1{1,2 ---,k}.
For ie B choose a sequence of left ideals {I;}’., where

I« ,c...cLcdJ,
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and a family of homomorphisms {¢;: I, — E;}%_, such that ¢,|;, = p;- 0.
Let ¢; = ¢;|;, for all i B and then define ¢: I, —» @;., E; by ¢(x) =

i, ¢i(x). Then ¢ is a well-defined homomorphism with ¢|, = a.
Hence f is neat.

(b) = (¢) Using Remark (2), for a family of injective modules
each ¢;: @, — 0 is neat, so @ Q;— 0 is neat implying P Q; is in-
jective.

(¢) = (a) See Faith [5].

(d) = (b) Immediate from the properties of direct limits.

(a) = (d) Consider the following commutative diagram with left
ideals I, J, I & J.

v

I —J

1o,

lim B, —%> lim F, .

First it will be shown that there is a v€ A4 and a ¢,: [— E, such
that p, o ¢, = o, where {p;};., are the homomorphisms associated with
the direct limit of {E}};.,. Now I is finitely generated and lim E; =

U;es Im p; so there is a ae A such that o(I) c Im p,. Also there is

an exact sequence 0 K -1 0 where P is projective
and K = Ker 7 is finitely generated. For clarity consider:

0—s K—>P-251—50

o

E-LLlmE; .
—_—

P is projective so there is a «,: P—— E, such that p,o v, =00 n.
Now K is finitely generated and by a usual argument there is a
ve A, v>a and a +,: P— FE, such that Kc Ker «. Then there is
an induced homomorphism ¢,: I— E, such that ¢,o7 = .. Then
D, 9, = 0.

To show wu neat it suffices to assume J/I cyclic. In this case
there is an exact sequence 0—— L — IR 2 ,J—>0 where
»'(a+7r) = v(@) + rb, b+ I the generator of J/I and L = Ker 7" is
finitely generated. LR is projective so as above we can choose a
Be€ A, 8> v and a homomorphism 6;: R — F;. Then let

Vs = (Up o g, 05): ID R—— Fy

6s = frs 0 ¢;. Using the above procedure, there is a v'€ 4, v'> 8 and
a homomorphism ¢/.:J— F,, such that ¢, o¢,=J. Now let
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o€ A, 6> 7. Then clearly the following diagram commutes, where
&;, 05 are defined in the obvious fashion.

I— "
¢al Sﬁéj
E5 u.a-__) F5

. u .
lim B, ——— lim F; .
—_ —_—

Using the fact that wu, is neat the proof can be completed in the
obvious fashion.

For the next theorem we need the following discussion.

For a left R-module E, let Z(E) be the singular submodule of
E. Let & be the class of all modules E such that Z(F) =
and let &7 be the class of all modules E such that Z(F) = 0. If
Z(zR) =0, then (&, &) is a hereditary torsion theory in the sense
of Dickson [2] with .7 and .7 the torsion and torsion free classes,
respectively. This torsion theory will be referred to as the Singular
Theory.

THEOREM 2.4. Let (& &) be the Singular Theory for left R-
modules, with Z(zR) = 0. Then the following are equivalent:

(a) For all large left ideals I of R, I+ 0, R; R/I contains «
stmple submodule.

(b) For Fe.o, E =0, E contains a simple submodule.

(¢) If {fi: E;— Fi};c, is a family of neat homomorphisms, then

S =1licafii lica E;— 1l;e F: is neat.

Proof. (a)=(b) Let EFe.v, e K, 0. Then considering
Ann(z), a large left ideal of R, R/Ann(x)e .. Then the obvious
monomorphism FK/Ann(x) — E yields the desired result.

(b) = (¢) To show f neat, let I be a proper, large left ideal of
R and let o: I— [[ E; be any homomorphism. Consider the following
commutative diagram with .JJ”’ 221 and 7 an extension of fo o, and
pr; the obvious projections.

]
1 E’———f——>H F
p'ril ori |
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Now R/Ie 7, and (7, &% ) hereditary implies J’/I€ .7 so by (b)
there is a left ideal J of Rsothat I& J CJ’ and J/I is simple as a
left R-module. Clearly f;o (pr;o o) can be extended to J for each
7 and since f; is neat, there is a left ideal J; of R and a homo-
morphism ¢;: J;, — E; such that I & J,C J and ¢;|, = pr; o 0. J/I simple
implies J = J; for all 1€ A4, so let ¢: J— [] E; be defined by ¢(x) =
(¢(2));c4» Then ¢ is homomorphism extending ¢ and implying that f
is neat.

(¢) = (a) Let I be a large left ideal of R, 1+ 0, R and let .27
be the collection of all left ideals J such that I < .J. By Corollary
1.3, for each Je 25 there is a left R-module K, and a neat homo-
morphism f;: K, — J/I extending the cannonical epimorphism 7,: J—J/I
in I(J). Then f = lsee fr: llser K, — [lsc J/I is neat. For each
Je .7 consider the inclusions 7,: J— K, and let o: J— [[;.~ K, be
defined by o(x) = (¢,(®));c». Then foo =0 so that f oo can be ex-
tended in a trivial manner to BR. Now f is neat so there is a left
ideal L of R, I < L and a homomorphism ¢: L — [[,..- K, such that
6|, = a. If L/I is simple we are through, if not let 22— .2 so that
Jez if and only if J&< L. Note that all submodules of L/I are
of the form J/I for Je 2. It will be shown that for Je z, J/I is a
direct summand of L/I so that L/I is semi-simple. Consequently, R/I
would contain a simple submodule.

Let a = f,0opr;o¢: L—J/I. Then ICcKera and there is an
induced homomorphism g: L/I— J/I so that go7n, = a. To show
Blu: =1y, let x + IeJ/I. Then B(x+I) = a(x) + I. 1t suffices to
show a |, = 9, or further that pr,c¢|, =14,. Let u =1,—(pr,cgél,).
Now I < Kerw so there is an induced o: J/I — K, such that 6 o 9, =u.
Then the Singular theory yields J/Ie. 7  and K,ec.# so Hom(J/I,
K;) = 0. Hence u = 0 or pr;o é|, = ¢, showing B |,;; = 1,

Let & be the collection of all simple left R-modules. Dickson
[2] generated a torsion theory (7, %#,), the simple theory, so that
7, is the smallest torsion class containing .o and so that Fe.%, if
and only if Soc(F) = 0.

If the conditions of Theorem 2.4 are satisfied, then for each
Ee 7 (7, %) the singular theory), Soc(E)+ 0 so that Fe 7,.
Also, if Soc(,R) = 0, then each maximal left ideal is large in R, so
that for each simple module E, Ee 7. Hence we get

THEOREM 2.5. Let Z(,R) = 0 and Soc(zR) = 0. Then the singu-
lar theory and the simple theory coincide tf and only if the equiva-
lent conditions of Theorem 2.4 hold.
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