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INVARIANT FUNCTIONS OF AN ITERATIVE PROCESS
FOR MAXIMIZATION OF A POLYNOMIAL

PETER F STEBE

Let P be a polynomial with real non-negative coefficients
and variables Xij, i = 1, , k, j = 1, , nι. Let d== ̂ f%».
Let Ed be the ^-dimensional real vector space. Let M be the
subset of Rd defined by

0, Λ
J

where the symbols Xij denote the components of x. If $ is
a vector in the interior of M, define τ(x) as the vector in M
with components XitJ given by

dP

The expression on the right is evaluated at x. The trans-
formation τ is defined on the boundary of M by the same
formula if the denominators do not vanish.

Let F be the set of fixed points of τ in M. It is shown
that if τ is a homeomorphism of M onto itself, there is a set
ofd — k functions /i, ,/<*-& defined on M — F such that
/<(») = /<W»)) for xeM— F. The functions/< are continuous
and independent on an open dense subset of M — F. Explicit
expressions for certain invariant functions are also obtained.

l The transformation r* The transformation τ defined in the
introduction can be used to iteratively find local maxima for the poly-
nomial P. It was shown by L. E. Baum and J. A. Eagon [1] that
if P is a homogeneous polynomial with positive coefficients and if x
is an element of M such that τ(x) is defined then either τ(x) = (x) or
P(τ{x)) > P(x) This result was generalized at the suggestion of 0.
Rothaus by L. E. Baum and G R. Sell [2] to arbitrary polynomials
with positive coefficients.

It will be assumed in this paper that the transformation τ is a
homeomorphism of M onto itself. According to an unpublished result
of L. E. Baum, τ is a homeomorphism of M onto itself if and only
if the expression for P as a sum of distinct monomials with positive
coefficients contains monomials ciyjxiyj

Wi'j for all ΐ = l , , k, i = 1, , w<
where citj > 0 and wit5 is an integer greater than zero. Since this con-
dition is satisfied if and only if τ is defined on all of M, a necessary
and sufficient condition that τ is a homeomorphism of M onto itself
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is that τ be defined an all of M. We will not prove L. E. Baum's
result here, but will give a single example of a polynomial P for which
τ is a homeomorphism. Let

Jc ni

P = Σ Σ xTj
i = l . 7 = 1

The τ-transformation associated with P is given by

The inverse of τ restricted to M is given by

V r ' 1 / w

Λ = l

where the real positive mth roots are to be chosen.

2* The existence of invariants*

2.1. Notation and definitions. As above, we let M denote the
space of real vectors (xltl, , xu%1, , xk)l, , ̂ ^ ^ satisfying a?ifi ^
0,
and

Σ Xij = 1

Let M be set of real vectors

(3/i,i, , 2/i,*Γi, , 2/fc,i, ' , 2/*,»jfci)

satisfying yitj ^ 0 and

Σ vu £ 1

lί y e M let (̂2/) be the point of M with coordinates xitί — yi}j for
1 g j g ^i_! and

Clearly ^ is a homeomorphism of M onto M.
Let ^ be a transformation of a set 5 onto itself. We inductively

define φn(x) for n ^ 0 and # e S by φ°(a?) = α? and φn{x) = ψ(ψn~i(x))
If φ is a one-to-one transformation of S onto itself, we inductively
define φn{x) for n < 0 and α? e S by the rule φn~ι{x) = ^(^"(a?)). Also,
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if φ is a one-to-one transformation of S onto itself, we have φr+8(x) =
φr{φs{x)) for all x e S and all pairs of integers (r, s).

Let {xn} be a sequence of points of a topological space S* A cluster
point of {xn} is a point p of S such that every neighborhood of p
contains infinitely many elements of the sequence {xn}.

2.2. Proof of the existence theorem.

LEMMA 2.1. The transformation T — ψ~ιzψ of M into itself has
the following properties:

( i ) Let P be the polynomial defined on M by the formula P(y) =
P(Ψ(V)) for yeM. If yeM, either y = T(y) or P(T{y)) > P(y).

(ii) The set of fixed points of T on M is the union of the set
of critical points of P on M and the sets of critical points of P
restricted to boundary simplices of M.

(iii) The set of fixed points T in M has only finitely many com-
ponents. Each component of the set of fixed points of T is compact
and P is constant on each of the components of the set of fixed points
of T.

(iv) T is a homeomorphism of M onto itself if and only if z is
a homeomorphism of M onto itself.

(v) If xeM, every cluster point of a sequence {Tn(x)}, n ^ 0, is
a fixed point of T. If T is a homeomorphism, every cluster point
of the sequence {Tn(x)} is a fixed point of T.

Proof. To prove (i), let y be an element of M such that T(y) Φ
y. Then ψ~ιτψ{y) Φ y and zψ{y) Φ ψ(y) Thus ψ{y) is not a fixed
point of τ and it follows that

P(T(y)) = Piψψ-^Tψiy)) = P(τψ(y)) > P{ψ{y)) = P(y) .

Statement (ii) may be well known but include a proof for the
sake of completeness. Note first that ψ maps the set of fixed points
T onto the set of fixed points of r. Let a; be a fixed point of z in
M and let x have coordinates (α?<fi). The equation τ(x) = x implies the
equations

i

Σ Xitk

for all i, j , and since z is defined at x, these equations imply z(x) =
x. If x is an interior fixed point of M, no xitj is zero so that z(x) = x
is equivalent to

3P dP ^ 0
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for all ί, j . But this just the condition that ψ~ι{y) be a critical point
of P. Thus the fixed points of T interior to M are just the interior
critical points of P.

Now suppose y is a fixed point of T on the boundary of M. Clearly
ψ(y) is a fixed point of τ on the boundary of M. If ψ(y) = z = (zitS),
certain variables xiti are zero at z. Let My be the part of the
boundary of M determined by the equations xit3- = 0 for all i, j such
that Zij = 0. If no zi>n. is zero, it follows as before that y is a
critical point of P restricted to Λfy = ψ~ι{My). Note that My is a
subset of the boundary of M. If some ^,Wi is zero, the variables uίfj

describing My are subject to the additional constraint Σ w*,/ = 1>
where the sum is over the subscripts ί, j such that zi>3 Φ 0. Since
the partial derivatives dP/dxiyj(z) are equal for i, j such that ziyi Φ 0,
it follows that y is a critical point of P for P restricted to My. Con-
versely, if 7/ is a critical point of P restricted to Λfy, it follows that
y is a fixed point of T.

Let us prove (iii). Let Rd be d-dimensional real space, with coor-
dinates xitS as described in the introduction. Let P be a polynomial
defined on Rd. Let S1 be the set of points of Rd satisfying the equa-
tions:

Σ »5 i - 1 for all i, and - ^ ^
So?*,, d x i > n .

for all i, i, where the partial derivatives of P are evaluated at
(#i,i, , #?,»!, , a?fc,«Λ) According to H. Whitney [5], a real algebraic
variety such as S1 has only finitely many components and each
component is a union of finitely many components of differentiable
manifolds (of various dimensions). Let Q = P{x\iU , %l,nj) The
partial derivatives of Q with respect to xi}j for j < Πi with the restric-
tions

Σ
i

< i = 1, i = 1,

are all zero on S^ Thus Q can have only one value on a component
of a differentiable manifold contained in Sί9 and thus can have only
finitely many values on St* Since Q is continuous and the components
of S are arcwise connected, Q must be constant on each component
of S,.

Let φ be the mapping of Rd into itself given by φ(x1>l9 , xk,nk) =
(#i,i, •••, #Λ,*fc) The set S = ^(Si) is given by the relations:

( i ) Xu ^ 0 for all i, j ,
(ϋ) Σ?i i χi,j = 1 for i = 1, , fe, and
(iii) dP/dxi}j = dP/dxi}%i (evaluated at (a?!,!, •••, #fc,Λ/c)) for all i, y.

Since <̂  is continuous, S can have only finitely many components.
Since Q(x) = P(φ(x)) for all a; e i2d, the range of P on S is then range
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of Q on Si Hence P assumes only finitely many values on S, and
by continuity of P, P is constant on each component of S. Since S
is just the ψ image of the set of critical points of P on M, S is the
ψ image of the subset of fixed points of T corresponding to these
critical points.

The same argument applies to the sets of critical points of P
restricted to the boundary sets of M given by certain xitj = 0. Since
the set F of fixed points of T is the union of the set of critical points
of P on M and the sets of critical points of P restricted to each of
finitely many subsets of the boundary of M, F has just finitely many
components, and P assumes only finitely many values on F. By con-
tinuity, P is constant on each component of F. Since F is compact,
each of its finitely many components is also compact.

Part (iv) of the lemma follows from the fact that ψ is a homeo-
morphism of M onto M. Since T = φ~ιτψ> T is a homeomorphism of M
onto M if τ is a homeomorphism of M onto M. Since τ — ψTψ~\ the
converse follows.

The final result, (v), follows directly from the Baum-Eagon in-
equality (c.f. Section 1 of this paper), and Lemma 2.1 of Bhatia-Szego
[3].

In the following, we restrict our attention to those transformations
τ for which τ is a homeomorphism of M onto itself and T is a homeo-
morphism of M onto itself.

There is an obvious relation between the functions / defined on
M such that f{T{x)) = f(x) for all x in M and the functions g defined
on M such that g(τ(y)) = g(y) for all y e M. If f(T(x)) = f(x) for all
xeM then g(y) — f{ψ{y)) is such that

g(τ(y)) =f(iπψ-ι-ψ(y)) = f(Tf(y)) =/(ψ(y)) - g(y) .

Conversely, if g(τ(y)) = g(y) it is clear that f(x) = g{ψ~ι{x)) is such
that f{T(x)) =/(#). Thus we can find all invariant functions of τ
from the invariant functions of Γ.

A spherical neighborhood of a point x of the interior of M is a
d — k dimensional ball contained in M with center at x. If x is on
the boundary of M in d—k dimensional real space, a spherical neighbor-
hood of x in M is the intersection of M and an d — k dimensional ball
with center at x.

ΌLEMMA 2.2. Let T be a homeomorphism of M onto itself. If x{

is a point of M but not a fixed point of T, there is a spherical neigh-
borhood N of x0 in M such that the sets Tr(N) are disjoint for — oo <
r < co.

Proof. Since x0 is not a fixed point of Γ, T(x0) Φ x0. By Lemma
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1, (i) P(T(x0)) — P(O = Δ > 0. Since P is continuous on M, there is
a neighborhood U of x0 such that P(#) < P(x0) + J/3 for all x e U and
a neighborhood V of τ(a?0) such that P(y) > P(T(x0)) - z//3 for all #e
F. Since T is a continuous transformation, T~ι{V) Π Z7 is a neighbor-
hood of #0. Let N be a spherical neighborhood of x0 contained in
T~\V) Π U. Since ΛΓ c U and T(JV) c V, for arbitrary xeN,ye T(N)
we have

P(x) < P>0) + 4 ΪWo)) - 4 < ̂ )

If α? e iV and 2 e Tm{N) form^l,z= Tm(u) for some u e JV and P(«) ^
P(Γ(w)) > P(a?) since T(%) e Γ(JV). Thus TW(ΛΓ) n N is empty for m ̂  1.

Suppose Tr(N) Π T8(N) is not empty for r ^ s. We assume r > s
and let 7/ e Tr(iV) Π TS(N). Then Γ-r(i/) G ΛΓand Tr~s{T~r{y)) - Γ~s(?/) e N
so that iV and Tr~s(N) intersect. This contradiction shows that
Tr(N) Π TS(N) is empty for r Φ s.

lΐ x, y e My let | x — y | denote the Euclidean distance between x
and i/.

LEMMA 2.3. Let T be a homeomorphism of M onto itself. There
is a positive number ε such that if x is a point of M but not a fixed
point of T, there is at least one element of the sequence {Tn{x)} at
distance greater than or equal to ε from the set of fixed points of T.

It follows from Baum and Sell [2] that the set F of fixed points
of T is an asyptotically stable set. This Lemma is a consequence of
Theorem 4.19 of Bhatia-Szego [3].

A fundamental set S for T on M is a subset of M defined as
follows: S contains no fixed point of T but if x is not a fixed point
of T, Tn(x) e S for a single integer n depending on S and x.

LEMMA 2.4. If T is a homeomorphism of M onto itself, T has
a measurable fundamental set.

Proof. Let Dε be the set of points of M at distance greater
than or equal to ε from F, the set of fixed points of T. According
to Lemma 2.3, ε > 0 may be chosen so that Dε contains at least one
element of every sequence {Tn(x)} for xίF. Since Dε does not meet
F, it follows from Lemma 2.2 that about each xeDε there is a spheri-
cal neighborhood Nx such that the sets Tn(Nx) are disjoint (if x is a
boundary point of M, the set Ny is the intersection of a ball with M).
Since Dε is compact, it is compact relative to M so that there may
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be selected a finite covering N19 , Nr of De from the sets Nx.

Clearly, each sequence {Tn{x)} for xeM — F can meet an Nt in a t

most one point.

Let

L t = 2Vi, L t =-AT, - U

Lr = Nr - U 2"W - U T (W U

Clearly |J[ L{ is a fundamental set for T in M. Since Γ is continuous
and each Ni is measurable, U-Ξ Tn(Ni) is measurable. Hence each
Z^ is measurable and \Jl Lt is measurable.

Let F be the set of fixed points of r in M.

THEOREM 1. If T is a homeomorphism of M onto itself, and F
is the set of fixed points of T, there exist d — k T-invariant functions
of T which are continuous and independent on an open dense subset
of M — F. Thus there are d — kτ invariant functions continuous and
independent on an open dense subset of M — F.

Proof. Let S be a fundamental set for T on M, as constructed
in the proof of Lemma 3.4. Let £* be the boundary of S and let
B = (J-Ξ Tn(S*). Then M - F- B is dense in M - F. For x e M - F
let φ(x) be the element of {Tn{x)} in S. We will show that φ is con-
tinuous on M — F — B.

If xeM — F — B, φ(x) is the unique intersection of {Tn(x)} with
S. Hence there is an integer m such that Tm(x) e S. Since x $ B, Tm{x)
is an interior point of S. Let U be a neighborhood of Tm(x) in S.
Since Tm is continuous, V = {Tm)~ι{U) = T~m(U) is a neighborhood
of x. lί ye V, Tm(y) eS so that 2>(j/) = Tm(y) for all j / e F . Hence
φ is continuous in a neighborhood of xeM— F — B, and M—F — B is
open. Clearly, φ—Tm for some m in a neighborhood of xeM — F — B*
If we set φ(α ) = (/„(&), ,fι,»1~1{x), •,/i,.i_1(ic)) so that the fitj{x) are
the components of φ(x), it follows that the fu{χ) a r e continuous and
independent on M — F — B, since φ{x) is a local homeomorphism on
M-F -B. Since 9>(Γ(a?)) - <P(x),fu(T(x)) = AM so the /,„• are
T-invariant.

3* The construction of invariant functions* In order to con-
struct invariant functions, we will use more information about
sequences {Tn(x)} for x not a fixed point of T in M. As above, we
assume that T is a homeomorphism of M onto itself. For xeM, let
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Lx be the set of cluster points of {Tn(x)\n > 0} and let lx be the set
of cluster points of {Tn(x)\n< 0} Note that Lx and lz are respec-
tively the ω and a limit sets of x.

LEMMA 3.1. The set of cluster points of {Tn(x)} is the union of
lx and Lx. The value of P is constant on each of lx and Lx. If P(LX)
denotes the value of P on Lx and P(lx) denotes the value of P on lx

we have P(LX) > P(lx) whenever x is not a fixed point of T in M.

The proof of Lemma 3.1 is straightforward.

LEMMA 3.2. Let x0 be an element of M. Either there is a neigh-
borhood N of x0 such that P(LX)) = P(LXQ) for all xe N or in every
neighborhood of x0 there is an x such that P(LX) > P(LXQ).

Proof. Suppose there is a neighborhood Nt of xQ in M such that
P(LX) ^ P(LX) for all x e JVi Let rj be a positive number. Let Sη

be the set given by Sη = {x\P(Lx) > P(LX) - η). We will show that
each Sη is open. If x is an element of Sv, there is an m such that
P(Tm(x)) > P(LX) - rj. Since Tm is continuous, there is a neigh-
borhood Nx of x such that P{Tm{y))>P{Lx) ~ η for all y in Nz. But
P(Ly) ^ P(Tm(y)) f o r a l l yeM so t h a t P(Ly) e Sv f o r a l l y i n Nβ.
Hence Sη is open. Let iV(^) = Sv Π NXo. Since x0 is an element of Sv

for all positive η, N(η) is not empty for η > 0. Since N(η) is contained
in NXQ and Sv, P(LX) ^ P(LX) ̂  P{LX) - η for all x in N(η)_. Since
the points of Lx are in F, the set of fixed points of T, P(LX) can
assume only finitely many values. Hence for rj sufficiently small

P(LX) ^ P(LX) Ξ> P{LX) - V

implies that P{LX) — P(LXQ), and so for some η,xeN(η) implies that
P(LX) - P(LXQ).

LEMMA 3.3. Let xQ be an element of M. Either there is a neigh-
borhood NXQ of x0 in M such that P(LXQ) = P{LX) for all x in NXQ or
every neighborhood N of xQ contains an open subset ΦN such that
P(Ly) = P(LZ) for all y and z in ΦN.

Proof. Suppose xQ is an element of M and there is no neighbor-
hood U of x0 in M such that P(LX) = P(LX) for all x in U. Let N
be a neighborhood of x0. According to Lemma 3.2, there is an element
x of N such that P(LX) > P(LX). Let K be the least upper bound
of P(LX) for x in N. Since the range of P(LX) is finite, there is a
point y of N such that P(Ly) = K. Thus P(Ly) ^ P(LX) for all x in
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N, and N is a neighborhood of y. By Lemma 3.2, there is a neigh-
borhood U of y such that P{Ly) = P(LX) for all x in U. Let Φ^ =

Using the fact that if T is a homeomorphism of M onto itself,
JΓ~X is defined and either x = Γ"1^) or PίjΓ"1^)) < JP(a?), we can modify
the above arguments to prove a similar lemma about the function

LEMMA 3.4. Let xQ be an element of M. Either there is a neigh-
borhood NXo of x0 in M such that P(lx) = P(lx) for all x in NXQ9 or
every neighborhood N of x0 contains an open subset φN such that
P(ly) = P(lz) for all y and z in φN.

THEOREM 2. There is an open dense subset G of M — F such that
for any function f continuous on M, the series

x)) - F(T"-\x))]

represents a T invariant function continuous on G.

Proof. Let Gx be the set of all elements x of M such that P(LX)
is constant in a neighborhood of x. Let G2 be the set of all elements
x of M such that P(lx) is constant in a neighborhood of x. Clearly,
(?! and G2 are open relative to M and by Lemmas 3.3 and 3.4, each
of G1 and G2 is dense in M. Hence G = (M — F) Π Gλ Π G2 is an
open dense subset of M — F.

For each x in M let S(x) denote the series

S(x) = 2 P(Tn(x)) - P(T^(x)) .
— oo

Now S(x) converges at each x to P(LX) — P(lx).
Let y be an element of G. There is a neighborhood U of y such

that JS>(O?) represents the constant function in U. Since yίF and F
is compact, there is a neighborhood V of y containing no fixed points
of T. Let W be a neighborhood of y such that W c U Π V. Now
S(#) is a series of positive terms converging to a continuous function
on W, and so by E. C. Titchmarsh [4], art. 1.31, S(x) converges
uniformly on W. Let f(x) be any function continuous on M. The
series

F(x) = Σ*f(Tn(x))[P(T"(x)) - P(T*-ι(x)]
—oo

converges uniformly on W since / is bounded on M. Since /, P and
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T are continuous, F(x) is continuous on W and hence at y. Clearly
F(T(x)) = F(x), so the function F is a continuous T invariant function
on G.

We initiate the study of differentiate T invariant functions by
defining certain series of continuous functions on G, the set defined
in the proof of Lemma 3.4. Recall that a point xQ of M is a point
of G if and only if x0 is not a fixed point of T and there is a neigh-
borhood N of xQ such that the functions P(LX) and P(lx) are constant
on N.

LEMMA 3.5. // a function h(x) is defined on all of M — F by
the formula

2{P{LX) - P(x)) + \{P{*) -
h{x) = = ί ,

P(L.) - P(Q
then h(x) has the following properties:

( i ) h(x) is defined and nonnegative on M — F,
(ii) h(x) is continuous at every point of G, and
(iii) if x0 is a point of G, there is a neighborhood V of xQ such

that V is contained in G, and an integer m > 0 such that

and

h{T~n{x)) > ^
4

0 < h{Tn{x)) < A
4

for all n > m and xe V.

Proof. If x0 is an element oί M — F, x0 is not a fixed point of
T and_hence P(LX) - P(lx) > 0. Hence h(x) is defined on M - F.
Since P((LX) > P(x) and P(x) > P(lx) for x in M - F, h(x) is positive
on M — F. To prove (ii), let x0 be a point of G. By the definition
of G, there is a neighborhood JVΊ of x0 such that P(LX) and P{lx) are
constant on N±. By the definition of G, x0 is not a fixed point of T
so that P{LX) — P{lx) > 0. Hence P(LX) — P(lx) is a nonzero constant
on Nλ. Since P(x), P(LX) and P(^) are continuous in JVΊ, /̂ (α;) is con-
tinuous in iSΓx and hence at xQ.

To prove (iii), let x0 be a point of G and let Nt be a neighbor-
hood of x0 such that (̂La.) and P(lx) are constant on Nx. Then G ID
iVi. Let V be neighborhood of xQ such that f c ^ c β . As in the
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proof of (ii), h(x) is continuous on Nλ and hence on F. Since T is a
homeomorphism of M onto itself, T* is a continuous transformation
of M onto itself for arbitrary integral n. Hence h(Tn(x)) is continuous
on V for arbitrary integral n. Let n be an integer. Since P(Lτ{x)) =
P(LX) and P(lτ(x)) = P(lx) the difference between Λ(Γ*+1(α>)) and h(T*(x))
is given by the formula

—[P(Tn+1(x)) - P(Tn(x))]
2

No point of Ni is a fixed point of Tn since

P(LT«{X)) - P(W)) - P ( ^ ) - P(lx)

and

P(L«) - P(Q - P(LXo) - P ( y > 0 .

Hence

h(Tn+1(x)) < h(Tn(x))

for all x in V and all integers n. Hence h(Tn(x)) is a monotone
decreasing function of n for each x in F. Since limn^OQh(Tn(x)) — 1/2
and lim^-oo h(Tn(x)) — 2 for all x in F, it follows from the compact-
ness of V that there is an integer m such that

and

A > h{T"{x)) ^ λ

for all integers n > m and all elements x of F.

LEMMA 3.6. Let h(x) be the function defined in Lemma 3.5. Let
the sequence pn(x) be inductively defined for integral n by the rules:

( i ) Po = l

(ii) pn+1(x) = hiT'ixfip^ix) forn^l
(iii) p_,(a?) - p_.+1(aj)/Λ(Γ-(aj)) /or » ^ 1 .

7/ a;0 -is αw element of G every pn(x) is continuous at x0 and there is
a neighborhood V of x0, a constant K and an integer m such that

0 < pn(x) <

for all x in V and all n such that \n\ > m.
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The proof of Lemma 3.6 is straightforward and has been omitted.

LEMMA 3.7. If qnA
χ) is defined by the formula

.ΣJPMV

then
( i ) each qn,r(x) is defined and continuous for xeG,
(ii) if x0 is an element of G, there is a neighborhood V of

such that F c G , and an integer m such that

•<«-«<(©•
for all n such that \ n | > m and all positive integers r.

(iii) for all x in G, qHtr(T(x)) = qn+Ur(x),
(iv) if f(x) is a continuous function on M, and r and s are

positive integers

Σn_J(T«(x))qnir(xy

defines a continuous T-invariant function on G.

Proof. To prove statement (i), let x0 be a point of G. According
to Lemma 3.6, there is a neighborhood V of xQ such that V cz G and

/ q \ ι«ι

for n sufficiently large. Hence the series

converges uniformly for all x in V. Since pn(x)r is continuous in V,
and

Λ%Y > Po(%Y = 1 ,Σ

every qn,r(x) is defined and continuous in V. Since x0 is an arbitrary
point of (?, statement (i) is proven.

To prove statement (ii), let x0 be a point of G. According to
Lemma 3.6, there is a neighborhood V of x0 such that V a G, a
constant K and an integer v such that

0 < pn(x) < K(^
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Let m be so larger that ίΓ.(3/4)w~" < 1. Then we have

0 < pn(x) <

so that

τ))
Since

Σ PMr > Po(ά)r = 1 ,
—oo

we can obtain the inequality of (ii).
Statement (iii) follows directly from the observation that whenever

pjx) is defined, we have

pn{T{x)) = "" "
h(x)

To prove statement (iv) note that wherever all qn,r{x) are defined
we have

f(Tn(T(x)))qn,r(T(x))s = f{T"+\x))qn+Ur{x)s ,

so that the T invariance of the series of (iv) follows. Since f(x) is
continuous on M and M is compact, \f(x) \ is bounded on M. By part
(iii), the series of part (iv) converges uniformly in a closed neighbor-
hood of each point of G for all positive integers r. Hence if r and
s are arbitrary positive integers,

Σ f(T*(x))[qM(*)Y

represents a continuous T-invariant function on G.

Let J be the Jacobian of the transformation T and let \J\ be the
determinant of /. If \J\ is bounded away from zero on M, we can
construct T invariant functions which are differentiate on an open
dense subset of M — F. We can show that the hypothesis that \J\
is bounded away from zero on M and T is a homeomorphism are
reasonable by an example. Let P be any polynomial with positive
coefficients defined on M. Let R be the polynomial given by the
formula

R = Σ (Σ *
t=i \j=ι
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and let Qε = R + εP. For ε > 0, Qε has positive coefficients and by
the unpublished result of L. E. Baum stated above, the T transforma-
tion Tε associated with Qε is a homeomorphism of M onto itself. The
T transformation associated with R = Qo is the identity transformation
so that the determinant of the Jacobian of To is 1. If we let Jε be
the Jacobian of Tε, \Jε\ is a continuous function of ε, and |«7,|—>1 as
ε —> 0 at each point of M. Since M is compact, there is an ε such
that I Jε I > 1/2 at every point of M.

In the following we will assume that \J\ is bounded away from
zero on M, but we note that local results can be obtained by restricting
our attention to elements x of M such that \J\ is bounded away from
zero in some neighborhood of the sequence {Tn(x)}.

LEMMA 3.8. If T is a homeomorphism of M onto itself, the
Jacobian determinant \J\ of T is bounded away from zero on M and
tn,u,v(χ) denotes the (u, v) component of Tn(x), then:

( i ) for every n and subscript pair i, j , d/dxi}j(tnyU>v(x)) is con-
tinuous on M;

(ii) there is a constant B such that

for all (i, j) and all x in M;
(iii) if C is a compact subset of G there is a positive integer r

such that the first partial derivatives

(see Lemma S.I for the definition of the functions qnΛ
x)) ar& continuous

in C and there are constants Lx and L2 such that

<
dxifj

and 0 < L2 < 1, for all x in C.

Proof. Since Tn is a rational transformation of ikf, with nonzero
denominators, d/dxiyj(tn>U}V(x)) is continuous on M for all n Ξ> 0. Since
the Jacobian determinant of T is bounded away from zero on ikf, the
same result holds for d/dxifj(t^n,UfV(x)).

To prove (ii), note that

2-Λ ~Z

r,s dxr s
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for all n and every x in M. Since

d x r > 8

is bounded on M for all (r, s), it follows inductively that there are
bounds Lt and Rt such that

< L.-Rl
dxifj

for all n > 0. Since the determinant of

is bounded away from zero on Mί the elements of the matrix J~ι are
bounded on M. It follows that there are constants L2 and R2 such
that

H,3
<

for all n ^ 0. Clearly there is a constant B such that Bln] > L4 i?|w

and Blnl > L2 22in|, so that

<

for all n> u, v and all x e M.
To prove (iii) we will show first that for a given xQ e G there is

a closed neighborhood VXl of x0 and an integer i such that

converges uniformly in VXQ for all r ^ ΐ. By Lemma 3.6, there is a
neighborhood V̂  of xQ such that G D f, a bound K and an integer m
such that

0

for all xeV.
For n > 0 we will inductively find a bound S such that

We have
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xifj ifj

Now 0 < h(Tn(x)) < 2 for xe V, and there is a bound
I Pn-ι{%) 1 < JBI for x e V. For every subset of G,

BX such that

tott,v 2 P(Lβ) - P(Q

is bounded on G since P is a polynomial and P(LX) — P(lx) ranges
over a finite set not including zero for all xeG. Since G is closed
under the transformation T, there is a constant B2 such that | dh/dxU)V \ <
i?2 at Tn(x) for every element a? of V. Thus

< 2 i d
+ dBtB2B

n .

If XΊ is maximum of 2, dBxB2 and I? we have

Since po(x) — 1, we have

dxi}j

dX;
-P2(x) <2Kl

and

Sn

for some bound S and all x in V.
Since h{T~n{x)) > 1/2 for all α? e F, a similar argument yields a

constant Sx such that

^(x) n\+ί

for negative n all cc e V. Hence there is a single constant S so that

3Pn(x)
dxu
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for all xe V. Now V was selected so that

/ Q \

0<Pn(x)<K{±)
\n\-m

for n such that \n\ > m. For p sufficiently large,

/ Q \ \n\~p

0 < p%{x) < ί —)

for all n such that | n \ > p > m, and so

« O \r-l\ |%|-p

I) )
and

c*,s

Now r can be chosen so large that S(3/4)r~1 < 1. Thus there are con-
stants C and D so that 0 < D < ΓΓ and

dxi9,

for all x in F. Hence the series

has continuous first parial derivatives for xe V. Since

Σ Pn(x)r > Pθ(%Y = 1 ,
—oo

we have that qQ,r(x) has continuous first partial derivatives for all x
in V. But

so that qn,r(χ) h as continuous first partial derivatives for all x in V.
Since F is compact, there is a bound Ϊ7 on the partial derivatives of
qo,r(x) in V Thus

and



782 P. F. STEBE

( Q \ r ( | n | — p )

— ) Ϊ7

with 0 < iϊa < 1.
Since C is compact, it can be covered with a finite set of neigh-

borhoods as V, so part (iii) of the lemma follows immediately.

THEOREM 3 If C is a compact subset of G, there are integers r
and s such that for every function f(x), defined and with continuous
first partial derivatives on M, the function

F(x) = Σ>f(T"(x))[qUx)V

is continuous and has continuous first partial derivatives for all x
in |JίΞ Tn(C) and

F(x) = F(T(x))

wherever F(x) is defined.

Proof. Clearly F(x) — F(T(x)) wherever F(x) is defined. Also,
if all first prtial derivatives d/dxitjF(x) sue defined and continuous at
x = χ09 it follows by elementary methods from the fact that | J | is
bounded away from zero on M and J is continuous on M that d/dxitίF(x)
is defined and continuous at Tn(x0) for all n. Hence we need only
show that F(x) has continuous first partial derivatives for all elements
x of C. We choose to show that the series of partial derivatives

xitj

converges uniformly in C.
Note that

-^-f(T*(x))[qM(x)Y =
*.v dxUit dxi>3

Since / and its first partial derivatives are bounded on M it follows
directly from Lemma 3.8 that s may be chosen so large that the
series
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is majorized by a geometric series, and the choice of s is independent
off.

The analysis of this section can be extended to obtain a local
analogue of Theorem 1, i.e., a set of d — k functions can be found
which are continuous on G, have nonzero Jacobian at a point x0 of G
and are invariant with respect to T.

The author thanks L. E. Baum, D. Birkes, and D. S. Passman for
their many stimulating conversations during the conduct of this study.
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