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ATTACHING HUREWICZ FIBRATIONS WITH
FIBER PRESERVING MAPS

JAMES E. ARNOLD, JR.

When working with fibrations, there are times when
standard topological constructions involving identifications are
useful. The problem of course, is to show that identifying
fibrations in the proper way yields a fibration. This paper es-
tablishes a fairly general result concerning attaching Hurewicz
fibrations over a fixed base space with a fiber preserving map.
This can be applied to obtain many common topological con-
structions. In particular a theorem of P. Tulley on mapping
cylinders is strengthened, which in turn strengthens the main
theorems on strong fiber homotopy equivalence and extensions
of fibrations obtained by P. Tulley and S. Langston. In ad-
dition, these results are applied to obtain a stronger version
of Dold’s pasting lemma, an important step in the construction
of classifying spaces for fibrations.

1. Definitions and notation.

By a space over B we will mean a triple & = (&, p, B) where
p: E— B is a map. We will often refer to E as the total space, and
B as the base space of &, If Ac B we will let &, = (B, p4, 4) =
(p~'(4), p|p*(A4), A). Given two spaces over B, ¢ = (&, p, B) and
& = (F',p,B) we will denote by f:&—¢& a fiber preserving map
from & to &, i.e. a map f:E— E’ such that p'f = p. Two such
maps f, g: & — & are said to be fiber homotopic denoted f ~ g: & — &
if there is a2 homotopy H from f to g such that for each te I, p’H(e, t) =
p(e). & is fiber homotopy equivalent to &', denoted & ~ &', if there
are fiber preserving maps f:&— &' and g: & — & with fg and gf fiber
homotopic to the respective identity maps.

A space over B will be called a Hurewicz fibration, or more simply
a fibration if it has the universal covering homotopy property, or
equivalently has a lifting function A. Recall that a lifting funection
for & = (E, p, B) is a section for (£’, p, 2,), where

Q, = {(e, w) e E x B'[p(e) = 0(0)}

and (@) = (w(0), pw). (i.e. a map \: 2, — EF with Ae, w)(0) =e and
e, ©)() = 0(2).)

A lifting function is regular if it takes constant paths in the base
space to constant paths in the total space, and if a fibration & has a
regular lifting function, & will be called a regular fibration.
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DEerFINITION (1.1). A slicing function for &, is a map ¢: £, X A—E,
such that ®(e, p(e)) = e and pP(e, @) = a.

Note that the existence of a slicing function for £, implies &, is
a regular fibration. (A regular lifting function is defined by (e, w)(t) =
®(e, w(t)).) For our purposes slicing functions are generally easier to
work with than lifting functions since the product topology is simpler
than the compact open topology of function spaces.

DerFiNITION (1.2). A pair of spaces over B (£, &), is a pair of
triples & = (¥, p, B), &, = (K, p,, B) such that E,c E and p, = p|E.

If & and &, are both fibrations (£, &) will be called a pair of
fibrations. If in addition there is a lifting function \:Q,— E' for £
such that \[2, is a lifting function for &, then (&, &) will be called
a fibered pair.

Finally, we will make frequent use of cofibrations.

DErFINITION (1.3). (X, A) is a cofibration if any partial homotopy
H: X x {0} U A x I— Y has an extension H: X x [— Y.

If in addition A is closed we will say (X, A) is a closed cofibra-
tion. If X is a Hausdorff space all cofibrations (X, A) are closed.

2. Preliminary lemmas and the main theorem.

Lemma (2.1). (X, A) is a closed cofibration if and only if there
are maps D: X X I — X, ¢: X — I with the following properties:

(a) Dx,0) =2a for all xe X

(b) D(a,t)y =a for all ac A, tel

(c) A=9¢"1) and D(B0,1] x 1) C A.

The proof, which we will omit, is an exercise in [7], p. 57. The
proof is essentially the same as that in [11].

LeMmaA (2.2). If (§, &) is a regular fibered pair, then (E, E,) is
a closed cofibration if and only if there are maps D: E x I— E and
a: E— I with the following properties:

(a) D(e,0) =ce for all ec E

(b) D(e,t)y =e for all ec Ey, tel

(¢) a™() = E,

(d) D(a*0,1] x 1)c E,

(e) pD(e,t) = ple) for all ec B, tel.

Note that the only difference between Lemmas (2.1) and (2.2) is
part (¢), which says that D moves points along fibers.

Proof. Define D(e, t) = N[D'(e, t), w(e, ©)](1) and a(e) = ¢(e), where
D’ and ¢ are as in Lemma (2.1), w(e, t) is the path given by w(e, t)(s) =
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pD'(e, (1 — s)+t), and \ is a regular lifting function for & whose restric-
tion to 2, is a lifting function for &. Property (b) is a consequence
of the regularity of A, and (d) is a consequence of \|2, being a
lifting funection for &,

Let 4B = {(b, b) e B x B} denote the diagonal of B in B X B.
The main theorem will be proven for fibrations with paracompact,
locally compact base spaces B such that (B x B, 4B) is a closed cofibra-
tion. (ANR’s for example satisfy this last condition.) If B is metric
then this condition is equivalent to B ULC (uniformly locally con-
tractible). The following lemma in fact concludes that all such spaces
are ULC.

LemMMA (2.8). If (B x B, 4B) is a closed cofibration then there is
a neighborhood U of 4B and a map o: U— X7 such that

(a) o(@y0) =2

(b) o 9@ =y

(¢) o(x,2)(t) = 2 for all tel.

Proof. Choose D and ¢ as in Lemma (2.1) and define
T.D(x,y,20) 0=t=

o(x, y)(8) =
m.D(x, y, 2 — 2t)

A |+

o | =
I\
-

where 7;: B X B— B is projection on the ¢th coordinate <= 1,2 and
(@, y) e U= 4740, 1].

The next lemma will allow us a more satisfactory statement of
the main theorem.

LEMMA (2.4). Let (& &) be a pair of spaces over B with (K, E)
a closed cofibration. Then (&, &) is a fibered pair if and only if (&, &)
18 a pair of fibrations.

The proof of this lemma, which we will omit, consists of choosing
a lifting function X, for & and extending it to a lifting function for
&. This can be done exactly as in the Lifting Extension Theorem in
[1], replacing A, and 2,, by )\, and 2, throughout the proof, and
noting that (E, E;) a closed cofibration implies (2,, 2,) is a closed
cofibration. In fact if we let 7:2,— E be projection on the first
coordinate, then I' = (2,, 7, E) is a fibration (I = the pullback by
p of the standard path fibration over B), and since 2, = 7 (&),
(2,, 2,) is a closed cofibration by Theorem 12 of [8].

We come now to the main theorem. If (&, &) is a pair of spaces
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over B, 7 a space over B and f:& — 7 a fiber preserving map, we
let §U;7=(EU,;F,q, B) where { = (E, p, B), 7= (E’, p', B) and ¢ is
the map induced by p and p'.

THEOREM (2.5). Let B be a paracompact, locally compact space
such that (B x B, 4B) is a closed cofibration, and (§,&) a pair of
fibrations over B with (E, E) a closed cofibration. Then for any
fibration 1 over B and f:&,— 0, (§ U, 7, 7) is a fibered pair.

Proof. Since (B X B, 4B) is a closed cofibration, we can define
d:Bx B—1Iby d=1-—¢, (6 as in Lemma 2.1) with d7'(0) = 4B.
By Lemma (2.4), there is a lifting function A for £ whose restriction
to 2,, is a lifting function for &. We may assume, in addition, that
A is regular, and that there is a regular lifting function A\ for 7.
The proof is the same as in [4], using d: B x B— I instead of a
metrie.

Since B is paracompact, the Uniformation Theorem applies (see
[4]) and thus we need only show any point has a neighborhood W
such that (¢ U, 9w, 7w) is a fibered pair. We choose 7 and o to be
as in Lemma (2.3), and given a point b,€ B choose a neighborhood
V of b, with V x Vc U. We then have slicing functions ¢ and «
for &, and 7, respectively defined as follows:

#(e, ©) = Me, 0(p(e), ©](1) (e, x)e By X V
¥(¢, @) = N, o(p'(¢), »)I1) (¢, w)e Er X V.

It is important to note here that if e¢c E,, ¢(e, x) € E, for all xe V.

We now let 6 be a neighborhood of (b, b)) in U which has the
property that o(xz, y)(t) € V for all (z, y) € 6 and all ¢ I. There is such
a neighborhood since ¢ is continuous and o(b,, b,) is the constant path
at b,. Finally we choose a neighborhood W of b, with compact closure
such that W x Wcodc U. W then the property that for ec Ey,
¢ cEy oe W and tel, the functions

D(e, a(ple), )()) and (¢, a(p(e), x)(1)

are defined.

Let D and « be defined for the closed cofibration (E, E,) as in
Lemma (2.2) using the lifting function \, and p: E7 U By — (E U s E')5
be the identification map. Given D,«, tt,4,4,d and W as above, we now
define a map 7: (E5 U E'y) x W— (E U, E')7 which will induce the
slicing function y for (£ U,%),. To simplify the notation in the defini-
tion of ¥ we will let d = d(p(e), 2), and G(¢) = o(p(e), 2)(D).
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X', z) = p((e, 2)) if ¢ € B and for ee E% is given by the fol-
lowing formula:

gD, d), 2]} if 0<a(e) =1/8
{s[D(e, 8a(e) - d), z]} if 1/8 < a(e) <1/4 and
0 <4a)-d <1/2
t{flp(D(e, 1), 2)]} if 1/8 < a(e) = 1/4 and
1/2 < 4a(e)-d <1
{s[D(e, 2d), 2]} if 1/4<a()=<1/2 and 0=<d =<1/2
X(e, 2) = | t{y[f(8[Dle, 1), 6(2 — 4a(e) + (4x(e) — 1)/207)]),}]} if
1/4<a()<1/2 and 12<d=<1
o[ Dle, d/(1 — a(e), 2]} if 1/2<a(e) <1,a) =1 and
0<d<1-—al
tylF @D, 1), 6(1 — a(e)/d)), 21} if 2= a@=1,
d#0 and 1—-ale=d=<1
) if ae)=1 and d=0.

The function ¥: (E7 U E%) x W— (EU,; E')7 is continuous, and
has the property that for eec E,,

A, 2) = [ f(g(e, p(e)), 21}
= p{ylf (o), 21}
= (f(e), 2 .

Since W is compact, (E U; E')7 x W has the identification topology
induced by the map g x 1: (B UES) x W—(EU;E" x W (see
Lemma 4 of [10]). Thus since ¥(e, 2) = ¥(f(e), 2) for ee E,, ¥ induces
amap 1: (EU,;E)7 x W—(EU;E);. To complete the proof we need
only check that y is a slicing function for (¢ U;7)7. We leave these
details to the reader. Also we have claimed that (fU;%,7) is a
fibered pair. To see this note that the slicing function )} when re-
stricted to E5 x W is a slicing function for 7. Thus the local lifting
functions defined by these slicing functions will be lifting functions
of pairs, and the Uniformization Theorem will give us a lifting fune-
tion for & U ;7 whose restriction is a lifting function for 7.

Before considering applications of Theorem (2.5), the natural
question arises as to whether or not the fiber homotopy type of the
fibrations we obtain depends only on the fiber homotopy class of the
attaching map. An affirmative answer is provided by the next theorem.

DEFINITION (2.6). We will say a pair of spaces (§,&,) over B is
a closed cofibration if we can define maps D: £ x I - FE and a: E— I
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satisfying the properties given in Lemma (2.2).
Lemma (2.2) then shows that a pair of fibrations (¢, &) is a closed
cofibration if and only if (E, E,) is a closed cofibration.

THEOREM (2.7). Let (§,&) be a closed cofibration. Then if
f~g:&—n, U, is fiber homotopy equivalent to & U 7.

Note that we do not assume & or &, are fibrations. Also note that
all maps and homotopies involved im the proof of the theorem leave
7 fized. Omne could state this as a relative theorem, making the proper
definitions of relative fiber homotopies etc.

Proof. Let G:E, x I— E' be a fiber homotopy with G(e, 0) = f(e),
G(e,1) = g(e), and let D: E x I— E, a: E — I Dbe as in Definition (2.7).
Let gt EUE'—FEU,;E and yv: EU E'— E U, E' denote the identifica-
tion maps. We define : EUE — EU,E', and W: EUE —EU;E
as follows:

y[D(e, 2c(e))] if ecE and 0= ae) =1/2
h(e) = {v[G(D(e, 1),2 — 2a(e))] if ecE and 1/2=a() =1

W(e) if eeck,

¢l D(e, 2a(e))] if eecE and 0=<a) <1/2

W(e) = {¢[G(D(e, 1),2a(e) —1] if ecE and 12=<a() =1
140 if eck .

e

h and k' are continuous and induce fiber preserving maps h: EU; E' —
EU,E and W: EU,E — E U, E respectively.

We define H: (EUE)X I—-EU;E and K: (EUE)xI—-EU,E
which induce fiber preserving homotopies H:(EU,;E) x I—-EU; E'
from the identity map to A’k and K: (E U, E') x I— E U, E' from the
identity map to hh’ by the following formulas:

L[ D(D(e, 2a(e) - t), 2a(D(e, 2a(e) - t)) - t)]
if ecE,0=Zae)-t<1/2 and
0 = a(De, 2a(e) - t)) -t = 1/2
tIG{D[D(e, 2a(e) - t), 1], 2a(D(e, 2a(e) - t)) - t — 1]
He, t) = if eecE,0<a(e)-t<1/2 and
12 < a(D(e, 2a(e) - t < 1
LIG(D(e, 1), (2 — 2a(e)) - 1))]
if eeF and 12 a(e)-t=1
() if eckE,
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v[D(D(e, 2a(e) - t), 2a(D(e, 2c(e) + t)) - t)] if

ecE, 0= a(e)-t<1/2 and

0 < a(D(e, 2a(e) - t)) - t< 1/2
V[G(D(D(e, 2a(e) - t), 1), 2 — 2a(D(e, 2a(e) - t)) - t)] if

ee B, 0= ale)-t<1/2 and

1/2 = a(D(e, 2ae) - t)) -t = 1
V[G(D(e, 1), Ble, t))] if ec £ and 12=<a(e)-t<1
vie) if ec k.

K, t) =

Ble, t) = min {4a(e) - t — 2a(e) - £ — ¢, 1} in the preceding definition of K.
3. Applications.

Given ¢ = (E, p, B), 7= (F',p’, B) and f:&—7n we will denote
by p;= (M;, g, B) the space over B with total space the mapping
cylinder of f, and ¢ the map induced by p’ and %: F x I— B where
Dle, t) = p(e). The following theorem is an immediate corollary to
Theorem (2.5).

THEOREM (3.1). Let B be a paracompact, locally compact space
with the property that (B X B, 4B) is a closed cofibration. Then if
& and 1 are fibrations over B, and if f:&—7 is a fiber preserving
map, ;18 a fibration.

The notion of strong fiber homotopy equivalence (due to P. Tulley)
is studied and used extensively by P. Tulley in [9] and S. Langston
in [6].

DEFINITION (3.2). Two fibrations ¢ = (&, p, B), and » = (¥, o', B)
have the same strong fiber homotopy type denoted &~ .7 if there is
a fibration 7" = (E*, p*, B x I) with [z = & and I'zy = 7

In [6] Langston proved that fiber homotopy equivalence is the
same as strong fiber homotopy equivalence when E and E’ are separable
metric ANR’s. In [9] Tulley proved that if f:&—# is a fiber homo-
topy equivalence of fibrations, and if #, is a fibration then &~,7. The
result in [9] however, assumed E was compact to show p, is a fibra-
tion. By Theorem (38.1) and Theorem 11 in [9] we then have the
following result.

THEOREM (3.3). If B 1is paracompact, locally compact and
(B x B, 4B) a closed cofibration, then for any two fibrations & and
7, &€~ if and only if &E~,7.
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In [6] Langston used the relationship between strong fiber homo-
topy equivalence and fiber homotopy equivalence to consider the pro-
blem of extending a fibration.

DeFINITION (3.4). If AC B and ¢ = (E, p, A) is a fibration, then
a fibration 7 is an extension of ¢ if 7, = &.

Langston in [6] proved that if (B, 4) is a finite CW pair, and if
two fibrations & and & over A with ANR total spaces are fiber homo-
topy equivalent, then £ can be extended to B if and only if & extends
to B. The next theorem will generalize this result. We prove a
lemma first to give a better statement of the theorem.

LemmA (8.5). If (X, A) and (X x X, 4X) are closed cofibrations,
A metric, then (A x A, 44) is a closed cofibration.

Proof. Let D: X x I— X, ¢: X— I be associated with the pair
(X,4) and D: X x XxI—-XxX,¢:Xx X— 1 with the pair
(X x X, 4X) as in Lemma (2.1). Let V=¢"0,1]c X and = V— A4
be the retraction »(x) = D(z,1). Let U = ¢7*(0,1) c X x X, and define
0: U— X’ as in Lemma (2.3) using D and &.

Let W be a relatively open set in A X A with the property that
e (V)NAXx ADW>D W>4A. (W = closure of W.) We then have
o(x, y)(t) € V for all (x, y) € W. Choose a: A x A — I such that a™*(1) =
4A and a(A x A— W) =0. We define D: A x Ax I—Ax A and
$: A x A—T as follows:

(%, v) if (,)ecAx A—-W
(ro(z, y)(a(@, y) - 1), ro(x, Y)(1 — a(, y) - 1))
D, y, t) = if 0<a(y <1/2 and (z,9)eW

(ro(z, y)(1/2-1), ro(z, y)A — 1/2- 1))
if 12<a(,y)=1 and (=, y)ecW,
if 0=ax,y =1/2

P(x, y) = 2a(z,y) —1 if 12Za@,y)<1.

Using D and #, Lemma (2.1) shows that (4 x A, 44) is a closed
cofibration.

THEOREM (3.6). Let B be a metric space such that (B x B, 4B)
18 a cofibration, and A a locally compact subset of B with (B, A) a
cofibration. Then if & and 7 are fiber homotopy equivalent fibrations
over A, & can be extended to B if and only if 7 extends to B.

Proof. &= (E,p, A) and 1 = (E’, p’, A) are strongly fiber homo-
topy equivalent by Theorem (3.8), therefore there is a fibration I" =
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x I) with I = ¢ and I, = . If £ has an extension
B), consider the space over Bx {0} U A x I

EUr=(EUE*,DPUDP*", Bx{0}UAXI).

(&, p*, A
é = (E’ 2—5,

Since (A x I, A x {0}) and (B x {0}, A x {0}) are closed cofibrations,
Theorem (4.2) of [1] applies, and U7 is a fibration. Let
"B x I—Bx {0}UA x I be a retraction. Then »*(£ U I"), the pull-
back of £ U " by r, is a fibration, and the desired extension of 7 is
given by #*€E U I") sy

REMARK. Note that the extension of 7 given by this theorem is
fiber homotopy equivalent to the extension of & that we started with.

We now apply Theorem (3.6) and Theorem (4.2) of [1] to prove
a stronger form of Dold’s pasting lemma. (See §6.4, of [2].)

THEOREM (3.7). Let X be a metric space of the form X = X, U X,
with X, N X, locally compact, and (X;, X, N X,) and (X; x X;, 4X,)
cofibrations © = 1,2. Then if & = (E, p, X)) and & = (&, p,, X,) are
Jibrations such that & nx, ~ &%, nx, thereisa fibration 7 = (K, p, X, U X))
with 7y, = & and 7y, ~ &

Proof. &% nx, ~ &nx, and &% nx, extends to & over X,, therefore
by Theorem (3.6), there is an extension & = (E, P, X;) of &, to X,
which is fiber homotopy equivalent to & We now let

vz(EuElyﬁUplyXIUXz)o

7 is fibration by Theorem (4.2) of [1] and 7y, = &, 9y, ~ & by con-
struction.

As a final application of Theorem (2.5) we consider the problem
of attaching a disk bundle to a fibration by a fiber preserving map
on the associated sphere boundle. Ibisch in [5] studied this problem
for weak fibrations i.e. triples with the weak covering homotopy pro-
perty. If £is a disk bundle over B, B as in Theorem (2.5), it is clear
that at least locally, the total space of the associated sphere bundle
&, is a closed cofibration in the total space of &. Therefore given a
fibration » over B and a fiber preserving map f:& — %, we can apply
Theorem (2.5) locally to get & U, is a fibration.

REMARK. Using Theorem 2 of [3] one can show in fact that the
inclusion of the total space of &, in the total space of & is a closed
cofibration.

By a different method we can eliminate the condition (B x B, 4B)
is a closed cofibration. Let
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¢ = (E,UE, p, B), & = (E, p, B), & = (E, p, B)
and
& = (E.N K, po, B) = (Ey, po, B)
with p;, = | E;.

LEMMA (8.8). If (E;, E,) i=1, 2 are closed cofibrations and &°, &, &
are fibrations, then & is a fibration.

Proof. Choose a lifting function )\, for & By Lemma (2.4) we
can find lifting functions \;: 2,, — Ef i =1, 2, for & whose restrictions
to 2, are ). A lifting function for ¢ is then defined by
Mg, ) if (e, w)e 2,

No(e, w) if (e, w)eQ, .

Now let & = (F, p, B) be a disk bundle with & = (E, p, B) the bound-
ary sphere bundle, and » = (&', p’, B) a fibration.

Me, w) =

THEOREM (3.9). Let B be a paracompact, locally compact space
and f:é—7. Then §U,;7 is a fibration.

Proof. Consider the mapping cylinder py, = (M,, g, B). Given
b, e B, we can choose a neighborhood W of b, with compact closure,
so that £ is trivial over W. Ej is then compact, therefore we can
apply. Theorem (8) in [9] to prove g, is a fibration over W. &,
and ¢ is thus a fibration by the Uniformization Theorem. Letting
[|+ || denote the norm induced by a Riemannian metric on &, we define
E;c EU/E as follows:

B, ={ecHE||le|l = 1/2} U,E
E,={ec H||le|l = 1/2}.

Then (£, q|E,, B),(E,, q| E,, B) and (E, N E,, q|E, N E,, B) are fiberwise
homeomorphic to g, & and & respectively and are thus fibrations.
(E;, E.N E,) is a closed cofibration ¢ = 1, 2. Therefore Lemma (3.8)
applies, and & U7 is a fibration.
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