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LINEAR TRANSFORMATIONS ON SYMMETRIC SPACES
M. H. Lin

Let U be an n-dimensional vector space over an alge-
braically closed field F' of characteristic zero, and let V' U
denote the rth symmetric product space of U. Let T be a
linear transformation on V7 U which sends nonzero decom-
posable elements to nonzero decomposable elements. We
prove the following:

(i) If n=7+1 then T is induced by a nonsingular
transformation on 7.

(ii) If 2<n <7r-+1 then either T is induced by a non-
singular transformation on U or T(V'U)= v~ W for some
two dimensional subspace W of U.

The result for » > r + 1 was recently obtained by L. J.
Cummings.

1. Preliminaries. Let U be a finite dimensional vector space
over an algebraically closed field F. Let Y’ U denote the rth sym-
metric product space over U where » = 2. TUnlese otherwise stated,
the characteristic of F' is assumed to be zero or greater than r.

A decomposable subspace of V" U is a subspace consisting of
decomposable elements. Let x,, ---, 2,_, be » — 1 nonzero vectors in U.
Then the set {x,\V - -- Va,_, Vu:uc U}, denoted by z,\V --- V2,_, VU,
is a decomposable subspace of VYV’ U and is called a type 1 subspace
of V"U. Let W be a two dimensional subspace of U. It is shown
in [2] that V"W is decomposable and is called a type r subspace of
v'U. Ify,- -, y,_, are vectors in U~ W where 1 < k <r, then
theset {y, V --- Vy,_,Vw, V- Vw:w,eW,i=1, ---, k}, denoted
by v,V +++ VY, VWV --- VW, is also decomposable and is called
a type k subspace of Y"U. In [2] Cummings showed that every
maximal decomposable subspce of V" U is of type 7 for some 1 < ¢ < r.

A linear transformation on V" U is called a decomposable mapping
if it maps nonzero decomposable elements to nonzero decomposable
elements. In [3] Cummings proved that if dim U > » + 1 then every
decomposable mapping T on Y* U is induced by a nonsingular linear
transformation f on U; that is, T(%,V -+ V 4,) = fw) V - V f(y,).
In this paper we consider the case when 8 < dimU=<r» + 1.

2. The case when dim U =r + 1. Two type 1 subspaces M,
and M, of V" U are called adjacent if

Mlle\/-°°\/x,_2\/y1\/U
My=2,V - Va,,Vy VU
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for some x, ---, %, ¥, ¥, Where y, and y, are linearly independent.
The proof of the following lemma is contained in that of Propo-
sition 4 of [3].

LeMMA 1. The images of two adjacent type 1 subspaces under
a decomposable mapping are distinct.

THEOREM 1. If dim U = r + 1 then every decomposable mapping
T of VU s induced by a nonsingular mapping of U.

Proof. Let M be a type 1 subspace of Y"U. Then T(M) is a
decomposable subspace of V" U. Moreover dim M = dim T(M) = » + 1.
Let T(M) = N where N is a maximal decomposable subspace. If N
is of type & where 1 < k < r, then dim N =%k 4+ 1 < + 1 which is
a contradiction. Hence N is of type 1 or type ». Since dim N =
r + 1, it follows that T(M) = N.

Suppose that some type 1 subspace z, V -+ Va,,VyV U is
mapped onto a type » subspace V"W where W is a two dimensional
subspace of U. We shall show that this leads to a contradiction.

Let & ={T(M,): we U, u=+0} where M, =x,\V ---Va,,Vu\V U.
We shall show that V” W is the only type » subspace in &. Suppose
there is another type » subspace V" W* in &. Since V" WN VY™ W* =0,
W N W* is 1-dimensional. Choose a nonzero vector z in U such that

T(xl\/...er_z\/sz):wl\/...\/wT

where dim (w,, ---, w,> = 2, {y) = <{z), and W W* == (w,) for all
1=1 .-, 7. If

TM,)=2V - Vz,, VU
for some 2z, in U then
TM)NVY"W==0
and
TM)NV"W===0

imply thatz,, --+,2,.,€ WN W*and hence (z,) = +++ = {2,y = WN W+
Since w, V +++ Vw, €2,V +++ V2.,V U, it follows that (w,) = Wn W*
for some ¢, a contradiction. Hence

T(M)=V'S

for some two dimensional subspace S of U. Note that o, V .-+ V
e VY VzeM,NM, Thus w, ---,w,e€ WNS. This implies that
{w,, +++, w,y = W =28, a contradiction to Lemma 1 since M, and M,
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are adjacent type 1 subspaces. This proves that V” W is the only
type r subspace in &

Since {T(M,): (x) # <{¥), x # 0} is an infinite family of type 1
subspaces (Lemma 1) it follows from Proposition 4 of [3] that there
exist vectors u,, ---, u,_, such that for any x e U — {0} and (z) = {¥),

TM)=uV -+ Vu,,Va'VvU

for some #’e U. Since T(M,) N V"W = 0 we have 2’e W. Let g be
a fixed nonzero vector such that {g) = (y)>. Then for any zc U — {0}
such that (@) == {g), <&} # (¥,

T,V «++ VX s VEV I =U Voo NV Uy VI VG,

for some g,. Since u,V -+ VU, V&' Vg,€u Ve Vu,, Vg VU
and {(2') # {¢’> we have {g,> = {(¢’>. Therefore

TM)ySuw, V- -+ NVu,, Vg VW
ULT(@, V +++ V2,5 VgV Y))
ULT(@, V -+ Va,,VgVae).

This is impossible since dim 7(M,) = dim U > 2.

Therefore, T maps type 1 subspaces to type 1 subspaces. By
Theorem 2 of [3] T is induced by a nonsingular linear transformation
on U.

3. The case when 3 < dim U <r + 1. In this section we as-
sume that char F' = 0.

LEMMA 2. Let x,, ---, 2, be k nonzero wvectors of U. Let r >
k+land 2,V -+ Va,VA=2V - V2 #0in V' U where Ac
V'*U and z,;€ U. Then {x;) = {z;,) for some j; where j, * j, for
distinet s and t.

Proof. Let u,, -+, u, be a basis of U. Let ¢ be the isomorphism
from the symmetric algebra YV U over U onto the polynomical algebra
F[&, ---£,] in » indeterminates &, ---£, over F' such that ¢(u,) = &,
1=1 +++,n [4, p. 428]. Then

$(@) -+ $(@e)3(A) = ¢(2,) - - - p(2,) = 0 .

Since F[¢, ---, &,] is a Gaussian domain and since é(x), - -, 6(x:),
#(2y), -+, #(2,) are linear homogeneous polynomials, it follows that for
each i =1, .-+, k, (3(x,)) = {(¢(z;,)) for some j, where j, # j, if s #¢.
This implies that (x> = (2,;,>. Hence the lemma is proved.

The following result is proved in [1, p. 131] under the assumption
that char F' = 0.
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LEMMA 3. V"U is spanned by (" =uV -+ Vusue U}.
T rttmes
Hereafter we will assume that 3<dimU<r+1 and T is a
decomposable mapping on V' U. Since every type k subspace has
dimension < r + 1 where 1 < k < r we see that every type r subspace
of VU is mapped onto a type r subspace under T.

LEMMA 4. If there are two distinct type r subspaces M and N
of V" U such that MN N # 0 and T(M) = T(N), then T(V"U) = T(M).

Proof. Let M= V'S, N=V"S,and T(M) = T(N) = V'S where
S, S, S, are two dimensional subspaces of U. By hypothesis,

MﬂN:V’SlﬂVTSz=V’(Slﬂsz)?&o-

Hence S,NS; is one dimensional. Let S, = (¥, ¥y, S:= Uy, ¥s)-
Consider S; = (¥, ¥;»>. Then

V&NV S.=<w), V' SnV'S =<up).

Hence T(V"S) N V™S 2 (T(y;), T(y;)>. Since T is a decomposable
mapping and <y}, ¥;> is a two dimensional decomposable subspace, it
follows that {(T(y;), T'(y:)) is two dimensional. Hence T(V"S;) = V" S
because any two distinct type r subspaces of Y* U have at most one
dimension in common.

Let z = ay, + By. + 7y, where «, 8,7 are all nonzero scalars.
Consider S, = <y, 2) = {y,, BY. + Y¥s;y. Since

V'S5nN V7S 2 (By: + 74)" ,
V'8NV 8 2<w),

we have T(V"S)N VS 2<T(;), T(BY. + 7ys)")) which is two di-
mensional. Hence T(Y~S,) = V"S. Consequently by Lemma 3,

T(V’ <y1; Y, ?/3>) = Vr S.
Now, let we U such that w ¢ <{y,, ¥,, ¥sp. Let W = (y,, w). Con-

sider the type 1 subspace P=y, V .-+ V¥, V U. Since
dim (PN V’ <y17 Y, y3>) =3,

we have dim (T(P) N V" S)=3. Since the maximal dimension of the
intersection of two distinct maximal decomposable subspaces is 2, we
conclude that T(P) =< V' S. This shows that

TV WNV"S2LKTW), Tw.V+--VyVw) .

Since <yi, yi™*V w) is a two dimensional decomposable subspace,
(T(y?), T(y;~"Vw)) is also two dimensional. Hence T(YV"W)=V"S. By
Lemma 3, we conclude that T(V"U) =Y~ S. This completes the proof.
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LEMMA 5. Suppose that for any two distinct type r subspaces
M, N such that MN N # 0, we have T(M) = T(N). Then T is in-
duced by a nonsingular transformation on U.

Proof. Let y, vy, vy, be linearly independent vectors. Let S, =
Y, ¥, S = <Y, ¥,p. Then T(V"S) =VY"S,and T(V"S,) = V" S; for
some two dimentional subspaces S], S; of U. By hypothesis V" S| #
V" S.,. Hence

VSNV Si=T(V'Sin V' 8) =y

for some y’e U. Therefore T(y") = \y'" for some \ in F.

Let H=yV ---Vy\VvU. We claim that T(H)=y"Vv --- Vy' Vv U.
Since T(H) is a decomposable subspace, it is contained in a maximal
decomposable subspace. If T(H) is contained in a type k subspace
GV NG VWV oo V Wwhere2 <k <7r,theny”cg,V+:-+V
9rr VWV -+« V W and hence {(g,> = {y'>, y'e W. This implies
g.€ W, a contradiction. If T(H) is contained in a type r subspace
V™ W, then

dim(V"S,NH) =2=—dim(T(V"S) NV W)=2,
dm(V"S,NH) =2=—dim(T(V"S)NnVY " W)=2.

Since T(V"S) and T(V’S, are both type r subspaces, it follows
that (V" S) = V"W = T(V" S,), a contradiction to our hypothesis.
Hence T(H) is a type 1 subspace of V"U. Since y' e T(H), it
follows that

TH)=y"V ---Vy VU.

By Lemma 3, let x/™, ---, 2/~ be a basis of V"' U. Note that
3 < dim U < r + 1 implies that » = 3. Clearly if ¢ == j then 2, and x;
are linearly independent. Consider any type one subspace D =
2NV e V2, VU, Let 2,V -+ V2, =D Nxi™ where A, € F and
1=1,+--,t. We shall show that T(D) is a type 1 subspace. Suppose
to the contrary that

(i) TD)s V'S
or

(i) TD)sw,V -+ NVw,_, VSV ---VS§25k<r,
for some two dimensional subspace S of U and some w,, - -+, w,_,€ U—S.

Let T, V «+- Ve, vVU)=aiV -~ Vi VU i=1, .- t. Note
that T(x;) = nxi” for some n, e F, i =1, ---, t. For 1+ j, (&}, x}) is
a two dimensional subspace of V" U implies that T({(x}, 7)) = (&}, «}"
is a two dimensional subspace of V" U. Hence z; and «} are linearly
independent if 7 = j.

Consider case (ii). Choose a vector w of U such that
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we wy U+ U w,) USU(Y <ehad).

Let we U such that T(x™' VvV u) =o'V w. For each 7 =2, let
TV u)=2""V u. We shall show that {u,) = {w) for ¢ = 2.

Since <xj™ V u, 2 VV u) is a decomposable subspace for ¢ = 2,
etV ow, 27V U,y is also a decomposable subspace. By our choice
of w, {xi, w, xi) is three dimensional. Hence {x/"*V w, "™ V u,) is
contained in a type k subspace A for some 1<k <r. If A is of
type k where 1 <k < r— 2, then we have &)y = (w) or {zi) = {a})
which is a contradiction. Hence A is of type r — 1. This implies
that <u,y = {w), © = 2.

Let w, = a,w where a,€¢ F, 1 = 2. Then

t
T(zl Vet V2,V u) = T(Z N/ u>
1=1
t
=MV w A+ DNV (aw)
1=2

t

= (vl + S ) v w
=2

:gl\/... \/gr¢0

for some ¢g;e U, i =1, ---, 7. In view of Lemma 2, {g;> = (w) for
some j, 1 <j < r. Since

oV - Vg,ewV -+ Vw,_,VSV-.-VS,

we have (w) = {w,) for some ¢ or we S. This contradicts our choice
of w. Hence

TDYZEw,V +++ VW, VSV e VS.

Similarly T(D) £ V" S. Therefore T(D) is a type 1 subspace. In
view of Theorem 2 of [3], T is induced by a nonsingular linear
transformation on U.

Combining Lemmas 4 and 5 we have the following main result:

THEOREM 2. Let T:YV"'U— VY U be a decomposable mapping.
If 3<dimU<r -+ 1 then either T is induced by a monsingular
transformation on U or T(V™U) is a type r subspace. In particular,
if T is nonsingular, then T is induced by a nonsingular transfor-
mation on U.

We have so far not been able to determine whether there does
in fact exist a decomposable mapping on YV~ U such that its image is
a type r subspace when 3 <dm U< r + 1.
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