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CERTAIN CLASSES OF REGULAR UNIVALENT
FUNCTIONS

V. KARUNAKARAN

If f(z) and g(z) are starlike functions of orders « and 7
for a, ye[0, 1), then it is shown that

_2 [
F) =2 g f)dt

is p-starlike for |z| < J, where & is a function of «, §, 7.
Conversely, a sharp estimate is obtained for the radius of
B-starlikeness of the class of functions

f2) =2"(gRIFR) ,

where g(z) and F'(z) are starlike functions of orders 7 and «
respectively, with a + 7 = 1.

Let S denote the family of functions f(z) which are regular and
univalent in the unit disc E of the complex plane and which satisfy
the conditions f(0) = 0 = f(0) — 1. Let S*C S denote the class of
starlike functions, namely those members of S which map E onto a
domain that is starlike with respect to the origin. Libera [2] showed
that if f(z) € S*, then

(1) F@) = 2| feyat
also belongs to S*. In the converse direction, Livingston [4] has
studied the mapping properties of the function

f(z) = 27(zF(2))

where F(z)e S*. The object of this paper is to generalize these
results of Libera and Livingston by choosing instead of S* the class
S*(a) of starlike functions of order & and replacing the definition of
F(z) in (1) by

(2) Fe) = 2\ ot

9(2) Jo
where f(z) and g(z) are starlike functions of orders « and 7 respec-
tively. Extensions of the results of Libera and Livingston in other
directions were made by Padmanabhan [6], Nikolaéva and Repnini,
[5], Bernardi [1].

THEOREM 1. If f(2)e S*(a@) and g(z)e S*(7), then the function
F(2) defined by
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_ 2
R = 25 S f(t)dt

is B-starlike for |z| < o = o(a, B, 7) where ¢ is given by

oll + 2a — 27 — 6]
=[@—a-"+1— B/ +2a-27 - —R—a-")

when 1+20—2Yy—B+0, 200—a—7)=1—p5 when B =1+
20 — 27,

Proof. Let P(a) denote the class of all regular functions p(z)
in E which satisfy the conditions »(0) =1, Re[p(z)] > a (0 = a < 1).
Examining the proof of Lemma 1 in[2] we easily find that if N and
D are regular in E, N(0) = D(0) = 0, D maps E onto a many-sheeted
region which is starlike with respect to origin and N'/D’e P(«), then
N/De P(o). Further we note that

o@ = | rwat ,

where f(z)e S*(a), is 2-valently starlike with respect to origin by
[2, Lemma 2]. Now F(z) = 20()/g(z) Where o(z) = Sof(t)dt. So,

2F'(2)|F(z) = (20'(2)/0(2)) — (29'(2)/9(2))
= (20'(2) — 0(2))/0(2) + 1 — (29'(2)/9(2)) ,

0(z) being 2-valently starlike. If we choose N(2) = z0'(z) — o(z),
D(2) = 0(2), then N'/D' = z0"(z)/0'(z) = zf'(2)/f(z) is a member of
P(ax). From the above observations we conclude that {z0’(z) — 0(2)}/0(z)
is also a member of P(a). Now, g(z) € S*(7) and so

?

F'(z) 1+Q@a—-1)r 1—@Yy—Dr
R [z— > —_
© F(z) =1+ 1+ 7r 1—17r

since p(z) = 2f'(2)/f(z) € P(«) implies Re[p(z)] = (1 + (2a — 1)r)/(L + 7)
on |z| =7, by a known result. Thus Re [2F'(z)/F(?)] =8 on [z| =17
and hence F'(z) will be g-starlike for |z| < r, if

1+ (2a— r 1— 2y —r
1 — =>pR.
+ 1+7r 1—7r =8

This condition gives » < o where ¢ is as given in Theorem 1.
Theorem 1, together with the fact that every convex function is a
starlike function of order 1/2, implies the following corollary.

COROLLARY. If f(z) e S*(a) and g(?) is a convex univalent func-
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tion in E, then the function

-2 (
F@) =& S f)dt

is B-starlike for |z| < o(a, B, 27Y).

The limiting case ¥—1 while @« = 8 =0 gives the result of
Libera [2].

Before proving our main theorem on a partial converse of
Theorem 1, we prove two elementary lemmas which are important
for our considerations.

LeEMMA 1. Suppose p(z) = [1 + Dw(2)][1 + Bw(z)]™* where w(z) is
regular in E, w0) =0, |w®)| <1 for ze¢ £ and —1<D<B=1;
then for any C = B, we have on |z|=1r <1,

D 71 _[r|Bp()— D= 11— p()]
Re[ 0p(a) + p(z)] ] T= @] }

- {Pl(f”) for R, < R,,
~ |Pyr) for B, = R,,

where

200 = (i) + P55

Pyr) = {(L+ D)1+ C—- DA+ C)+ B+ O

2

1 -7
+ D(B* + C)r']"* — (1 — BDr?)},
pr— _(1+ D) — Dr?)

T @1+0)—r(C + B)

and

1+ Dr
1+ Br

R, =

Proof. A hint for the following proof is in [7]. p(z) is sub-
ordinate to the linear fractional transformation (1 + Az)/(1 + Bz) and
from this it follows by elementary arguments that

lp(x) —al=d,

where
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4 lL=BD* . _ (B— Dy
1-B7r ' 1—-Br

If p(2) =a +u + v with a as defined above and R*= |p(z)[* =
(@ + u)* + v, then by a simple computation

Re[Cp(z) + D ] _ {1Bpe) = DI = 1= p@}

p(2) @ — ) p@)
= D@ +u) | (1 — B + ' — d)
Aot R " 1—-7r)R
= S(u, v), say .
Then
985, v) _ g+ T(R)
ov ’
where
T(R) = —2D(a + u) + 2B'(L — 7)1 — B'r?)
+ R(1 — )71 — Br¥)(d? — u® — %) .
Evidently,

T(R) = 2(a + u)[(l_l?ﬂ) (@ — dy — D] >0,
— 7

since R>a +u=a—d, as is easily verified. Thus S(u, v), as a

function of v, attains its minimum when v = 0 and the minimum

value is given by

Min S(u, v) = S(u, 0) = L(R) = CR + -%
1— B \Lipe o s o p

since v = 0 implies @ + v = R. The absolute minimum of L(R) is
attained at R = R, = (m/l)"*, where

m =D+ (1 — )" (a* — &)1 — B,
I=C+ Q-1 - B7Y.

However, since a — d < R < a + d, R takes the value R, only when
¢ —d<R,<a+d. Itcan be verified that B, < a + d, while B, may
not always be greater than (¢ — d). Further if R, <a—-d=<R,
then R? = m/l < R? and so L(R) is a monotonic increasing function of
R. Thus L(R) attains its minimum L(ea —d) at R=a—d. A
computation shows that L(a — d) = P(r) and L(R,) = P,(r) where
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P(r) and P,(r) are as defined in Lemma 1. This completes the proof
of Lemma 1.

LEMMA 2. If w(z) is regular in E and satisfies |w(z)| = |#|
for ze E and p(2) = [1 + Dw(2)][1 + Bw(2)]™, then

Re { zw'(2) }< 1 {Re[p]il)—{_Bp(z):l

[1 + Bw@)IL + Dw(2)] (B — Dy
_ [rlep(z) —DPP—]1-— p(z)lz]
1 - r)|p@R)|
—w+my

Proof. @(z) = z7'w(z) satisfies | @(2)| < 1 in E and so by a well-
known result, we have,

[0'(R) | = A — [2() )L — [2[)" .
Thus using @(z) = z7'w(z), we get
[2w'(2) — w(@) | = (r* — |w() )L — ).

So we have on |z| = 7,

2w'(z) w(z)
Re {[1 + Bw@IL + Dw(z)]} = Re {[1 T Dw@E)[L + Bw(z)]}
r’ — [w(z) [
{(1 |1+ Dw()|1 + Bw(z)[}

A simple computation using w(z) = (1 — p(2))(Bp(z) — D)™, gives the
inequality stated in Lemma 2.

THEOREM 2. Let g(z) € S*(7) and F(z) e S*(a) and define f(z) by
F@o) = 2| et ,

or, equivalently, by

f(z) = 27(9()F(2)) ,

then for |z| =,

[zf (z)} i P(r) for R, < R,,
f(2) Pyr) for B,z R, ,

where
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Pr) = __1_.{[(3 - 2A)[1 + A"] + A[—l"'—"'] -2},

1-4) 1+7r 14 Ar
R T

Ri=(1+ 4)Q1 — Ar)/(4 — 24)1 — ),
R=Q0+Ar))1+7),

and
A=a+7v—-1.

These bounds are sharp.

Proof. 2f(z) = 9(2)F"(2) + F(2)g'(2) -
So
(3) 22f(z) _ 2F'(2) 1L 29'@)
9R@)F(z)  Fz) 9@

F(z)e S*(a¢) and g(z)eS*(¥) imply that zF'(z)/F(z)e P(a) and
29'(2)/9(z) € P(7). Thus zf(2)/9(z)F(z)e P((@ + 7)/2) and so, by a
well-known representation formula, we have

2f(z)  _ 1+ Aw(z)
9(2)F(z) 1+ w(z)

where A = @ + 7 — 1 and w(z) is regular in E and satisfies | w(z) | = | 2|
for ze E. Let p(2) = [1 + Aw(2)][1 + w(2)]™*, then we have

(4) 2f(2) = 9(2)F(2)p(2) .
Thus,

2f'(2) _29'(2) | 2F'(2) | 2p'(2) 4
f(2) 9(2) F(z) n(2)

= 2p(e) + 2@ 1,
0(2)

using (3) and (4). Now,

zp'(z) . _ —(— Aew'(zx)
() [1+ Aw@]A + w(z)]

An application of Lemma 2 and then Lemma 1 with C =3 — 24,
B=1and D = A gives immediately the inequality stated in Theorem 2.

We now show that the bounds are sharp. Let us choose g,(z) €
S*(7) and F\(z) € S*(a) defined by the formulas,
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291(2) _ 1+ (27 — Dwi(z) 2Fi(z) _ 1+ Qa— Dwi(2)

9.(2) 1+ wy(2) " F, 1(?) 1+ wy(z)
The corresponding f,(z) = 27(g.(2)F(z))’ satisfies

6(AF(z) 1+ w()

From the proof of Lemma 1 it is evident that the bounds P,(r) and
P,(r) will be attained only when R = a — d and R = R, respectively,
where R = |p(z)| = Rep(z). Since a —d = (1 + Ar)/A + r), the
function w,(z) =z will give g,(2), F(z) such that | p,(z)| = Re p,(z) =
o — d at 2 = r and so the bound P,(r) will be attained by the corres-
ponding function zf;(z)/f.(z), at z = r, for all » satisfying R, < R..
When R, = R, = a — d, we choose wy(2) = z(z — q)/(L — qz) where ¢
is determined by the condition that .(z) = (1 + Aw.(2))/A + w.(z))
satisfies | p,(2)| = B, = Re p,(2) at z = r. Now we have

a—d=R =R, Za-+4d,
S0

1+ Ar _1+AT _1— Ar
1+r ~1+7T  1—7

’

where T = w,(r) and this in turn implies one of the three following
equivalent conditions,

,rz(,r _ Q)z = T2 < o2
a—gy =7
=1,
lgl=1.
So wy(z) is indeed subordinate to z in E and hence p,(z) belongs to

P((@ + 7)/2). Clearly, g.(z)e S*(7) and Fy(z)e S*(«) defined by the
formulas

295(2) _ 1+ (27 — Dwy(z) 2Fy(2) _ 1 + a — Lyw,(z)
2:(2) 1 + wy(2) " Fiy?) 1 + wy(2)

give rise to f,(2) which satisfies | p,(r)| = Re p,(r) = R,, where

zf(2) — 14 Aw,(2)
0.()F2) 1+ wiz)

and so 2f%(2)/fx(z) attains the bound Py(r) at z = r.

pz(z) =

THEOREM 3. If the family Q is defined by
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Q = {f(2) = 27(9(:)F(2))’; 9(z) € S*(7), F(2) € S*(a) and a + 7 =1},

then the radius of B-starlikeness of the family Q 1is the least positive
root of the equation Py(r) — B =0, where P(r) is as defined in
Theorem 2.

Proof. By Theorem 2, the minimum of Re (2f'(z)/f(2)) for f
belonging to @ is P,(r) for all |z| = » satisfying R, < R,. Thus, for
R, < R,, the requirement that f(z) be g-starlike for |z| < r gives
the condition on 7 as P(r) — 8 = 0. This condition will be true for
all values of » < o where o is the least positive root of the equation
P(r) — B =0, since P(0)— B3>0 for all ge[0,1). It remains to
verify that o also satisfies the condition

(Ro)r=o é (Rl)r=a .
For this we note that R = (1 + 4A)(1 — Ar?)/(1 — r*)(4 — 24) and so

— >0.
dr (- r)d—24)

Thus R, is an increasing function of r. Moreover R, = (1+ Ar)/(1+7)
implies

ar, _ _(1—4) 0

ar @

and so R, is a decreasing function of . Thus the equation B,— R, =0
has at the most one root in (0, 1]. The inequality B, — R, < 0 holds
if and only if

T(r) = AQ — 24)r* + AQA — T)r* + WA —5)r +3=0.

Now T(0) =3>0 and T(1) = —2(1 + A) <0 and so R, — R, = 0 has
at least one root in (0, 1]. Let the unique root of the equation T'(r) =0
be r,. Thus the condition B, < R, holds for some # if and only if
r<r,. Thus R,< R, holds at r = ¢ if and only if 6 < r,. Now
P(r) — B satisfies P(0) — 8>0. We show Py(r,) =<0. This will
imply that P(r,) — 8 =< 0 and, in particular, that o, the least positive
root of the equation P,(r) — g = 0, will satisfy ¢ < r,. Now a calcu-
lation shows that

P('r) — ”'2(2A2—A) +"'(4A—- 2) +1 .
' 1+ @1+ Ar + Ar

Therefore P(r) < 0 if r exceeds the least positive root of the equation

W24 — A) + x(4A — 2) + 1 =10.
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ie., P(r) 20 if »r = (1 — t)/s where

sm—dzo, 1o (LZA)

1-24

So P(ro) =<0 if r,=Z@ —1¢t)s. But r,= @ —t)/s if and only if
T((1 — t)/s) = 0, since T(r) = 0 has a unique root in (0, 1] and 7'(0) > 0.
Changing A to —s, we get the fact that T(r) = 0 if and only if,

—r¥1 + 2s)s + (2s + T)sr* — (4s + 5)yr +3 = 0.

Substituting » = (1 — ¢)/s and using elementary calculations, the condi-
tion reduces to

45l — ) —4s(l —s) — (s + 1)< 0.

Since A=a +7—1=0 and s = — A, the last inequality is trivially
true. Further, the bounds obtained in Theorem 2 are sharp and so
the radius ¢ obtained above is also sharp for the family @ under
consideration and this completes the proof of Theorem 3.

REMARKS. It should be noted that we have not used the full
force of Lemma 1, in the proof of Theorem 3. Other conditions on
F(z) and g(z) such as

O O [ ca o<z,
il

Fi(z) F\(2)
or
2Fiz) 1
F(2) al<a a>2,
or
2F1(2)

—Q<a 0<ax=1l,
Fy(z)

where F\(z) = (9{z)F(z))"% F.(0) = 1, could be considered instead of
F\(z) being in S*((@ + 7)/2) as in Theorem 3. Problems with these
conditions can be solved similarly by choice of suitable values for
A, B, Cin Lemma 1. Also the case & + v > 1 left out in the theorem
can be treated using the above estimates. Details relating to this
case which involve difficult calculations will be published on another
occasion. Further, from Theorem 3, it follows that if « 4+ v =1, the
radius of B-starlikeness of the family @ is given by ¢ = (1 — 8)/2 + B)
and this is a slight generalization of [3, Corollary 2 to Theorem 1].

The author would like to thank Professor K. S. Padmanabhan for
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