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A THEOREM ON PRIME DIVISORS OF ZERO
AND CHARACTERIZATIONS OF UNMIXED
LOCAL DOMAINS

L. J. RATLIFF, JR.

Two characterizations of when the prime divisors of zero
in a complete local ring are all minimal are given. Then a
number of results which characterize an unmixed local domain
R of altitude two are proved. Among these are when certain
over-rings of R are finite R-modules and when R is a subspace
of certain Macaulay over-rings. Finally, some characteriza-
tions of when an arbitrary local domain is unmixed are given.

1. Introduction. All rings in this article are assumed to be
commutative with identity, and the terminology is, in general, the
same as that in [6].

In this paper a number of characterizations of when a local
domain R is unmixed are proved. The main emphasis is on the case
when altitude R = 2 (§§3-5), but some characterizations for arbitrary
local domains are given in §6. (One reason why characterizations
of R being unmixed when altitude R = 2 are of value is that if
(L, N) is a local domain such that altitude L > 2, then certain
monadic transformations @ of L are altitude two local domains, and
if L is a subspace of such a @, then L is unmixed if and only if @
is unmixed (4.15). Another reason is that, in answer to a question
asked by M. Nagata in 1956 in [5, Problem 1], D. Ferrand and M.
Raynaud showed in 1970 in [2, Proposition 3.3] that there exist
quasi-unmixed local domains of altitude two which aren’t unmixed.
This is considered somewhat more fully in §5.) A number of these
characterizations in altitude two are due to a more general theorem
concerning when the prime divisors of zero in a complete local ring
are all minimal, and others have to do with certain Macaulay over-
rings of R.

A brief summary of the results in this paper will now be given.
Throughout the remainder of this introduction (R, M) is a local
domain such that altitude R = 2.

The main result in §2 shows that if (L, N) is a complete local
ring and altitude L = 2, then every prime divisor of zero in L is
minimal and has depth > 1 if and only if there exist a regular
element be N and » = 1 such that (bL)™ S bL, where (bL)™ is the
intersection of the height one primary components of oL (2.2).

In §3, using (2.2), six characterizations of when R (altitude two)
is unmixed are given in (3.4) and (8.6). Among these are: (bR)™ =
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bR, for some 04bec M and n = 1; and, there exist a system of parame-
ters b, ¢ in R and n = 1 such that b*R:c¢"R = (bR)*®, for all k= 1.

Section 4 contains some characterizations of R being unmixed
in terms of R being a subspace of rings of the form A,, where b, ¢
is a system of parameters in B and P is a prime ideal in A = R[b/c]
such that MAZ P. Specifically, R is unmixed if and only if R is a
subspace of one such ring which is Macaulay if and only if R is a
subspace of all such rings (4.9) and (4.10). Some further results on
when A is locally Macaulay or when A, is Macaulay are given
in (4.1), (4.5), (4.7), and (4.8).

Section 5 contains characterizations of R being unmixed or
quasi-unmixed in terms of R™ and R’ (5.1). (5.2) contains some
supplemental information on the relationships between the rings R,
RY, and R'.

In §6 a sufficient condition for a local ring L to be unmixed is
given in (6.1). Then, using (6.1), a number of characterizations of
when L is unmixed and of when L/p is unmixed, for all p e Spec
L, are given in (6.3)-(6.9).

2. A theorem on prime divisors of zero. The main result in
this section gives two characterizations of when every prime divisor
of zero in a complete local ring is minimal and has depth >1 (2.2).
To prove (2.2) we need the following definition.

DEFINITION 2.1. Let b be a regular element in a Noetherian
ring A. Then (bA)™ = b"A;N A, where S = A — U{p€eSpec 4; p is
a height one prime divisor of bA}.

Thus, by the definition, (bA)™ is the isolated component of b"A
determined by the minimal prime divisors of b"A.

In (2.2) we restrict attention to local rings of altitude =2, since
if (B, M) is a local ring and altitude B = 1, then every prime divisor
of zero in R is minimal if and only if M contains regular elements,
and if altitude R = 0, then every prime divisor of zero in R is
minimal. I am indebted to S. McAdam for showing that (2.2.1) =
(2.2.2) for all local rings (instead of just for complete local rings).

THEOREM 2.2. Let (R, M) be a local ring such that altitude
R = 2, and consider the following statements:

(2.2.1) Each prime divisor z of zero in R is such that height
2z =0 and depth z > 1.

(2.2.2) There exists a regular element beM such that
N. (bR)™ = (0).

(2.2.3) There exist a regular element be M and n =1 such that
(bR)™ Z bR.
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Then (2.2.3) = (2.2.2) = (2.2.1). Moreover, if R is complete, then
all three statements are equivalent.

Proof. It will be shown in (3.3.2) below that if (bR)™ SR,
then (bR)"*® Z b**'R, for all 1 = 0, so (2.2.3) = (2.2.2).

Assume that (2.2.2) holds, and let &° be the set of height one
prime divisors of bR. Then (0)=N.OGR)™ =N{N.d"R,)NER;
peZ} =N{0OR,NR; pec}. Therefore, if z is a prime divisor
of (0) in R, then there exists p € & such that zCp, so height 2 =0
and depth z > 1 (since altitude R = 2), so (2.2.1) holds.

(2.2.1) =(2.2.2) Let U= {gecSpec R; there exists a prime
divisor z of zero such that zcCgq and height ¢/z = 1 < height ¢}.
Then, by hypothesis, U is a finite set (possibly empty) [4, Theorem
1] and M¢ U. Therefore let b be a regular element in M such that
beU{g; g€ U}. Let & be the set of height one prime divisors of
bR, and assume it is known that for each prime divisor z of (0),
there exists pe.&” such that 2z cp. Then (0) = (by assumption)
N{O0R,NE;peZ}=N{N.0"R,)N E; pe Z} = N, (bE)™. There-
fore it remains to show that each prime divisor of zero is contained
in some pe .2

For this, let 2 be a prime divisor of zero and consider R/z.
Then the Principal Ideal Theorem implies that M/z is the union of
{Q/z; zcQcSpec R and height Q/z = 1}. Therefore there exists
Q € 8pec R such that (2, 5))R < Q and height Q/z = 1. By the choice
of b, height @ =1, so Qe.# and so (2.2.2) holds. In fact, it has
been shown that:

(2.2.4) For each regular element beM, ¢U/{q¢:q9¢c U}
N. GR)™ = (0).

Finally, assume that R is complete and that (2.2.1) holds. Let
U and b be as in the proof that (2.2.1) = (2.2.2), let P be a prime
divisor of bR, and let m be a positive integer. Then to show that
(2.2.3) holds it suffices to show that there exists k=1 such that
(bR)» = P™ = PR, N R (since bR has a primary decomposition and
primary ideals contain large symbolic powers of their prime divisor).

For this, it may clearly be assumed that height P > 1. Let
(S, N) be the completion of (R, PR;). Then, since R is complete,
for each prime divisor z of (0) in R,, the completion (R,/2)* of R,/z
is analytically unramified and unmixed [5, Proposition 4]. Therefore,
all prime divisors of (0) in S are minimal, for if w is a prime
divisor of zero in S, then w is a prime divisor of zS, sor some
prime divisor z of (0) in R, so height w = 0 (since S/zS = (R;/?)*
is analytically unramified). Suppose there exists a prime divisor
2" of (0) in R such that 2’ c P and height P/z’ = 1. Then height
P =1, since b¢ J{g; g € U}; contradiction. Therefore every prime
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divisor of (0) in R, has depth >1, so every prime divisor of
(0) in S has depth >1 (since the (R,/2)* are unmixed). Thus S
satisfies the conditions on R in (2.2.1). Now, if it can be shown
that 8¢ U {¢’; ¢’ € U}, where U’ = {¢' € Spec S; there exists a prime
divisor w of zero in S such that wcCq’ and height ¢'/w = 1 < height
q'}, then N, (BS)™ = (0) (by (2.2.4) applied to S). It then follows
that, given m = 1, there exists k such that (bS)® = N™ [6, (30.1)].
So, since height one prime divisors of dS contract to height one
prime divisors of bR,, (bR,)™ S (bS)* NR,< N"NR, = P"R,, hence
(OR)® < P, Thus it remains to show that b¢g U {¢’;¢' € U'}.

For this, suppose belJ {¢';¢' € U’} and let p< U’ such that be p.
Then there exists a (minimal) prime divisor w of (0) in S such that
(w, b)SS p and height p/w = 1 < height p. Since height p/w =1,
p is a prime divisor of bS (by [17, Lemma 1, p. 394] applied to S,),
so ¢ = p N R, is a prime divisor of bR, by [6, (18.11)]. Since height
p > 1, there exists another prime divisor w’ of (0) in S such that
w' C p and depth w’ > depth w (since S, being complete, is catenary).
Therefore 2’ = w’' N Ry, # w N Rr = z (since S/zS is unmixed). Thus
2’ and z are contained in ¢ and depth 2z’ = depth w’ > depth w =
depth 2, so height ¢ > 1 (since R; is catenary, (since R is catenary)).
Also, height p/2zS = 1 and b + zS € p/zS, so height ((p/zS) N (R5/2)) =1,
hence height g¢/z = 1. Therefore height (¢NR)/(zNR)=1 and
height g N B > 1, so beq N R e U; contradiction. Therefore b ¢ U {q¢;
q' € U}, so (2.2.3) holds.

REMARK 2.3. The proof that (2.2.1) = (2.2.3) shows that for
each regular element be M such that b¢ U {q; q € U}, there exists
n = 1 such that (bR)™ S bR (assuming that R is complete).

It should be noted that if altitude R = 2 in (2.2), then the proof
that (2.2.1) = (2.2.3) follows immediately from [6, (30.1)] (and the fact
that (2.2.1) = (2.2.2)), since then S = R (with S as in the proof that
(2.2.1) = (2.2.3)). It should also be mentioned that a somewhat dif-
ferent proof that (2.2.2) = (2.2.1) in an arbitrary Noetherian ring such
that each maximal ideal has height >1 is given in [15, Lemma 4.11].

COROLLARY 2.4. Let (B, M) be a quasi-unmized local domain
such that altitude R = 2, and let R* be the completion of R. Then
the following statements are equivalent:

(2.4.1) R is unmiwed.

(2.4.2) There exists 0 = be M such that M., (OR*)™ = (0).

(2.4.3) For each 0 +beM, there exists m =1 such that
(bR*)™ S bR*.

Proof. If (2.4.1) holds, then, since the set U (for R*) of the
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proof that (2.2.1) = (2.2.3) is empty, (2.4.3) holds by (2.3).
(2.4.3) = (2.4.2), by (3.3.2) below.
If (2.4.2) holds, then the prime divisors of zero in R* are all
minimal (2.2), so, since R is quasi-unmixed (by hypothesis), (2.4.1)
holds.

It will be shown in (8.4) that a much nicer result than (2.4)
holds when altitude R = 2.

3. Some characterizations of unmixed local domains of alti-
tude two. It will be shown in this section that (2.2) can be used
to give a number of characterizations of an unmixed local domain
of altitude two. In fact, six such characterizations are given in
(3.4) and (3.6).

Most of the results in this section can be extended to altitude
two local rings (with nonzero divisors of zero), but we shall restrict
attention to the domain case. On the other hand, only a small part
of the results extend to local domains of altitude > 2.

To prove (3.4) and (3.6) we need the following definitions.

DEFINITIONS 3.1. Let A be a Noetherian domain, and let b be
a nonzero element in A.

8.1.1) A" =N {A4,; p is a height one prime ideal in A4}.

3.1.2) 7 (bA) = A[1/b] n AW,

(3.1.3) An ideal I in A is pure height one in case every prime
divisor of I has height one.

Quite a few results concerning one or another of these concepts
are given in [3, §§5.10 and 5.11], [9, §5], [10, pp. 218-219], and
[15, Chapter 2] (among other possible references). The following
remark lists the known facts which are needed for the remainder
of this paper.

REMARK 3.2. Let b a nonzero non-unit in a Noetherian domain.
Then the following statements hold:

3.2.1. [10, Corollary 2.19(1)]. There exists a one-to-one cor-
respondence between the height one prime ideals p in A and the
height one prime ideals ¢ in A™: p and q correspond if and only if
A, = AP,

3.2.2. [3, (5.10.17) (1)]. Each proper nonzero principal ideal in
A" is pure height one.

3.2.3. [9, Lemma 5.15(3)] and [15, Lemma 2.11(3)]. .7 (b4) is
the set of elements which, for all large k, can be written in the
form ¢/b* with ¢ e (bA)®.

3.2.4. [9, Lemma 5.15(4)] and [15, Lemma 2.17(1)]. b7 (bA) N
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A= (AP, for all k= 1.

3.2.5. [9, Lemma 5.15(10)]. .7 (bA) is a finite A-algebra if and
only if "7 (bA) S A, for some n = 1.

3.2.6. [9, Lemma 5.15(4)] and [15, Lemma 2.11(5)]. b7 (bA) is
pure height one.

The following lemma will serve to shorten the proofs of 3.4 and
3.6.

LEMMA 3.3. Let b be a regular nonunit in o Noetherian ring
A. Then the following statements hold:

3.3.1. (bA)™:b*A = (A", for all n =1 = 0.

3.8.2. If (Ab)™CbA, for some n =1, then (bA)™ =bm"'(bA)" ",
for all m = n.

Proof. 38.3.1. (bA)™:b'A and (bA)"" " are pure height one, they
have the same height one prime divisors as bA4, and ((bA)™: b'A)A, =
b" A, = (bA)"9)A,, for each height one prime divisor p of bA,
hence they are equal.

3.3.2. Let m=m, so (bA)™ = (bA)™ NbA = b((bA)™: bA) =
3.3.1 b(bA)™ ", so the conclusion follows by induction on m — n.

The first main result in this section gives four characterizations
of an unmixed local domain of altitude two. Of these, it is already
known that 3.4.1 = 3.4.5, by [9, Theorem 3.5] (which is a sharpened
version of [3, 7.2.5]).

THEOREM 3.4. The following statements are equivalent for a
local domain (R, M) such that altitude R = 2:

3.4.1. R is unmized.

3.4.2. (bR)"™ = b*(bR)™, for each 0 +beM, for some n
depending on b, and for all 1 = 0.

3.4.3. (bR)™ Z bR, for some 0+~ be M and for some n.

3.44. 7 (bR) is a finite R-algebra, for some 0 = be M.

3.4.5. R™ 1is a finite R-algebra.

Proof. Assume that 3.4.1 holds and let 0 = be M. Then, with
R* the completion of R, the set {¢ € Spec R*; there exists a prime
divisor z of zero such that z ¢ and height ¢/z = 1 < height ¢} is
empty. Thus there exists » (depending on b) such that (bR*)"™ < bR*
2.3. Therefore (bR)™ S (bR*)™ N RCbR* N R = bR, so 3.4.2 holds
by 3.3.2.

It is clear that 3.4.2 = 8.4.8.

Assume that 3.4.3 holds and let ®xe€.7 (bR). Then, by 3.2.3,
z = ¢/b*, for some ce(bR)™, and it may be assumed that k= n.
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Therefore cebd* 7 (bR)N R = 3.2.4 (bR)*® S (bR)™ S DR, so ¢ = ¢b,
for some ¢, ¢ B. Thus x = ¢,/b*, so it follows that = = ¢'/b" ", for
some ¢’ € R. Therefore b7 (bR) = R, hence .7 (bR) is a finite R-
algebra, and so 3.4.4 holds.

R[1/6] = N {E[1/b],; (0) = p € Spec R[1/b]} = M {R,; b ¢ q €Spec R},
since altitude R[1/b] =1, so it follows from the definitions that
7 (bR) = R™. Therefore 3.4.4 = 3.4.5.

Finally, assume that 38.4.5 holds. Then R“ is Noetherian and
RYC R’ = the integral closure of R, hence altitude R = altitude
R = 2. Also, each nonzero proper principal ideal is pure height
one 3.2.2, and height one prime ideals in R" contract to height
one prime ideals in R 3.2.1. Therefore R" is Macaulay and height
M =2, for each maximal ideal M’ in R® (by 3.2.1 and since
maximal ideals in R“ lie over maximal ideals in R, by integral
dependence). Thus R™ is an unmixed semi-local domain and is a
finite R-algebra, so R is unmixed (since the completions of R™ and
R have the same total quotient ring).

For future reference we note the following fact which was
proved in showing 3.4.4 = 3.4.5.

REMARK 3.5. With the notation of 3.4, R™® = 7 (bR), for each
0+~beM.

With (R, M) as in 3.4, let b, ¢ be a system of parameters in R.
Then, for some n =1, bR: ¢"R = (bR)". (Choose n such that either
¢ is in an M-primary component of bR, or n =1 if bR: M =bR.) Now,
for all k=1, b c is also a system of parameters. Thus for some
(k) we have b*R: ¢"®R = (b*R)® = (bR)*®. Here n(k) depends on k.
In the following theorem it is shown that R is unmixed if and only
if n(k) can be chosen independent of k.

THEOREM 3.6. Let (R, M) be as in 3.4. Then the following
statements are equivalent:

3.6.1. R s unmixed.

3.6.2. For each system of parameters b, ¢ in R, b*R: ¢"R = (bR)™®,
for all k=1 and for all large n.

3.6.3. There exist o system of parameters b, ¢ in R and n =1
such that b*R: ¢c"R = (bR)™, for all large k.

Proof. Assume that 3.6.1 holds and let b, ¢ be a system of
parameters in R. Then there exists % =1 such that (bR)* =
b "bR)™, for all k = h 3.4. If M isn’t a prime divisor of bR, then
clearly 3.6.2 holds, so assume that M is a prime divisor of bR. For
t=1,---,h+1, let Q, be a M-primary component of bR, and let
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n such that ¢*e!*'Q,. Then b'R:c"R = (bR)*, for ¢+ =1, ---, h,
and b""'R:c¢"R = (bR)** = b(bR)” S bR.  Therefore b""R:c"R =
(0**R: ¢"R) N bR = b(b***R: ¢c"bR) = b(b*"*'R: ¢"R) = (by induction)
(" '(BR)™M) = b'(BR)™ = (BR)*. 3.6.2 clearly follows from this.

It is clear that 3.6.2 = 3.6.3.

Finally, assume that 3.6.3 holds. Now there exists » = 0 such
that b"**R: ¢"R = b'(b"R: ¢"R), for all 1 = 0 [6, Ex. 3, p. 12]. There-
fore, for 4 large, (bR)"*" = b"*'R: ¢"R < b‘R, so

(bR)"" = 3.8.1 (bR)"™:b'R S b°R: b 'R = bR,
hence 3.6.1 holds by 3.4.

4, Macaulay over-rings of an altitude two local domain. In
this section we first give some necessary and sufficient conditions
for A = R[b/c] to be locally Macaulay and for A ;. to be Macaulay
where b, ¢ is a system of parameters in an altitude two local domain
(R, M) 4.1, 4.5, 4.7, and 4.8. Then we use these results to charact-
erize when R is unmixed in 4.10-4.14. Finally, we show in 4.15 that
such characterizations can be used to obtain information on when
local domains of altitude >2 are unmixed.

We begin with the following result.

PROPOSITION 4.1. Let b, ¢ be a system of parameters in a local
domain (R, M) such that altitude B = 2. Then A = R[b/c] is locally
Macaulay if and only if cA is MA-primary.

Proof. MA is a height one depth one prime ideal [9, Lemma
4.3], so MA is a prime divisor of cA. Assume cA isn’t MA-primary,
and let p = MA be a prime divisor of ¢cA. Then (b,¢c)R < »pN R, so
pNR =M, and so MA C p, hence p is an imbedded prime divisor
of cA.

Now, if A is locally Macaulay, then, in particular, A, is Macaulay,
for all prime ideals N in A such that MA C N. Therefore N isn’t
a prime divisor of cA, so cA is MA-primary (by the preceding
paragraph).

Conversely, if ¢A is MA-primary, then, for each height two
maximal ideal N in 4, MAC N and cA, is MA,-primary, so A, is
Macaulay. It readily follows from this that A is locally Macaulay,
since altitude A4 = 2.

The following remark gives some information related to 4.1.
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REMARK 4.2. Let the notation be as in 4.1, and let x = b/c.
Then the following statements hold:

4.2.1. Rad cA = MA, even if A isn’t locally Macaulay.

4.2.2. A, is Macaulay, for all but a finite number of maximal
ideals N in A.

4.2.3. Ay .. is Macaulay if and only if xA is pure height one.

Proof. 4.2.1 was proved in the first paragraph of the proof of
4.1.

4.2.2. If A, isn’t Macaulay, then height N =2 (so MACN)
and NA, is a prime divisor of the nonzero principal ideals contained
in NAy, hence N is a prime divisor of cA. The conclusion follows,
since cA has only finitely many prime divisors.

4.2.3. A/xA = R/(xA N R) is a local ring, so every prime divisor
of xA is contained in N = (M, x)A. Also, Ay is Macaulay if and only
if xA, is pure height one, so A, is Macaulay if and only if x4 is
pure height one.

To derive some further information on when A4,,,, is Macaulay,
the following definitions and lemma are needed.

DEFINITION 4.3. Let I be an ideal in a Noetherian domain A,
and let bel. Then b is superficial for I in case I"*':bA = I*, for
all large n. b is strongly superficial for I in case I*™': bA = I*, for
all » = 1.

By [6, 3.12], this definition of superficial element is equivalent
to the usual definition (see [6, p. 72] or [17, p. 285]).

Strongly superficial elements were defined and studied in [16].

The following lemma will be useful in what follows. I am
indebted to the referee for suggesting 4.4.2 and for simplifying my
original proofs of 4.5 and 4.7.

LEMMA 4.4. Let b, ¢ be nonunits in a Noetherian domain A.
Then the following statements hold:

4.4.1. b is superficial (respectively, strongly superficial) for
(b, 0)A if and only if c""A:bA < (b, ¢)"A, for all large n (respec-
tively, for all n = 1).

4.4.2. b is superficial (respectively, strongly superficial) for
(b, )A of and only if b(b, c)"A: " A = bA:c"A, for all large n
(respectively, for all n = 1).

Proof. (b, c)""A: bA = (c"*, b(b, ¢)")A: bA = (c***A: bA, (b, ¢)")A.
Both conclusions in 4.4.1 readily follow from this.
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To prove 4.4.2, fix w=1. Then it suffices to show that
(b, ¢)""*A:bA = (b, ¢)"A if and only if b(b, c)"A: c*"'A = bA: ¢c""'A, and
the proof of this is straightforward.

PROPOSITION 4.5. Let the motation be as in 4.1. Then b is
superficial for (b, ¢)R if and only if D = Ay 15 Macaulay.

Proof. Let x = b/c, and let I, = b(b, ¢)"R: ¢c""R, so I, = I,., and
a straightforward computation shows that ©A N R = I,, for all large
n. Now, b is superficial for (b, ¢)A if and only if I, = bA:c""'A,
for all large » 4.4.2, if and only if I, = (bR)", for all large n, if
and only if I, is pure height one, for all large =, if and only if
A N R is pure height one if and only if A is pure height one
(since A/xA = R/(xA N R)) if and only if D is Macaulay.

It is known that if R/M is infinite, then there exists a super-
ficial element, say d, for (b, ¢)R [17, Remark 2, p. 287]. Then it is
easily seen that d ¢ (b, c)M, so either (b, c)R = (d, b)R or (b, ¢c)R =
(d, )R, hence either R[d/b]i,4/s Or Rld/cli,a/ey 1S Macaulay, by 4.5.

Also, it is known [7, Corollary 2.2 and Lemma 2.1] that if R is
Macaulay and b, ¢ is a system of parameters in R, then D = R[b/¢c]iy,5,0
is Macaulay and K = Ker (R[X]— R[b/c]) = (¢X — b)R[X]. It will be
seen in 4.7 that a weaker condition than being a R-sequence implies
that D is Macaulay and K has a similar set of generators, even if
R is not Macaulay. For this we need the following definition.

DEFINITION 4.6. Let b, ¢ be nonzero elements in an integral
domain A. Then K = Ker (R[X]— ER[b/c]) has a linear base in case
K is generated by {¢X — d; be = cd}.

A number of results on linear bases are given in [11].

PrOPOSITION 4.7. With the notation of 4.1, if bR:cR = (bR)™,
then b is strongly superficial for (b, c)R and K has a linear base.
Therefore R[b/cliy s, ts Macaulay.

Proof. If bR:cR = (bR)™, then clearly bR: cR = bR: ¢c"R, for all
n =1, so K has a linear base [11, Corollary 7]. To see that b is
strongly superficial for (b, ¢)R, let r€¢c* ™ R: bR, so rb = ¢"*'s, for some
seR. Then sebR:c*""R = bR: ¢cR, so there exists t€ R such that
rb=sc"'=tbc". Therefore r € c"RZ(b, ¢)"R, hence b is strongly super-
ficial for (b, ¢)R 4.4.1. The last statement follows from this and 4.5.

It can be shown that the following statements are equivalent:
(i) b is strongly superficial for (b, ¢)R and K has a linear base; (ii) &
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is superficial for (b, ¢)R and K has a linear base; (iii) ¢*R:bR =
¢(cR: bR); and, (iv) bR:cR = (bR)". (The proof is fairly straight-
forward (using 4.7), so will be omitted.)

One further result on Macaulay over-rings of R will be given.
Namely, we will characterize when R[b/c] and R[c¢/b] are simultane-
ously locally Macaulay. For this, recall that if I is an ideal in a
ring A, then the Rees ring 2 = H(A, I) of A with respect to Iis
the graded subring .&Z = A[tI, u] of A[t, u], where ¢ is an indeter-
minate and % = 1/¢.

PROPOSITION 4.8. With the motation of 4.1, the following state-
ments are equivalent:

4.8.1. uZ(R, (b, c)R) has no height two prime divisors.

4.8.2. For each 0 = de (b, ¢)R, R[b/d, c¢/d] is locally Macaulay.

4.8.3. R[b/c] and R[e/b] are locally Macaulay.

Proof. Assume that 4.8.1 holds and let 0= de(b, ¢)B. Let
A = R[b/d, ¢/d], and let .&¥ = Altd, 1/td], so .&¥ = ZZ[1/td], where
B = AR, (b, ¢)R). Also, .&” is a quotient ring of a transcendental
extension ring of A4, and d.%° = u.&2 Let P be a prime ideal in A.
If height P = 1, then clearly A, is Macaulay, so assume that height
P =2 (note that altitude A <2). Then M=PNR, sodecP. Let
P* = P& N <& Then height P* = 2 and u € P*, so P* isn’t a prime
divisor of w<Z (by hypothesis), and so P*.¢” isn’t a prime divisor
of w.&¥ = d.5 whence P isn’t a prime divisor of dA, and hence A4,
is Macaulay.

It is clear that 4.8.2 = 4.8.3.

Finally, assume that 4.8.3 holds, and suppose that @ is a height
two prime divisor of u.<Z. Then either ¢b or ¢c isn’t in @, for other-
wise b = utb and ¢ = uic are in @ so QN R is M-primary (since height
(b, )R = 2), hence (u, M, tb, tc)#<=Q, and so height @ = 3 [9, Remark
3.7]. Saytc¢Q. Then P = QZ[1/tc]N R[b/c] is a height two prime
ideal which is a prime divisor of cR[b/c] (much as in the first
paragraph of this proof), so R[b/c], isn’t Macaulay; contradiction.
Therefore <% has no height two prime divisors, so 4.8.1 holds.

We now return to the consideration of unmixed local domains.

ProrosITION 4.9. Let (R, M) be an unmized local domain such
that altitude R = 2, and let b, ¢ be a system of parameters in R.
Then, for each prime ideal P in A = R[b/c] such that MA S P, R
s @ subspace of A.

Proof. This is a special case of [9, 4.1(2)].
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Using 4.9 and the preceding results on Macaulay over-rings of
R, we can now prove a number of characterizations of when R is
unmixed.

COROLLARY 4.10. With the mnotation of 4.1, let P be a prime
ideal in A such that MA S P and A, is Macaulay. Then R is a
subspace of Ap if and olny if R is unmixed.

Proof. If R is a subspace of A,, then R is unmixed by [9,
Lemma 4.5(2)]. The converse follows from 4.9.

COROLLARY 4.11. With the notation of 4.1, assume that cA is
MA-primary. Then there exists a prime ideal P im A such that
MA S P and R is a subspace of Ap if and only if R is unmixed.

Proof. A islocally Macaulay 4.1, so the conclusion follows from
4.10.

COROLLARY 4.12. With the mnotation of 4.1, assume that b s
superficial for (b, ¢c)R. Then R is unmized if and only if R is a
subspace of D = Ayb/0-

Proof. By 4.5, D is Macaulay, so the conclusion follows from
4.10.

COROLLARY 4.13. With the mnotation of 4.1, assume that
bA:cA = (bA)". Then R is unmixed if and only if R is a subspace
of D= Aube

Proof. By 4.7, b is superficial for (b, ¢)R, so the conclusion
follows from 4.12,

COROLLARY 4.14. With the notation of 4.1, assume that
uw B (R, (b, ¢)R) has nmo height two prime divisors. Then R is un-
mixed if and only if there exist d €(b, )R and a prime ideal P in
B = RJb/d, c¢/d] such that MB < P and R is a subspace of Bsp.

Proof. Bis locally Macaulay 4.8, so the conclusion follows from
4.10.

This section will be closed with the following remark which
shows how the above results can be used to obtain information on
when local domains of altitude >2 are unmixed.

REMARK 4.15. Let (L, N) be a local domain such that altitude
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L=n+1>2 and let 2, %, ++-, ¥. be a system of parameters in
L. Let B=L[y/x, +--,y,/x], and let P = (MB,y,/x)B. Then
(R, M) = (B;, PB;) is a local domain of altitude two [9, Lemma 4.3].
Now, if L is a subspace of R, then L is unmixed if and only if R is
unmixed [9, Lemma 4.5(2)]. Therefore, assuming that L is a subspace
of R, L is unmixed if and only if L is a subspace of some Macaulay
local domain of the form A,, where b, c¢-is a system of parameters
in R and P is a prime ideal in A = R[b/c] such that MA Z P.

Proof. This follows from [9, Lemma 4.5(2)] and 4.10.

Also, in 4.15 and assuming that L is a subspace of R, L is un-
mixed if and only if R™ is a finite R-algebra, by [9, Lemma 4.5(2)]
and 3.4.

5. Relationships between R, R", and R’. In this section we
consider what containment relationships are possible between R, R,
and R’, and what these imply concerning quasi-unmixedness, where
R is a local domain of altitude two and R’ is the integral closure of
R. 5.1 gives the main results, and 5.2 gives some supplemental
information and some examples. Much of these two results is a
compilation of known results.

THEOREM 5.1. Let (R, M) be a local domain such that altitude
R =2, and let R' be the integral closure of R. Let & = {pc Spec
R,; height p = 1}, so R® = N\ {R,; € F}. Then the following state-
ments hold:

5.1.1. R“" DR’ 1f and only tf R, ts integrally closed, for all
» e, and there exists a height one maximal ideal in R'.

5.1.2. R® = R’ if and only if R, ts integrally closed, for all
pe.F and R is quasi-unmixred.

5.1.3. R® C R’ if and only if R is quasi-unmixed.

5.1.4. R™ is a finite R-algebra if and only if R is unmixed.

5.1.5. R“ = R if and only if R is Macaulay.

Proof. Let & = {p’ € Spec R’; height p’ = 1}.

5.1.1. R’ < R" if and only if R’ < P,, for all pe .= if and only
if R, = R, is integrally closed, for all pe .27 if and only if (by
integral dependence) R = N {R,; p' € &}, where F" = {p'e F'; p
isn’t maximal}. Also, there exists a height one maximal ideal in R’
if and only if " .2’ if and omly if R =[6, (2. b), p. 116]N
{R,; € ' }CN{R;; peP"}. 5.1.1 readily follows from this.

5.1.2. By 5.1.1, R’ = R" if and only if R, is integrally closed,
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for all pe &?, and there does not exist a height one maximal ideal
in R’. 5.1.2 follows from this and the fact that there does not exist
a height one maximal ideal in R’ if and only if R is quasi-unmixed,
by [8, Corollary 3.4(i)].

5.1.3. R is quasi-unmixed if and only if there does not exist a
height one maximal ideal in R’ [8, Corollary 3.4(i)] if and only if,
for each p'e &', ¥ N Re.&” if and only if R"® = (by the Lying
Over Theorem) N {R, z » €'} S N{R,; v € F'} =R

5.1.4. is given by 3.4.

5.1.5. R is Macaulay if and only if, for each 0 = be M, bR is
pure height one if and only if R = R" [10, Theorem 2.17].

REMARK 5.2. With the notation of 5.1 the following statements
hold:

5.2.1. RWcCR' if and only if R is quasi-unmixed and R, isn’t
integrally closed, for some pec &

5.2.2. R is quasi-unmixed if and only if height M’ = 2, for all
maximal ideals M’ in R'.

5.2.3. If R = R, then R is Macaulay and R = R“.

5.2.4. If R™ is a finite R-algebra (so R® S R'), then either
R® = R or the conductor R: R" of R in R"“ is M-primary.

5.2.5. If R’ is a finite R"W-algebra, then either B = R’ or height
RY: R = 1.

5.2.6. If R is as in [2, Proposition 3.3], then R = R' and R"
isn’t a finite R-algebra. (Therefore R is quasi-unmixed and isn’t
unmixed.)

5.2.7. If R is as in [6, Example 2, pp. 203-205] in the case
m =0, then RV D R'.

5.2.8. If k is a field and R = A,, where

A=kKX-X X* - X? 7Y, XY]

and P=(X*— X, X* - X? Y, XY)A, then R = R" DR and R" is a
finite R-algebra.

5.2.9. There exists # € R’ such that R & R'[1/x] = (say) D', D’
is the integral closure of D = R[z, 1/x], D is a local domain, D" is
a finite R%-algebra, and the maximal ideals in D’ are the ideals
M'D’, where M’ is a height two maximal ideal in R’.

5.2.10. RY is Noetherian and is the smallest Macaulay domain
D such that: R < D, the integral closure D' of D is R'[l/x], for
some z € R’, and all maximal ideals in D have height two.

Proof. 5.2.1 is clear by 5.1.2 and 5.1.3.
5.2.2 follows from [8, Proposition 3.5].
5.2.3 holds, since an integrally closed local domain of altitude
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two is Macaulay.

5.2.4. Assume (0)# R:R“ # R, and let 0=*becM. Then
7 (bR) = (3.5)R" is a finite R-algebra, so "7 (bR) < R, for some
n =1 38.2.5. Therefore, since M is finitely generated, M*R“ C R,
for some k=1, so M* Z R: R # R, hence R: R" is M-primary.

5.2.5. If (0) = R“: R’ + R’, then R®C R, so there exists a
height one prime ideal p in R such that R' £ R,, hence p* = pR,NR"®
is a height one prime ideal such that R’ £ R%’. Therefore

(0) # R": R' < p*,

hence height R"“: R’ = 1.

5.2.6 and 5.2.7 are given in the cited references. (The parentheti-
cal statement in 5.2.6 follows from 5.1.3 and 5.1.4.)

5.2.8. The integral closure of R is R’ = k[X, Y.y nx—1r Which
is a regular domain with two maximal ideals, altitude R = altitude
R =2, and R' = R[X] is a finite R-algebra. Also, it is readily seen
that, for each height one prime ideal p in R, either X or 1/X is in
R,, and so in either case Xe R, (since Xe R and 1/XeR, imply
XeR,). Therefore R" 2 R'. Also, R is quasi-unmixed, since R is
a locality over a field, so R = R’ is a finite R-algebra 5.1.2.

5.2.9. If R’ has no height one maximal ideals, then R" C R/,
by 5.1.3 and 5.2.2, solet x = 1. If R’ has height one maximal ideals,
then, since R’ has only finitely many maximal ideals, let = in all
height one maximal ideals in R’ such that £ — 1 is in all height two
maximal ideals. Then R'[1/x] is the integral closure of D = R[z, 1/x]
and D is a local domain of altitude two (since R[x] has exactly two
maximal ideals, say N and N’, height N =1, height N’ =2, z€ N,
and £¢N'). Let C=R+ (NNN’'), so RS CZ R[x]. Also, C is a
local domain which is a finite R-algebra, so C® if a finite R®-algebra
(since height one prime ideals in C contract to height one prime
ideals in R and, if de€ R:C, then de R":C™"). Finally, D¥ = C"
[13, 4.2], and the maximal ideals in D’ are as described.

5.2.10. R™ is Noetherian (by [2, Corollary 1.4]), every maximal
ideal in the integral closure R'[1/x] of R™ has height two (by 5.2.9)
(so every maximal ideal in R has height two), and bR"™ is pure
height one, for all nonzero nonunits b€ R® [3, 5.10.17(i)], so R® is
Macaulay. Now let D be a Macaulay domain such that RS DS D' =
R'[1/x], for some x € R’, and such that all maximal ideals in D have
height two. Let p be a height one prime ideal in D. Then there
exists a height one prime ideal p” in D’ = R'[1/x] such that " N D =1p
and p” isn’t maximal. Therefore p’ = p”’ N R’ is a height one non-
maximal prime ideal, so ¢ = p’ N R is a height one prime ideal.
Therefore R, & D,, hence R & D™ = D,
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In particular, by 5.2.10 and 5.1.3, if R is quasi-unmixed, then
R® is the smallest Macaulay domain D such that RS DS R'.

6. Some characterizations of arbitrary unmixed local domains.
In this Section 6.1 gives a sufficient condition for a semi-local ring
to be unmixed. Then 6.3-6.9 give some characterizations of unmixed
local domains.

THEOREM 6.1. Let R be a semi-local ring, and assume there
exists a regular element b in the Jacobson radical of R such that
R/bR is unmixed. Then R is unmixed.

Proof. Let . be the set of prime divisors of bR*, where R*
is the completion of R. Then, by hypothesis, each pe€.Z? is such
that depth p = depth bR* = altitude R — 1. Also, bR* = (N {bR} N R*;
pe 2} 2 N{(0R;N R*; pe.F} = (say) N. Then N:bR = N, since
b is a regular element in R*, so N = (0) [6, 4.3]. Therefore it follows
that if 2z is a prime divisor of (0) in R*, then there exists pe. &
such that 2z p. Then depth 2z = depth p + 1 = altitude R, so R is
unmixed.

It is an open problem whether every quasi-unmixed local UF'D
R is unmixed. (Note that if either R is Macaulay or the completion
of R is a UFD, then R is unmixed, but it is known that there
exist local UFD’s which aren’t Macaulay and whose completions
aren’t UFD’s.) Using 6.1, the following remark shows that if one
such ring isn’t unmixed, then many other examples (besides the one
given in [1, Proposition 3.3]) of quasi-unmixed and not unmixed
local domains exist.

REMARK 6.2. Let R be a local domain such that altitude
R =a =3, Ris quasi-unmixed, and R is a UFD. If R isn’t unmixed,
then, for all height one prime ideals 7R in R, R/zR is a local
domain, altitude R/zR = a — 1, R/mrR is quasi-unmixed [6, 34.5],
and R/7R isn’t unmixed 6.1.

It has recently been shown that if R is an unmixed local domain,
then, for all but finitely many height one prime ideals » in R, R/p
is unmixed [1, 5.9] or [12, Remark 3.2(2)] together with [6, 18.11].
Using this, we have the following result which is related to 6.1.

THEOREM 6.3. Let (R, M) be a local domain, not o field. Then
R is unmixed if and only if there exists 0 = be M such that .7 (bR)
is a finite R-algebra and 77 /b7 is unmixed.
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Proof. If R is unmixed, then R® is a finite R-algebra [9,
Lemma 5.11], so, for all 0 #be M, .7 (bR) is a finite R-algebra. Also,
there exists a finite (possibly empty) set < of height one prime
ideals p’ in R such that R/p’ isn’t unmixed [1, 5.9] or [12,
Remark 3.2(2)] together with [6, 18.11]. Let 0 = be M such that
beU {p;p €} (Since R isn’t a field, such b exist.) Then .7 =
7 (bR) is a finite R-algebra, b7~ is pure height one 3.2.6, and there
exists a one-to-one correspondence between the prime divisors ¢ of
b7~ and the height one prime divisors » of bR such that R, = 7,
3.2.1. Therefore, for each prime divisor ¢ of 5.7~ (and with p=¢NR),
7 /q is unmixed (since R/p is and .77 /q is a finite R/p-algebra with
the same integral closure). Also, depth ¢ = altitude R — 1, since R
is catenary [6, 34.6] and height p = 1. Therefore .77 /b7 is un-
mixed, since a semi-local ring .7~ is mixed if and only if 77/z is
unmixed and depth z = altitude .7, for all prime divisors z of zero
in 7.

Conversely, .9~ = 7 (bR) is unmixed 6.1, so R is unmixed, since,
by hypothesis, the completions of R and .7~ have the same total
quotient ring.

COROLLARY 6.4. Let (R, M) be as in 6.3. Then R is unmixed
iof and only if there exists 0 + be M each that 7 (bR) is a finite
R-algebra and, for each minimal prime divisor p of bR, depth
» = altitude B — 1 and R/p 1s unmixed.

Proof. If R is unmixed, then there exists 0 = be M such that
7 = .7 (bR) is a finite R-algebra and .7 /b9~ is unmixed 6.3.
Therefore, by the one-to-one correspondence between the prime
divisors ¢ of b7  and the height one prime divisors p of bR 3.2.1,
for each minimal prime divisor p of bR, depth p = altitude R — 1
and R/p is unmixed (since .7 /g is a finite R/p-algebra with the
same integral closure).

Conversely, it suffices to prove that .9~ = 7 (bR) is such that
7 /b7 is unmixed, by 6.3. But this follows from the hypothesis
and the one-to-one correspondence mentioned above, since b.7" is pure
height one 3.2.6.

REMARK 6.5. The proofs of 6.3 and 6.4 show that if R is un-
mixed, then for each beM, ¢ {qgecSpec R; height ¢ =1 and R/q
isn’t unmixed} (which is a finite set [1, 5.9], .7~ = 7 (bR) is a finite
R-algebra and .77/b.7~ is unmixed (in (6.3) and R/p is unmixed, for
all minimal prime divisors » of bR (in 6.4)).

There is a somewhat analogous characterization of a quasi-
unmixed local domain, as will now be shown. The author doesn’t
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know if the quantifier in the condition in 6.6 can be replaced by
“there exists.” (However, if it is assumed that R/p is unmixed
(rather than quasi-unmixed), for all height one prime ideals p in R,
then this replacement can be made.)

ProproOSITION 6.6. Let (R, M) be a local domain. Then R 1is
quasi-unmixed if and only if, for all 0+ be M, 7 (bR) < R’ (=the
integral closure of R) and, for each minimal prime divisor p of
bR, depth p = altitude B — 1 and R/p ts quasi-unmixred.

Proof. If R is quasi-unmixed, then R* & R’ [9, Theorem 5.4],
so, for all 0 = be M, 7 (bR) < R'. Also, for each height one prime
ideal p in R, depth p = altitude R — 1 and R/p is quasi-unmixed
[6, 34.5].

For the converse, it may clearly be assumed that altitude R > 1.
Let z be a2 minimal prime ideal in the completion B* of RE. Then,
since .7 (bR) < R', for each 0 = bec M, there are no height one
maximal ideals in R’ [15, Corollary 2.13], so depth z>1 [8,
Proposition 3.5]. Also, there are at most a finite number of prime
ideals ¢ in R* such that zcCq and height ¢/z = 1 < height ¢ [4,
Theorem 1]. Let &7 be this set of prime ideals, so MR*¢ .~
Therefore let 0 = be M such that be¢ U {g N R; ¢ge.Z%}. Then there
exists a prime ideal p* in R* such that (z, b))R* & p* and height
p*/z =1, so height p* =1 (by the choice of b). Therefore p* is a
minimal prime divisor of bR*, so p* is a minimal prime divisor
of pR*, where p = p* N R. Then height »p =1, so by hypothesis,
depth p* = depth p = altitude R — 1, hence depth z = altitude R,
so R is quasi-unmixed.

It is known [9, Theorem 5.3] that for a local domain R, R is
catenary and (B/p)" is a finite R/p-algebra, for all p<Spec R if
and only if R/p is unmixed, for all p €Spec R. The following result
shows that a weaker condition than that in [9, Theorem 5.3] implies
that R/p is unmixed, for all p € Spec R.

THEOREM 6.7. Let (R, M) be a local domain. Then, for all
peSpec R, R/p is unmixed if and only if the following condition
holds: R 1is catenary and, for all non-maximal pcSpecR, there
exists 0% b+ peM/p such that 7 (b + p)R/p)) is a finite R/p-
algebra. A

Proof. Assume first that the condition holds. The proof that
each R/p is unmixed is by induction on n = altitude R, and it may
clearly be assumed that » > 1. Also, the condition is inherited by
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each R/p, so it suffices to prove that R is unmixed. For this, with
b as in the condition for p = (0), .7 (bR) is a finite R-algebra. Also,
for each minimal prime divisor p of bR, R/p is unmixed (by in-
duction). Therefore, since R is catenary, R is unmixed 6.4.

The converse follows immediately from [9, Theorem 5.3], since
T (b + p)(RB/p)) < (B/p)™.

The following result shows that a somewhat analogous condition
to that in 6.7 characterizes when R is unmixed.

THEOREM 6.8. Let (R, M) be a local ring such that n = altitude
R >0 and all prime divisors of zero are minimal. Then R is un-
mixed if and only if R satisfies the first chain condition (f.c.c.)
and there exists a system of parameters (s.0.p.) &, «--, &, 11 K such
that the following condition holds for ¢+ =10,1, -+, m —2: if q 18 @
minimal prime divisor of (x, ---, )R, then 7 (2,1, + Q)(R/Q)) ts a
finite R/g-algebra. (For i = 0, ¢ is a minimal prime divisor of zero.)
Moreover, if R is unmixed, then, for each q€ . = {gcSpec R; q is
a minimal prime divisor of (wx, ---, z;,)R, for some ¢=0,1, -+, n},
R/q is unmized.

Proof. Assume first that R is unmixed, so R satisfies the f.c.c.
[6, 34.6]. Let 2z, ---, 2, be the (minimal) prime divisors of zero in
R. The existence of «, ---,x, will be shown by induction on .
If n =1, then there is nothing to prove, so assume that » > 1 and
the result holds for local rings of altitude » — 1. For each
1=1,--+,9, U, ={peSpec R; z, Cp, height p/z, =1, and R/p isn’t
unmixed} is a finite set [1, 5.9]. Therefore let x, e M, ¢ U {p; pc UU,}.
Now, for +=1,---,¢9, R/z, is unmixed [5, Proposition 3], so
7 ((x, + 2,)(R/z,)) is a finite R/z,-algebra 6.5. Also, for each minimal
prime divisor @ of (x, + 2,)(R/z;), (R/2,)/Q is unmixed (by the choice
of b) and depth Q = depthz, —1=m—1. Let Z= {PeSpeckR;
P is a minimal prime divisor of z,R}. Then R/Z is unmixed |5,
Proposition 3] (since each (R/Z)/(P/Z) is unmixed and altitude
R/P = depth P/Z = n — 1 (since R satisfies the f.c.c.)), so by induec-
tion, let «, ---, ¢, € M such that their residue classes modulo Z are
a s.0.p. in R/Z that satisfy the condition. Then it readily follows
that z, -+-, 2, is a s.0.p. in R which satisfy the condition.

Conversely, assume that R satisfies the f.c.c. and has a s.o.p.
which satisfy the condition. Then it will be shown by induction on
n that R is unmixed. If % = 1, then it is well known that R is
unmixed (since all prime divisors of zero are minimal), so assume
that » > 1. Let z, ---, 2, be the (minimal) prime divisors of zero
in R, and fix 2 = z,. Now, by hypothesis, .7 ((x, + 2)(R/z)) is a finite
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R/z-algebra and, for each minimal prime divisor @ of (x, + 2)(R/z),
depth @ = altitude R/z — 1 = n — 1. Further, (R/2)/Q is unmixed (by
induction on n, since (R/z)/Q satisfies the f.c.c. and the residue
classes of x,, ---, z, are a s.0.p. which satisfy the condition). There-
fore R/z is unmixed 6.4 and depth z = altitude R (by the f.c.c.), so
R is unmixed [5, Proposition 3].

Finally, let R be unmixed and g €.Z7 say ¢q is a minimal prime
divisor of (x, ---, x;)R. Then R/q satisfies the f.c.c. and the residue
classes modulo ¢ of ., ---, 2, are a s.o.p. which satisfy the condi-
tion, so R/q is unmixed (by what has already been proved, for
0<1=n—2; and clearly for 7 =un — 1, n).

The final result in this paper characterizes in an unmixed local
domain R when R/(Rad bR) is unmixed. (This result is of some
interest, since it is still an open problem whether R/p is unmixed,
for all height one prime ideals » in an unmixed local domain R.)
For this characterization, we extend the definition of .77 (bA) to the
case of a Noetherian-ring (with non-zero divisors of zero) as follows:
if b is a regular element in a Noetherian ring A, then .7 (b4) =
A[1/b] N A5, where S= A — U{peSpec 4;bcp and height p = 1}
and A;s; = {a/s;a € A and s is a regular element in S}. (If peSpec A4,
then let Ay = Aii_,-) (Most of the statements in 3.2 continue to
hold in this case, as is proved in the cited references.)

THEOREM 6.9. Let R be an unmixed semi-local domain, and let
0 %= bed = the Jacobson radical of R. Then R[(Rad bR) is unmixed
if and only if the completion of .7 (bR) is .7 (bR*), where R* 1is
the completion of R.

Proof. Since R is unmixed, R® is a finite R-algebra [9, Lemma
5.11], so .7 (bR) is a finite R-algebra, for each 0#beJ. Fix
0#bed, and let .77* be the completion of .9~ = Z(bR). Then, as
will now be shown, .77* £ 7 (bR*) and 7 (bR*) N F' = .7, where F'
is the quotient field of R. Namely, it is readily seen that
R*[1/b] N F = R[1/b]. Also, for each minimal prime divisor p* of
bR*, R} is a faithfully flat R,-algebra [6, 19.2(3)], where p = p»* N R
(so p is a minimal prime divisor of bR). Therefore RANF =R, |6,
18.4], so it readily follows that R}. N F = R,. Further, if ¢ is a
minimal prime divisor of bR, then there exists a minimal prime
divisor ¢* of bR* such that ¢* N R = q [6, 18.11], hence R}. N F = R,.
Therefore 7 (bR*) N F = .7 (bR), and so .7 * = R*[.77] & .7 (bR*).

Now b.77(bR*) is pure height one 3.2.6, and .7 (bR*) is the
smallest ring A such that R* £ A & R* (=the integral closure of
R*) such that bA is pure height one. For, if bA is pure height
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one, then, with S’ = {peSpec 4;bep and height p =1} and U’ =
A—Uf{ppeS}, A= A[1/b]N Awpn (since if xe A[1/b] N Ay, then
xz = a/b*, for some a€A and k=1, and acb*4Ay,N A =04, so
2 e A; and the opposite conclusion is clear). Also, if peS’, then
» N R* is a height one prime divisor of bR* (since R is unmixed
implies that height p N R* = height p). Therefore, with S = {p*e
Spec R*; bep* and height p* =1}, J(bR*) = R*[1/b] N R S A4,
where U = R* — | {p*; p* € S}

Therefore, since .7 * < 7 (bR*), b.7 * is pure height one if and
only if 7% = 7 (bR*). Also, since 7 is unmixed (since R is), b.7*
is pure height one if and only if every prime divisor of .7 * has
depth = altitude R — 1 if and only if .7/b.7" is unmixed if and
only if R/(Rad bR) is unmixed (as in the first paragraph of the proof
of 6.4, since a semi-local ring L is unmixed if and only if, for
each prime divisor z of zero in L, depth z = altitude L and L/z is
unmixed).
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