PACIFIC JOURNAL OF MATHEMATICS
Vol. 68, No. 1, 1977

A PERTURBATION THEOREM FOR
SPECTRAL OPERATORS

DIETER LuTtZ

This note is concerned with analytic perturbations of spec-
tral operators. It is shown that under small perturbations
simple isolated eigenvalues remain simple and isolated and de-
pend holomorphically upon the perturbation parameter. As
one would expect the bounds are rather complicated in the case
of a spectral operator with general quasinilpotent part. For
scalar operators, however, these bounds become simple and
reproduce in the selfadjoint case those given by F. W. Schafke.

For the sake of simplicity we deal only with bounded
operators. The method used is an appropriate modification of the
elegant Hilbert space method introduced by Schifke in [3] to settle the
analogous problem for selfadjoint operators. The generalization to the
unbounded case is then straightforward.

Let X be a Banach space over C and B(X) the algebra of bounded
linear operators on X with the norm topology. Let further o(T), p(T),
and R,(T) :=(T — AI)" for A € p(T) denote the spectrum, the resolvent
set, and the resolvent operator for T € B(X). Spectral measures,
spectral operators and scalar spectral operators are defined as in
Dunford-Schwartz [1]. Especially, if $ € B(X) is a scalar spectral
operator, we have

S = L AE(d))

with an uniquely determined spectral measure E. A spectral operator
can be uniquely decomposed as T = S + N, where S is a scalar spectral
operator, and N is a bounded quasinilpotent operator commuting with
the spectral measure E of S. If E is a spectral measure we denote by
w(E) the minimum of all reals ¢ which obey

” | f(/\)E(d/\)”__<__c sup 10|

for all bounded, Borel measurable, C-valued functions on C. Then
w(E)=1.
If T=5+ N as above is a spectral operator we have
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o(T)=o(S)
and
ker (T — AI)" =ker N* Nker (S — Al)

for each n €N and A € C ([1)).

Especially, the point spectrum of T is contained in the point
spectrum of S (the converse is not true, in general). From the second
equation we get also that A € C is a simple eigenvalue of T (that means,
dimker(T — AI) = 1) if A is a simple eigenvalue of S and an eigenvalue of
T. 1If for some n EN N" =0, the point spectra of S and T coincide.

Now let T=S+ N be a spectral operator with spectral measure
E. Further, let A€ C be an isolated point of o(T) and a simple
eigenvalue of T, and y, € X with || y,|| = 1 an eigenvector to A,. We put

d = dist{Ay, o(T) — {Ao}},

a:=w(E)-2 i——”ﬂu

HV

d :
1 <
Bi=w(E) - Z U__JJ
Now, let G, € B(X) be given for n €N such that

N 1
pi=max fu >0, 3 ur |Gl =}

obeys 0 < p <o, that means that not all the G, are zero. There exists a
maximal p, = o such that

2 1ullGl

exists for all u € C with |u | < py, and
G(u):= 2 u"G

defines on {u € C,|u | < po} a holomorphic B(X)-valued function G.
Now we can state our perturbation theorem.

THEOREM 1. There exist holomorphic functions y and A on {u €
C,|n|<po} with y(0)=y, and A(0)= A, which obey
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B EMo)yr)=yo;
(i) [T-G)ly(u)=Ar(p)yn);
({i)) w(E) ZioIN"I/IA ()= Aol ) Z Erat [ "1 Ga )
@) llyw)=yoll =B -Zp "G I(1—B-{IA ()= Aol
+3u "G}
() If[T-G(u)ly=2Ay with y#0, [u|<p, [A —A|<B'—a”,
then we have A = A(n) and y = ¢ - y(u) with some ¢ € C.

Proof. (i), (i) We put

where D:={A €C,|A — A | = d/2}.
Then for every pair (A, u) with

wl<p  B-(IA=nl+ 2 ulIG.I)<1
there is exactly one solution z = z(A, u) of the equation
(M z=R((A = )z + G(n)z) + RG(u)yo.

z depends holomorphically upon A and u.
In fact, we have

IRI= 3 IN 452 =5

so for |u|< po
IRGW)I= 8- 2 1wl Gl.

Then, if a,, b€ X and
a,:= R((A = Ag)a, + G(n)a))+ RG(p)y,

we get

las= b=l = b8 - (1A= Aol + 2 1 P 1Gu).
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Since the second factor on the right side is smaller than 1, uniqueness and
existence of the solution z follow immediately as well as the holomorphy
of z. Starting for example with z,=0, z is the limit of the iteration
given by

Zy = R((A = Ag)z, + G(1)z,) + RG(1)y,.

Especially, we get z(A,0)=0.
We now consider the X-valued holomorphic function

A ) = EQ)[A = 2)(z(A, w) +y0) + G(u)(z(A, ) + yo)l

for || <po B-(IA = | +Z|p || G, ) < 1.

It is AA0)=EQX)[(A = A)(z(A,0)+ y))] = (A = A)y,. The im-
plicit function argument used by Schéfke can be employed in the vector
valued case, too (e.g. Lang [2]). This gives us the existence of a
holomorphic function A on |u|<p with

2) EQ)[(A () = 2)(z(A (), )+ yo) + G(p)(z(A(p), w) + yo) = 0.

We put y(u)=yo+ z(A(1), p).
Then y(u) obeys

(i) [T-G)ly)=A(n)y(w)
In fact, we have E(A,)R = RE(A,) =0, so (1) gives

(i) Eo)y(r)=EQX)yot+t E(A)z(A (), )= E(Ap)ys = Yo
Further, let be x&X. Then, x=x,+x, with x, & E(A)X,
(T - A()I)Rx = (T - /\()I)Rxl + (T - /\(]I)RXz = xl,

since. R|E(C—{A})X =[(T—AJ)|E(C—{A})X]"'. On the other
hand, we have x,=x — x, = x — E(A)x, so

If (1) is fulfilled, we get with z = z(A(uw), ) and A = A ()

Tz — Az = [(A - ’\O)Z + G(/'L)Z + G(#)yo]—E()‘O)[' ’ ]
=[(A =2)(z +yo)+ G(w)(z +y)| = E(A)[ -],

since (A — Ag)yo = E(Ag) (A — Ap)yy).
Then, (2) gives that

Tz — 2z = (A = A)(z + yo)+ G(un)(z + yy).
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But this is equivalent to

(i) [T-G)ly(u)=A()y(u).
(iil) We assume that for some A = A(u)

o) 3 < (S 1uria)

Let y# 0 be an eigenvector to A. Then A € p(T), so from Ty — Ay =
G(u)y we get y = R,(T)G(un)y and

0# Ty —Ay = G(p)y = G()R(T)G(r)y,
which gives
0<Gy =G IR -Gyl or 1=[G)R(T)].

Now we have according to [1]

Ri(T)= =3 N[ (- Ee)

from which we get

3

IR, mugz IN"||- w(E)-dist(A, o(T))™"

I

SN @(E)-[A = .

So

1=|GWIR(TI= 2 1A= Ao <1

according to what we have assumed. This contradiction proves (iii).
(iv) We put z(u) instead of z(A(u), n). Then,

Iy =yl =12 @)1= B - {12 )= Aol 12 Gl +1 G )z )]
+ S lul G0}

so [[Gu)zwI=B-Zia|w!"|Gall-{---} and
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[A ()= Aol 2 () + 1 G (w)z ()l ]
=6 (1) =2+ Z1ul1Gal) 4}

The last inequality gives

A= Allz @I+ G @)z @)1= 2 1w 1G,

B = A+ S| MGl
1=B-{A(w)= A + 2| " G}V

Substituting this into (3), we get

- S . AIA() = A+ 2| ||| G |}
”)’(/L)-)’()”=B'r§ ’:U«! ”Gn” [1_l_gﬁl{‘%l“(i)_)’w’qk,{?L'lln”(iln”}*'1]

B- 2 Iul Gl
=g {la -+ Sl G}

(v) We assume that y obeys E(Ay)y =0. In this case we get
y € E(C—{A})X, so

y =(T = AJd)Ry = R(T — Ad)y = R((A = Ap)y + G()y).
But this leads to

A= Xllly [+ 1 Gy = 1A = Aol - B - (X = Aoy [+ G ()y )
Gyl

and

HG(M)ylléni=1 "I Gall- B - (A = Aol [y I+ G (w)y ])-

Altogether we get

A= Xallly [+1Gw)yll= B - (A = Ao+ 2w [ G, 1)
A= Xallly I+ G (w)y -

If A — A <B™'—a!, further if | u | < p, the first factor on the right side
is smaller than
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B-{B'-a'ta}=1,

and we have got a contradiction, unless y = 0.
Since the range of E(A,) is one-dimensional, we must have

E(A)y=c-y, withsome c€&€C, c#0.

As in [3] one then can see, that also A = A(u).

Some remarks are in order:

1. Since @ =28 we have B7'—a'Z a”'. So, in (v) the assertion
concerning A is true especially if [A — A | < a™'.

2. Our conditions and bounds become simpler, if N is small in
norm, that is if [N| < d/2. In this case we get

2w(E)
d-2|N]|

_w(E)_
d—|NJ’

1A

a

>
fiA

3. Of course a considerable simplification occurs in the scalar case,
that is if N =0. In this case we have

_2w(E _w(E)_ « 0 oa__ d
* = B="g =2 B 2 =35E)

The theorem then takes the following form:

THEOREM 2.  There. exist holomorphic functions A and y on {u €
C,|u|<p} with y(0)=y, and A(0)= A, which obey

(i)  Eo)y(m)=yo;

i) [T-Gu)]yr)=A(p)y);

(i) [A(e)= M| = w(E) Zisu " Gull

w(E)- 2 |u "G,

d=o(E)wE)+ )3 el 1G]

(v) [y ()= yll=

W) If [T=G(u)ly = Ay with [u|<p, [X = A| < d/20(E), y £0,
we have A = A(u) and y = ¢ - y(u) with some c € C.

If X is a Hilbert space and T selfadjoint, we have w(E)=1. In this
case Theorem 2 reproduces exactly the bounds given by Schifke.
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Finally, we remark that in Theorem 1(iii) one can get more explicit
estimates by familiar methods for localizing zeros of polynomials if N is
assumed nilpotent.
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