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ON RAMSEY THEORY AND
GRAPHICAL PARAMETERS

LINDA LESNIAK-FOSTER AND JOHN ROBERTS

A graph G is said to have a factorization into the subgraphs
Gu - - , Gk if the subgraphs are spanning, pairwise
edge-disjoint, and the union of their edge sets equals the edge set
of G. For a graphical parameter / and positive integers
rti, n2, , nk (k ^ 1), the /-Ramsey number f{nu n2, , nk) is
the least positive integer p such that for any factorization
Kp = Uΐ=iGl9 it follows that / ( G ) ^ n t for at least one i,
l^i^k. In the following, we present two results involving
/-Ramsey numbers which hold for various vertex and edge
partition parameters, respectively. It is then shown that the
concept of /-Ramsey number can be generalized to more than
one vertex partition parameter, more than one edge partition
parameter, and combinations of vertex and edge partition
parameters. Formulas are presented for these generalized
/-Ramsey numbers and specific illustrations are given.

1. Introduction. A subgraph H of a graph G is called
spanning if H has the same vertex set as G. A graph G is said to have a
factorization into the subgraphs Gu G2, , Gfc, written G = UfLi G,, if
the subgraphs are spanning, pairwise edge-disjoint, and the union of their
edge sets equals the edge set of G. It is permissible for a subgraph G, to
be empty; i.e., have no edges.

Let / be a graphical parameter, and let nu n2, , nk, (k ̂  1) be
positive integers. In [2], Chartrand and Polimeni defined the /-Ramsey
number f(nu n2? , nk) as the least positive integer p such that for any
factorization Kp = UfLi G, of the complete graph of order p, it follows
that /(G,)g n, for at least one subgraph Gh l^i^k. If ω(G) is the
maximum order among the complete subgraphs of G, then the ω-
Ramsey number is the ordinary Ramsey number (see [3; p. 16]) in k
variables.

The chromatic number χ{G) of a graph G is the minimum number
of colors which may be assigned to the vertices of G so that adjacent
vertices are assigned different colors. The vertex-arboricity a(G) of G
is the minimum number of subsets into which the vertex set of G may be
partitioned so that each subset induces an acyclic subgraph. Chartrand
and Polimeni [2] gave formulas for the ^-Ramsey numbers and the
a -Ramsey numbers. We present a result which holds for several
"partition" parameters (including chromatic number and vertex-
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arboricity as special cases). Furthermore, it is shown that the concept of
/-Ramsey number can be generalized to more than one
parameter. Formulas are presented for these generalized /-Ramsey
numbers, and specific illustrations are given involving chromatic number,
edge chromatic number, vertex-arboricity, and arboricity.

2. Vertex partition parameters. A graphical property p
will be called co-hereditary if (1) every subgraph of a graph having
property p has property p and (2) the graph consisting of disjoint graphs,
each having property p, has property p.

Let v be a graphical property which the trivial graph K1

possesses. We define the vertex partition number v(G) of a graph G as
the minimum number of subsets into which the vertex set of G can be
partitioned so that each subset induces a subgraph having property
v. Clearly, v{G) = 1 if and only if G has property v. The limit lim v of
a vertex partition parameter v is defined as lim i> = limn_><x>ϊ'(!£„)? pro-
vided this limit exists. We write lim^ = <» if v{Kn)-^^ as n —»o°. We
assume that all properties v under discussion are co-hereditary and that
lim v — oo. It is a consequence of the definitions that v{H)?=k v(G) if H
is a subgraph of G, for such properties v.

For positive integers nu n2, * , nk and vertex partition parameter v,
the v-Ramsey number v(nu n2, , nk) is the least positive integer p such
that given any factorization Kp = Uf=i Gh it follows that v{Gi) ^ rc, for at
least one i, 1 ̂  / ̂  k. Since lim v = o°, for each i, 1 ̂  i ^ k, there exists a
positive integer m, such that v(Kmi)^nt. Hence, since v is co-
hereditary, v(nl9n2, — m,nk) exists and is bounded above by
r ( m b ra2, , mfc), the Ramsey number in the k variables
mu m2,'' , mk. We also note that v(nu n2, , nk) is symmetric in
nu n2, , nk.

There are properties v which are not co-hereditary and for which
lim^T^oo such that v{nu n2, * , nk) does not exist for certain positive
integers nu n2, * , nk. For example, if v denotes the property of being
connected, then v{G) is the number of components of the graph
G. Then ^(3,3) does not exist since for every positive integer p, there
exists a factorization Kp = G{U G2 such that neither Gλ nor G2 has more
than two components.

For a vertex partition parameter v and positive integer /c, let v{k)
denote the largest integer p for which there exists a factorization
Kp - UJC

=1 Gt such that v(Gι) = 1 for i = 1,2, , k. Then we have the
following lemma.

LEMMA 1. If v is a vertex partition parameter for which lim^ = *>
and the corresponding property v is co-hereditary, then v{k) exists for every
positive integer k.
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Proof Since v{Kx) = 1 and Kλ = Uf=1 Ku it follows that f ( k ) g l for
each positive integer k. Since lim ^ = <», there exists a positive integer p
such that ^(Kp)^2. Hence, if we consider an arbitrary factorization
Km = Uf=1 G,, where m = r(p,p, ,p) is the Ramsey number in fe
variables, then G, contains Iζ, as a subgraph for at least one i, 1 g i S fc,
say / =/. Therefore, v(G})^ v(Kp)^2, which implies that v{k) exists
and, in fact, v{k)< m.

We can now present a formula for any i^-Ramsey number.

THEOREM 1. Let nu n2, , nk (k ^ 1) be positive integers, and let v
be a vertex partition parameter for which the corresponding property v is
co-hereditary and X\mv = α>. Then

k

/. If nι = 1 for some i = 1,2, , fe, then v(nu n2, , nk)= 1
and the theorem follows. Thus, we assume that n, g 2 for each i,
1 ^ i: ^ fc, and let

k

i = l

First, we verify the inequality ^(n l 9 n2, , nk)^p. Assume that
this is not the case. Then there exists a factorization Kp = Uf=i G, such
that v(Gt) ^ n( - 1 for / = 1,2, , fc. For each Gt, / = 1,2, , fc, let the
vertex set V(Gι) be partitioned into ^(G.) classes so that for each
"z -class" oc, î (( a )) = 1, where ( « ) denotes the subgraph induced by
the class <* . Then Gi has a ι̂ -class oc 2 containing at least 1 +
P(fc)Π!c

=2(ni - 1 ) vertices, G2 has a ^-class <* 2 containing at least
1 + y(fe) Πf=3(nί - 1) vertices of « 1? and, in general, for 1 ̂  / < k, if
α i, α 2, * * , α / are ^-classes, respectively, of Gi, G2, , G{ for which

ή «
ι = l

then Gι+ι has a *>-class α /+1 such that

n α

fl

= ί+2

Hence, each G,, 1 ̂  i g fe, has a ^ -class « i such that | Πf=1 « f | ^
1 + ?(fc). Let °U be a set of 1 + £(fc) vertices in Πf=1 oc n and define f/,
to be the subgraph in G, induced by % for i = 1,2, , fc. Then



108 L. LESNIAK-FOSTER AND J. ROBERTS

K\+v(k) = ti\ U M2 U U Mk,

where v(Ht) = 1 for 1 g i ^ k since v is co-hereditary. This, however, is
impossible. Therefore, v(nu n2, , nk)^ p.

In order to show that v{nu n2, , nk) = p, it suffices to exhibit a
factorization Jfζ,_i = Uf=i G, such that v(Gt)^ n, - 1 for i =
1,2, , k. Let r = Π^! (n, - 1), and consider r pairwise disjoint copies
of KHk), labeled K\{k), K\{k),..., Kl(k). By definition of v{k), there exists
a factorization KHk) = Uf=i Ft such that ^(i^) = 1 for / = 1,2, , k. We
denote by i*), the Ft contained in K'Hk), I = 1,2, , r and i = 1,2, , fc.
With each of the r /c-tuples (ci, c2, , cfc), 1 ̂  c; ^ n; - 1 and 1 ̂  y'^ /c,
we identify a complete graph ίΓp(k), / = 1,2, , r, in such a way that the
identification is one-to-one. Then, for each ί = l,2, * ,fe and / =
1,2, , r, we associate with Ftl the k-tuple identified with Kl(k). Let the
graph G, (i = 1,2, , fc) consist of the graphs FιUFi2, -,Fir where a
vertex of Fιs is adjacent to each vertex of Fιt if and only if the ith
coordinate is the first coordinate in which their associated k -tuples
differ. It then follows that Kp-X = Uf=1 G,. For each ί = l,2,-- ,fc,
define VM to consist of the set of all vertices υ such that v is a vertex of an
Fa whose associated k-tuple (cu c2, , ck) has c, = /; / = 1,2, , n, - 1.
Then {ViU V&, , V^-J is a partition of V(G,) for which the subgraph
(V^) consists of r/(n,_i) pairwise disjoint copies of f), / = 1 , 2 , , n, — 1.
Hence, z/(Vi;y)=l for each such y, which implies that v{Gι)'^ni-ι for

For the chromatic number χ, it follows that χ(k)=l for all
fc ^ 1. Hence, we obtain an immediate corollary.

COROLLARY la. (Chartrand and Polimeni [2]). Ifnun2,'-,nkare
positive integers, then

k

χ(nu rc2, , nk) = 1 + Π ("«• " 1)

The edge-arboricity aλ(G) of a graph G is the minimum number of
subsets in a partition of the edge set of G such that each subset induces
an acyclic subgraph. For the vertex-arboricity a(G) of G, we have
another corollary.

COROLLARY lb. (Chartrand and Polimeni [2]). // nun2,"-,nk

are positive integers, then

k

a(nun2, , nk) = 1 + 2/c Π (ni ' 1)
i = l
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Proof. Again, it suffices to evaluate d(k). First, we observe that if
there is a factorization Kp = Uf=1 Gn where a(Gι)= 1 for / = 1,2, , k,
then k ^ a](Kp) = {p/2}. Since p =2k is the largest such integer, we
have ά(k) = 2k and the desired result.

As one further illustration of Theorem 1, we consider the 2-
chromatic number χ(2)(G) of a graph G (see 1), defined as the least
number of subsets in any partition of V(G) such that the subgraph
induced by each subset contains no path of length two. Also, we define
the edge chromatic number χx(G) of G as the least number of colors
needed to color the edges of G so that adjacent edges are colored
differently.

C O R O L L A R Y l c . For positive integers nun2, - -,nk,

Proof. To determine χ(2)(k), it is equivalent to determine the
largest integer n such that χx(Kn)^k k. Since χ\(Kp) = p if p is odd and
X\(KP) = p - 1 if p is even, it follows that n = 2{/c/2}, which gives the
desired result.

The concept of the i -Ramsey number can be generalized. Let
*Ί> v2, - - -,vk be vertex partition parameters where again we assume the
corresponding properties are co-hereditary and lim vt = °° for each ΐ,
1 ^ i; ̂  k. Then we define the (*>,)?-Ramsey number (^)ί(Mi, n2, , nk)
as the least positive integer p such that given any factorization Kp =
Uf=1 Gn it follows that ^(G.) ̂  n, for at least one /, 1 ̂  i ^ k. Following
an earlier argument we note that (vi)ϊ(nl9 n2, , nk) exists since each i/f is
co-hereditary and lim vι = °°. In this case, we do not have symmetry in
the fc-variables nu n2, , nk; however, it does follow that

(^);

fc

=1(n(1, nl2, , n l k )= (^)f(ni 5 «2,' ' , nk\

where iu i2, * , 4 is any permutation of 1,2, - , k.
For vertex partition parameters vu v2, * , ̂ k, we define (vi)Ί(k) =

{v)kι to be the largest integer p such that there exists a factorization
Kp = Uf=i G, with i/f(G/) = 1 for i = 1,2, , k. Using an argument
similar to that given in Lemma 1, one can show that (vx)\ exists, and
moreover, a technique analogous to that employed in the proof of
Theorem 1 can be used to verify the following generalization of
Theorem 1.
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THEOREM 2. Let nu n2, , nk (k ^ 1) be positive integers, and let
vu v2,'-',vk be vertex partition parameters for which the corresponding
properties v{ are co-hereditary and limy, = <» for 1 ̂  i ^ k. Then

k

(^i)f(wi, n2, , n k ) = l + (i7,)ϊ Π (n* ~ *)•

By setting vx = i/ for / = 1,2, , k in the statement of Theorem 2,
we obtain Theorem 1. We present two specific illustrations of
Theorem 2.

COROLLARY 2a. Let nun2,- ,nk (k ^ 1) be positive integers, and
let vλ,v2,'-',vk be parameters such that vι = a for lίίitzt, where 1 ̂  t ^
fe, and ^ι — x for all other vx. Then

{yx )\{nx, n2, , nfc) = 1 + It Π (n, - 1).

Proo/. In this case, (A )f is the largest integer p such that there exists
a factorization Iζ, = Uf=1 G{ with α(G,) = 1 for 1 g ι ^ t and ^(G.) = 1
for all other such that i ^ k. This is clearly equal to ά(t), which has the
value 2t.

Similarly, since χ(2\t) = 2{t/2} for each positive integer t, we have
the following.

COROLLARY 2b. Let nu n2, , nk (fcδ 1) be positive integers, and
let vl9 v2, - - -, Vk be parameters such that vx;= χ{2) for 1 S ί ^ /, where
l^kf^kk and v x = χ for all other v x. Then

M(nl9 n2, , nk) = 1 + 2{ί/2} fl (^ ~ 1).

3. Edge partition parameters. Let e denote a graphical
property which the graph K2 possesses. We then define the edge
partition number e(G) of a nonempty graph G as the least number of
elements E, in a partition of the edge set E(G) of G such that each
induced subgraph J5( has property β. It is clearly equivalent to say that
β(G) is the minimum positive k for which there exists a factorization
G = UfM d such that e(Gt) = 1 for i = 1,2, , fc. For an empty graph
G, we define β(G) = 0. In this section, we shall henceforth assume that
e is a co-hereditary property (so that H is a subgraph of G implies that

e(H)^e(G)), and that lime = oo (i.e., l i m ^ e(Kn) = <»).
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Our next lemma, presented without proof, is an immediate conse-
quence of the definitions for edge partition number and factorization.

LEMMA 2. IfG = Uf=1 G, and e is an edge partition parameter, then

Let e be an edge partition parameter, and let nu n2, , nk (k ^ 1) be
nonnegative integers. The e-Ramsey number e(nu n2, , nk) is the
least positive integer p such that for any factorization Kp = Uf=1 Gh it
follows that e(G, ) ̂  nt for at least one i, 1 ̂  i ^ fc. If nt = 0 for some i,
1 ^ / < fc, then clearly e(nu n2, , nfc) = 1; hence, we henceforth assume
that nt > 0 for ι = 1,2, , fc. Using an argument analogous to those
used earlier, one can verify that e(nu n2, , nk) exists since 6 is
co-hereditary and lime = α>. In this case also, e(nu n2, , nk) is sym-
metric in fti, n2, , f̂c

THEOREM 3. Lei n l 5 n2, , nk (k S 1) fc^ positive integers, and let e
be an edge partition parameter such that the corresponding property e is
co-hereditary and lime = oo. Then e{nu n2, , nk) = N where

N = 1 + max {p | e(Kp) g g (n, - 1)}.

Proo/. Since Iim6=oo and e(JKΊ) = O, N exists and N ^
2. Without loss of generality, we assume that nλ g ?τ2 ̂  ^ nfc. The
theorem clearly follows if nk = 1. Thus we assume that nk ^ 2 .

First, we establish the inequality e(nu n2, , nk)^N. Let Uf=1 G,
be a factorization of KN. It follows from Lemma 2 and the definition of
N that

Thus, 6 ( G , ) ^ n, for at least one ΐ, 1 ̂  i ^ /c.
In order to show that e(nu n2, , nk) ^ N, we exhibit a factorization

KN^ = Uf=1 Gl? where e(Gt) ^ n, - 1 for 1 g / g fc. Let m be the least
integer such that n m g 2 . By the way in which N and m were chosen,

This implies that there exists a factorization
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KN-I= U U H',, where c(H))gl
i = m ] = 1

(m^i^k and 1 ̂ / ^ n, - 1). For m ^ i g_fc, let G, = U?JΪ H). For
\^i%m -\ (if such i exists), let G( = KN-U the complement of
KJV-!. Then KN-λ = Uf=1 G,, where β(G,) ^ n, - 1 for 1 ̂  i g fc.

Using the fact that the edge chromatic number χ\{Kp) of a nontrivial
complete graph Kp is p iί p is odd and p — 1 if p is even, we obtain the
following corollary.

COROLLARY 3a. Let nu n2, - - - -, nk be positive integers. Ifnι = n2 =
• = nfe = 1, then χλ{nu n2, , nk) = 2. Otherwise, χλ{nu n2, , nk) =

2[(L + l)/2] + 1 wAβr̂  L = Σf=1 ( Λ | - 1).

COROLLARY 3b. Let nu n2, - - , nk be positive integers, and let a^
denote the {edge) arboricity parameter. If n1 = n2— = nk = 1, then
a\(nu n2, , nk) = 2. Otherwise,

aλ(nu n2, , rtk) — 1 + 2 2 ( n ' ~ 1)

Proof. The result follows from the fact that for p ^ 2,

Let Πi, n2, , Wk be nonnegative integers, and let €l5 e2, *, 6fe be
edge partition parameters where again we assume the corresponding
properties are co-hereditary and lime, = o° for each /, 1 ̂  i' ^ k. Then
we may define the (β^f-Ramsey number (e,)\{nx, n2, , nk) as the least
positive integer p such that for any factorization Kp = Uf=1 Go it follows
that 6, (G,) ^ n, for at least one / where 1 ̂  i ^ fc. Again there is no loss
of generality in assuming each n, > 0 since (erffa, n2,'-',nk)=l if n, = 0
for some /, l^i^k. If we let M denote the largest integer p for which
there exists a factorization Kp = U^Gi such that ^ ( G f ) ^ ^ - 1 for
i = 1,2, , k, then it follows that M exists and that (£,)?(«!, n2,--',nk) =
1 -f M; however, it is not possible to give such a compact expression for
(€,)?(/!], ft2, * * s nk) as for one edge partition parameter (Theorem 3) or k
vertex partition parameters.

As an illustration of the foregoing, we consider {auχλ)(m,n), for
positive integers m ^ 2 and n ^ 2, defined as the least integer p such that
for any factorization Kp = GλU G2, either aλ(Gι)^ m or ; ^ ( G 2 ) ^ n.

First we show that for every two such positive integers, we have
(ciuXi)(m, n)^2m + n -2. If this is not the case, then there exists a
factorization K2m+n-2 = Gλ U G2 such that α ^ G ^ S m - l and ^ ! ( G 2 ) ^
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n - 1. This implies that Gλ has at most (m - l)(2m + n - 3) edges while
G2 has at most (n - 1) [(2m + n - 2)/2] edges. However, this implies
that X2m+n_2 has less than (2m + n - 2)(2m + n - 3)/2 edges, thereby
producing a contradiction.

Next, we note for every positive integer m ̂  2 and every odd
positive integer n ̂  3, that (α l 5 χλ)(m, n) = 2m + n — 2. Here, it suffices
to produce a factorization K2m+n-3 = Ή U F2 for which αi(Fi) ̂  m - 1 and
^ ! ( F 2 ) ^ n - l . Since 2m + n - 3 is even, there exists a factorization
K2m+n-3= Uf=1 Pi, where fc=(2m + n - 3 ) / 2 and Pf is a spanning path,
i = 1,2, — , fc (see [3, p. 91]). Let Ή = U™!1^. For m ^ / ^ fc, we can
write Pt = P u U P t 2 where no two edges of Pι>;, / = 1,2, have adjacent
edges. If we let F 2 = Uf= m[P uUP / ) 2], then we see that χi(F 2 )g
n - 1. Since α ^ ) ^ m - 1, we have a suitable factorization.

Based on the previous observations, we offer the following conjec-
ture.

CONJECTURE. For every two positive integers m ̂  2 and n ̂  2,

(auχι)(m,n) = 2m + n-2.

4. Vertex and edge partition parameters. Let k =
k{ + /c2, where fc,, / = 1,2, is a positive integer. Denote by p b p2, , ρkl

vertex partition parameters, and denote by ρkl+u pkl+2, , pk edge
partition parameters, for which the corresponding properties p,(l ^ / ̂
fc) are co-hereditary and limp, = 00. For positive integers nu n2, , nkl

and nonnegative integers nkι+u nkι+2, - , nki we define the {pi)\-Ramsey
number (px)\(nu n2, , nk) as the least positive integer p such that for
any factorization Kp = Uf=iG/, p,(G/)i^nj for at least one ί, l S / g
fc. Here we also have that if iu i2, , 4 is a permutation of 1,2, , fc,
then

n M , n ί 2 , , n i k ) =

Let (pi(rii))i denote the largest positive integer p for which there exists a
factorization Kp = Uΐ=ιGn where ρi(Gi)^nι for / = 1,2, ••-,£. An
argument similar to that used in the proof of Lemma 1 guarantees the
existence of (p,(nf))ϊ and a straightforward extension of the proof of
Theorem 1 can be used to demonstrate the following result.

THEOREM 4. Let kλ and k2 be positive integers, where fc =
fci + fc2. For i = 1,2, , fcj, let p, fee a vertex partition parameter and for
i = kx + 1, fci + 2, , fc, let ρι be an edge partition parameter such that the
corresponding properties pn 1 ̂  i ̂  fc, are co-hereditary and limp, = oo?

1 ^ i ̂  fc. 77ιen /or positive integers nu n2, , nk,
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= 1 -h

where mx — \ for 1^ i ^ ku and rrii = n, = 1 /or fc, + 1 ^ i' ^ k.

As an illustration of Theorem 4, we present the following corollary.

COROLLARY 4a. Let k = kλ + fc2, where kx and k2 are positive inte-

gers, and let nu n2, , nk be positive integers. Ifp, = χfor 1 ^ ί ^kx and

Pi = X\ for fei + 1 = ί = fc, Λen

(p,)ί("i> n2, , nk) = 1 + [λΊ(wkl+i, nkl+2, , n f c ) - 1] Π («i ~ 1)

Proof By Theorem 4, it suffices to evaluate (p^m,))?, where m, = 1
for 1 ^ / ^ fc, and m, = n, - 1 for kί + 1 ^ i g fc. However, since p, = ^
for 1 ^ ί ^ fei, it suffices to consider (p^m,))^!, which equals ^i(nkl+i,
nkl+2, * *, n k ) — 1.

In a similar manner, we obtain the following result concerning
chromatic number χ and edge arboricity aλ.

COROLLARY 4b. Let k — kλ + k2, where kλ and k2 are positive inte-

gers, and let nu n2, , nk be positive integers. If p{ = χ for 1 g i g kι and

p, = aλ for kx + 1 ^ / ^ /c, then

(Pi)ϊ(nun2,' -,nk)= 1 + [ α i ( n k l + 1 , n k l + 2, ,nk)-l]'Y[ (nι - 1 ) .
i = l
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