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INNER-OUTER FACTORIZATION OF FUNCTIONS WHOSE
FOURIER SERIES VANISH OFF A SEMIGROUP

HOWARD LEWIS PENN

Let G be a compact, connected, Abelian group. Its dual,
Γ, is discrete and can be ordered. Let A be a semigroup
which is a subset of the positive elements for some ordering,
but which contains the origin of Γ. Let Hp(Γi) be the sub-
space of LP(G) consisting of functions which have vanishing
off Γu The question that this paper is concerned with is
what conditions on a function in H^i^Γ^ assure an inner-outer
factorization.

An inner function is a function fe H^iΓJ such that | / | = 1
a.e. (dx) on G. A function fBH9(Γx) is said to be outer if

( log I fix) I - l o g I ί f(x)dx
JG I JG

> - O O

A function feH^ΓJ is said to be in the class LRPiΓJ if
log I /1 e Λ(G) and log | /1 has Fourier coefficients equal to
zero off Λ U - Λ The main result of the paper is that if
Λ is the intersection of half planes and feH^ΓJ with

1 log \f(x) \dx> — oo then / has an inner-outer factorization

if and only if log|/| is in

A semigroup, P, in Γ1 is called a half plane if P U — P = Γ and
PΠ— P= {0}. Helson and Lowdenslager [2] proved that if Γ1 is a
half plane then every function / e HP(Γ^ with I log | /1 dx > — oo has
a factorization as a product of an outer function, h e HP(Γ^ and
an inner function, g, and this factorization is unique up to multi-
plication by constants of magnitude 1. From now on we shall assume

jlog I/I da? > -oo.

Helson and Lowdenslager also showed [3] that if u is a real
function such that u and eu are summable, and v is the conjugate
function of u with respect to the half plane, Γ19 then eu+iv is an
outer function in Hι{Γ^). Conversely, if a summable outer function
has the represention eu+iv with u and v real then u is summable and v
is equal to its conjugate modulo 2π except for an additive constant.

Let P be a half plane which contains /\. Then, for ueL^G)
there exists a conjugate function, v, which is unique if we assume
v(0) = 0, such that u + iv has its Fourier series supported on P.
The function, v, is in Lp, p < 1. If u has its Fourier coefficients
supported only on Γ1\J —Γ1 then u + iv has its Fourier coefficients
supported only on Γx [4, Chap. 8, §7]. Therefore, feLRP{Γx) if
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and only if log | / 1 e L 1 and log \f\ is the real part of a function

whose Fourier coefficients vanish off Γx.

THEOREM. Assuming that feH\Γ^ and \ log | / | dx > — oo, and

that Γi = Γ\ieiPi> then f has an inner-outer factorization if and

only if log | / | has its Fourier coefficients vanish off Γx U —/"Ί

Proof. Assume fe LRP{ΓY). Let u = log | /1 e L'iG). Take any
i e I and consider Pt. Γ^cPi and / has an inner-outer factorization
with respect to Pt. The outer factor is given by eu+iVi where vt

is the conjugate function to u with respect to Pt. Since u has
its Fourier coefficients supported on Γ1 U — Γl9 it follow that vt also
has its Fourier coefficients supported there. Therefore, vt is the
same as the conjugate function of u with respect to any of the other
half planes Pjf j e I. Therefore, the outer factor of / in Hι{P^) is
given by βu+tVi. Also, if P3 is any of the other half planes whose
intersection gives Γί9 then the outer factor / in H\P3) is eu+ίvκ
Therefore, eu+ίVie (\i&IH\Px)y which is just equal to HXΓJ. For
each half plane Pif iel, we have that the inner factor is given by
fe-ίu+ivi)t Therefore, the inner factor is also in ff'ίΛ).

Conversely, assume that / has an inner-outer factorization, gh,
in H\ΓX). Choose Pj9 j e I, then the outer factor, hy of / in Hι(Γ^>
and hence in Hι(Pj), is given by eu+v*, where vs is the conjugate
function of u = log|/( with respect to P3. Since this is true for
all Pj, j 6 7, it follows that etv* is the same regardless of which half
plane, P3 is used. Now assume Pk is another of the half planes
whose intersection is Γx. Then eίUk = eiuί where vk is the conjugate
function of u with^respect to P3. It fallows that vk(x) — v3-{%) + 2nπ
where n might change from point to point. We will now show that
n = 0. Consider the function h1/2 which is outer in H\ΓX) c H\Γ^.
It follows that log | h1/2 \ — u/2. The conjugate function of u/2 with
respect to p3 is v3-/2 and its conjugate function with respect to Pk

is vk\2. By the Helson and Lowdenslager theorem hm — e{u+ivί)2 and
also hίl2 = e{u+iv*)l\ Therefore,

h = hι(2h112 = β«+« i+ *>/*.

Hence

Vk(x) = (Vj(χ) + vk(x))/2 + 2nπ .

So,

vk(x) = v3(x) + inπ .

Now consider hιιi = e ( α + i ^ ) / 4 = e{u+ivκ]li. Therefore,
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Hence,

By considering the 2mth roots of h we can show that the difference
between vk and vd must be 2m+1wττ. This must hold for all values
of m. The only integer for which this is true is 0. Therefore u
has the same conjugate function with respect to each of the half
planes.

We will show that u has its Fourier coefficients supported of
Λ U - Λ Suppose that U(Ύ) Φ 0, where T ί Λ U - Λ Then there
exists Pj, j el such that 7$P3. There also exists Pk, keI, such
that 7g — Pfc. Let vy be the conjugate functions of u with respect
to the half plane, P3 and let vk be the conjugate function of u with
respect to Pk. Since ΎgPj, we have

[4, Chap. 8, §7]. Likewise, since Ί£—Pk it follows that ΎePk\0
and that

vk(y) = - iβ(7) .

But since u(7) ^ 0, we have ^-(7) Φ vk(l), and hence vs and vfc are
different functions. But we have just shown that u has the same
conjugate function with respect to each half plane. Therefore u(Ύ) — 0
and u has its Fourier series supported on Γ1U —Γ^ Therefore

COROLLARY. If fe Hι{Γ^) where Γ1 is the intersection of half
planes and feLRP{Γ^), then f = pλp2 where p19 p2eH\Γ^) and
\ \ Δ ^ \ f \

EXAMPLE. In [1] Ebenstein discusses the Hp functions on a
semigroup which is the intersection of a countable collection of half
planes. This semigroup fulfills the hypothesis of the theorem. Let
Tω be the compact group which is the Cartesian product of countably
many circles. The dual ΣΓ=i Z, is the direct sum of countably many
copies of the integers. Define A c ΣΓ=i Z by

A = {x: x, ^ 0 for all i} .

We may define Hp{Tω), p ^ 1 as the subset of Lp(Tω) consisting of
these functions whose Fourier coefficients vanish off A. The semi-
group, A, is the intersection of half planes Pt defined as follows:
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Pi — {x: Xi ^ 0 , if Xi = 0 t h e n x1 ^ 0 ,

if a?!, a?2, , Xj = 0 t h e n xi+1 = 0} .

Therefore the theorem applies to Hp(Tω).

REMARK. One might hope that certain theorems which hold for
the Hp spaces of the disk would remain true, at least for the class
Li2P(/\). One such theorem is Szego's theorem which states if
w 6 Lι{dx) and w ^ 0, then

inf 111 — g |2 wdx — exp 1 log (w)dx
7GA0 J J

where Ao consists of those polynomials supported on Γίf with zero-th
coefficient equal to zero. This theorem is true if J\ is a half plane
[4, Chap. 8, §3]. Rudin has an example [5, Theorem 4.4.8] of a
function, /, which is outer, but does not span. This same function
can be used to show that Szego's theorem fails even for the class
LRP.
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