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HOMEOMORPHIC MEASURES IN THE HILBERT CUBE

JoHN C. OXTOBY AND VIDHU S. PRASAD

A Borel probability measure g in the Hilbert cube is
homeomorphic to the usual product measure if and only
if it is positive for nonempty open sets and zero for points.
The transformation can be effected by a homeomorphism
equal to the identity on any prescribed y-null Z-set. Several
extension, approximation, and embedding theorems are
obtained as applications.

1. Introduction and basic theorem. Let @ = I~ =]y, denote
the Hilbert cube, where each I, = [0, 1], and let » denote Lebesgue
product measure in @ restricted to Borel sets. - If 2 is any homeo-
morphism of @ onto itself, then K+ Mh(E)) defines a Borel measure
in @ which we shall denote by M. Any measure g that admits
such a representation is said to be homeomorphic (or topologically
equivalent) to ». Evidently any such measure in € is a normalized
Borel measure and it must be zero for points (nonatomic) and
positive for nonempty open sets (locally positive). Our aim is to
prove the converse of this statement, with appropriate refinements
specifying what kinds of subsets can be kept fixed, and to give
several applications of this result: an extension theorem for measure
preserving homeomorphisms between subsets of @, a version of
Luzin’s theorem for measure preserving homeomorphisms, and a
characterization of the topological measure spaces that can be
embedded in Q by a measure preserving homeomorphism. The
potential usefulness of such a theorem in connection with the last
mentioned problem has long been recognized, especially by Dorothy
Maharam and A. H. Stone (cf. [9] and [10]). We include also a
couple of related results which do not depend on the basic theorem:
a characterization of sets topologically equivalent to nullsets, and a
version of Goffman’s approximation theorem for one-one measurable
transformations, both of which were previously known only in the
finite-dimensional case.

We wish to thank Steve Alpern for many helpful discussions.

It is known [7] (see also [4]) that to characterize measures
homeomorphic to Lebesgue measure in I* (n finite) it is necessary
to require that p(0I") = 0 in addition to the requirements mentioned
above. Since I” has no boundary it is not surprising that this con-
dition can be dropped but it is remarkable that no other condition
is needed to replace it.

Let @ be given the metric d(z, y) = D\ |z, — ¥, 1/2°%. By an r-set
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we shall mean a subset of @ of the form R = [[{[a,, b;] where 0 <
a; < b =<1 for all 4, and [a;, b;] = I, for all but finitely many values
of %; that is, the closure of a basic open set. A set of the form
{xeR:x,=c¢} with a;<c<b, is called a section or a face of R
according as a; < ¢ < b; or not. The union of all the faces of R is
a dense subset of R called its pseudoboundary; it will be denoted
by 6R. The topological boundary oR of R is the union of the
(finitely many) faces of B for which a; > 0 or b, < 1. The set s =
Q@ — 0@ is called the psewdointerior of Q.

Let " H(Q) denote the space of all homeomorphisms of @ onto
itself with the topology of uniform convergence and the norm || f||=
SUp,cq d(x, f(x)). H(Q) is a complete metric group with respect to
the metric o(f, 9) = max {|[f¢™* ||, [|/7g|l}. Let

HO(Q) ={he HQ): (W) = W for each face W of @}.

When B c Q and h(w) = for all x€ B, h is said to leave B fixed.
Let

H(Q, B) = {he HQ): h leaves B fixed}
and v

H\(Q, B) = {h € H(Q): h leaves B fixed} .

Each of these is a closed subgroup of H(Q).

The following lemma, which has no analogue for I*, plays an
important role; it serves to reduce the general problem to the case
of measures that vanish on 6Q. Methods similar to those used in
the case of I" can then be applied.

LEMMA 1. If p is a finite Borel measure in @ and B is the
union of a finite number of faces of @ with ((B)=0, then (th(6Q)=
0 for all b in a certain dense G, subset of H(Q, B).

Proof. Let W={xeQ:x,=c¢}, ¢c=0 or 1, be an arbitrary face
of @ that is not contained in B. For each positive integer 5 let

E; ={he H(Q, B): ph(W) < 1/5} .

It is clear that E; is an open subset of H(Q, B). For any j and
0 < &€ <1 choose an integer % = k with 1/2" < ¢/2 such that neither
of the faces x, =0 or 1 is contained in B. Let ¢ < /2% be a
positive number such that the od-neighborhood B, of B satisfies
UB;) < 1/2j. Choose an interval (a, b) C I, such that

tireQ:a <z, < b)) <1/2j
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and define a continuous family 7,0 <t < 1) of homeomorphisms of
the square I, x I, onto itself such that (3) &, leaves fixed all points
of I, x I, for which |z, — ¢ | =6, (ii) h, is the identity, and (iii) &,
contracts the edge {¢} X I, to a subset of {¢} X (a, b). Let F' be the
union of the faces of @ that are contained in B and meet W. For
each x €@ let s(x) = min {d(x, F')/d, 1} and define h{x) = (x}) by sett-
ing (), ) = hym(®y, ®,) and a} = x, for all © % k, n. Then h e H(Q,
B). Each section of @ of the form x, = constant, 7 + %, n, is invari-
ant under %, and the oJ-neighborhood of the face of @ opposite W
is fixed, therefore h(B;) C B;. Hence

W) =W N B) UMW — B)CB; Ufre@:a<w, <b.

Therefore ph(W) < 1/2j + 1/2j and so heE;. Since ||h]| < 0/2% +
1/2" < ¢ this shows that K, contains elements with arbitrarily small
norm.

For any ge HQ, B) let v=pg. Then y(B) =0, and as just
shown there exists an h € H(Q, B) with arbitrarily small norm such
that vh(W) < 1/4. Then gh is an element of E; arbitrarily near g.
Thus E; is a dense open subset of H(Q, B). Intersecting over j and
the countably many faces of @ that are not contained in B com-
pletes the proof.

The following basic theorem extends to I* the result embodied
in Theorem 2 of [7].

THEOREM 1. Let ft be a nonatomic, locally positive, normalized
Borel measure in @, and let B be the union of a finite number of
faces of Q@ with p(B) =0. Then p=£f for some fe HQ, B). If
11(0Q) = 0 then 1t = \f for some fe H(Q, B).

By virtue of Lemma 1 it is sufficient to prove the last state-
ment. Note that in Lemma 1 and Theorem 1 the measure f¢t may
be confined to 6Q and the set B may necessarily be empty; for
example, ¢ may be a normalized sum of product measures on the
faces of @. First we prove an easy lemma.

LEMMA 2. Let pt be a finite nonatomic Borel measure in Q, let
0 a< B u@) be given, and let F be a closed subset of Q with
1(F)=0. There exists an open set G such that GNF = @ and

a < pMG) < B.

Proof. Since @ is compact and points have measure zero there
is a number 7 > 0 such that p(U) < 8 — a for every open set U
with diameter less than 7. Choose a compact subset K of @ — F
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with #(K) > a and let 6 be a positive number less than 7 such that
@ — F contains the d-neighborhood of K. Divide @ into #-sets of
diameter less than 0 using sections that have p-measure zero. Let
{U, ---, U,} be the interiors of the members of this partition that
meet K and let G = U, U---U U,, where k is the least integer such
that (G) > . Then a < u(G) < B and GNF = Q.

LEMMA 3 (cf. Lemma 7 of [7]). Let p be a finite monatomic
Borel measure in @ with p(0Q) = 0, let B be the union of a finite
number of faces of @, and let Ri={x€Q:x, = ¢} and R,={x € Q:x, =
¢} be the two r-sets into which Q s divided by the section P = {x¢€
Q:x, = c¢}. Then for any two positive numbers «, and a, with «,+
@, = Q) there is an h e H(Q, B) such that ph(R,) =, (i =1, 2).

Proof. Let H denote the set of all he H,(Q, B) such that
th(R) = a; (i =1,2). H is a closed subset of H,(Q, B). To show
that H is nonempty note that unless it contains the identity we
must have either (R)) < @, or u(R,) < a,. Assume that p(R) < a,
and define h,: Q@ — @ for 0 <t < « as follows. Let F denote the
union of the faces of @ that are contained in B and meet P. For
reQ let s(x) = min {d(x, F'), 1/2} and define h,(x) = (x}) by setting
x; = x; for all © # k and letting x) be the piecewise linear function
of x, that maps 0, ¢, 1 into 0, ¢ + (1 — ¢)s(x)"?, 1, respectively. Then
h,€ H(Q, B). p(h,(R,) is monotone increasing and continuous on the
right. It tends to p(R,) as t — 0 and to (@) as t — o, and (R, <
a, < Q). Hence there is a least number 7 such that ph.(R,) = «,.
Since p(h.(R,)) is monotone decreasing, continuous on the left, and
greater than a, for 0 <t <7, it follows that ph.(R,) = @,. Thus
h.e H. Similar reasoning shows that H is nonempty in case #(R,) <
.

For each positive integer n let

H, = {he H: ph(R) = o + %} .

Then H, is a closed subset of H. To show that H, is nowhere
dense relative to H let g€ H, and define v = ¢g. Then v is a finite
nonatomic Borel measure in @ with v(6Q) = 0 and y(P) = 1/n. Put-
ting a=yR) —a —1/nm and B=vR) — @ we have 0= a < B
y(P). Pis a copy of Q, and ¥ (FFN P)=0. By Lemma 2 there is
a relatively open subset G of P such that GN FNP= @ and a <
Y(G) < B. Let © denote the projection map of Q onto P and define
s,(x) = d(m(x), P— G). For any = (x)e®@ and 0 < e < ¢ define
g.(x) = (x;) by setting x; =z, for all 7+ k and letting 2, be the
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piecewise linear function of x, that maps 0, ¢, 1 into 0, c-es,(x), 1,
respectively. Then g, e H,(Q, B). Since ¢.(R,) D R, we have vg.(R,)=
a,. Since g.(R,) increases to R, — G as €0, and a, < VR, — G) <
a, + 1/n, we have a, < vg.(R,) < @, + 1/n for all sufficiently small ¢,
and then gg.¢ H — H,. This shows that H, is a nowhere dense
subset of H. It follows that the equation pA(R,) = a, holds for all
h in a dense G, subset of H, and similarly the equation ph(R,)=«,.
Any h belonging to the intersection of these two sets has the
required properties.

By a simple partition 7 of @ we shall mean a partition of @
into 7r-sets defined by a finite number of sections of @. Let ||
denote the maximum of the diameters of the members of .Z.

LEMMA 4. Let p be a finite nonatomic Borel measure in Q
with p(6Q) = 0, let B be the union of a finite number of faces of
Q, let {R, +--, Ry} be a simple partition of @, and let a,, ---, &y be
positive nmumbers with o, + -+ + ay = Q). Then there is an
h e H(Q, B) such that ph(R,) =a;, 1 =1, .-+, N).

Proof. This follows easily from Lemma 3 by induction on the
number of sections, using the fact that each 7-set is a copy of @
and that its boundary is the union of a finite number of its faces.

LEMMA 5. Let ¢ and v be finite, nonatomsic, locally positive
Borel measures in Q with p(0Q) = v(6Q) = 0, let B be the union of
a finite number of faces of Q, and let P be a stmple partition of
Q such that u(R) = v(R) and p(0R) = v(0R)=0 for each Re Z. For
any € > 0 there exists a simple refinement 7' of F with | F'| <
e, and an he H(Q, B) that leaves each Rec.7” tnvariant and oR
Sfized, such that V(R') = ph(R') and v(OR') = ph(dR') = 0 for each
R e,

Proof. Let .7 be a refinement of & with | . Z%'| < ¢ defined
by taking additional sections of @ that have y-measure zero. Apply
Lemma 4 to each Re . taking for R, ---, By the members of '
that are contained in R, with a; = ¥(R,) and dR U (BN R) in place
of B. The homeomorphisms so obtained fit together to define an
h e H(Q, B) with the required properties.

Proof of Theorem 1. Assume that p#(0Q) = 0. For any 0 < e<
1 and h € HQ) let @(h, €) be a positive number (necessarily < ¢) such
that o(h, hg) < ¢ whenever ge H(Q) and || g|| < @(h, ¢). By Lemma
5 there is a simple partition &% of @ with | | <1 and a g,¢
H/(Q, B) such that p(R) = Mg,(R) and 2(0R) = \g,(6R)=0 for Re . 2.
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Again by Lemma 5 there is a simple refinement .&°, of <2 with
| & | <@g, 1/2) and an h, € H(Q, B) such that ph,(R) = \g,(R) and
th,(0R) = xg,(0R) = 0 for Re.Z,. Applying Lemma 5 alternately
to triples of the form ph,---h,, A\g,-*-9,, G, and pth,---h,,
N1t Fusry T We can determine inductively a sequence {7} of
simple partitions of @, and sequences {g,} and {k,} in H,(Q, B) such
that for each n = 1:

(i) A, is a refinement of Z#,,

(11) I '?271, | < @(gl' M ) 1/2%) and | t%’n-l—l | < 47(]7'1’ ° 'h/m 1/2”),

(iii) g, leaves each member of .Z7,, invariant and h,,, leaves
each member of .&,,,, invariant,

(iv) . pthy- - b, (R) = \g,- - -9, (R) and pth;---h,(OR) = \g,---9,(0R)=
0 for R e .,

It follows from (ii) and (iii) that the limits ¢ = limg,-..¢, and
h=1limbh,---h, exist in H,(Q, B), and from (i), (iii) and (iv) that
ph(R) = Ng(R) and ph(6R) = Mg(0R) = 0 for each Re Ur .Z,.. By (@)
and (ii) each open set in @ is the union of a sequence of nonover-
lapping 7-sets belonging to U .Z%.. Hence ph(E)=\g(KE) for every
open set K and therefore for every Borel set in Q. Thus f = gh™!
fulfills the requirements of Theorem 1.

2. Refinements of Theorem 1. For some applications it is
important to be able to effect the transformation of one measure
into another by a homeomorphism that leaves fixed not only a finite
number of faces of @ but also some more general kinds of nowhere’
dense sets of measure zero. In this section we shall derive two
such refinements of Theorem 1. First we need a preliminary result.

LEMMA 6. Let C be a closed subset of a section P of @, let B
be the union of a finite number of faces of Q, and let (t be a finite
Borel measure in Q@ with (B UC) = 0. There exists an arbitrarily
small h € H(Q, B U C) such that ph(P) = 0.

Proof. Let m denote the projection map of @ onto P= {xeQ:
x, = c}. For any zeQ define s(x) = d(z(x), (BNP)UC). (Put s(x)=
1incase (BNP)UC=@.) Forany z=(x,)e@ and 0 <t <1l —¢
define h,(x) = (x}) by setting x} = x, for ¢ + & and letting 2} be the
piecewise linear function of z, that maps 0,¢, 1 into 0, ¢ + ts(x), 1,
respectively. Then h,e H(Q, BUC). For 0 <t <t < 1-c the sets
h(P) and h,(P) are p-almost disjoint, since

h(P)N hy(P)=(BNP)UC.

Hence ph,(P) >0 for at most countably many values of ¢. Take
h = h, for any sufficiently small ¢ that does not belong to this
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exceptional set.

LEMMA 7. Let C be a closed subset of the intersection of two
orthogonal sections P and P’ of Q, let B be the union of a finite
nwmber of faces of Q, and let ¢ be a momatomsic, locally positive,
normalized Borel measure in Q@ with p(0Q UC) =0. Then p=x\f
for some fe H(Q, BU C). ~

Proof. By Lemma 6 there is an he H,(Q, BUC) such that
ph(P)=0. If the conclusion holds for the measure ph, then it holds
for . Hence we may and shall assume henceforward that p(P)=0
and that C = PN P’.

Let R, R, and R, R, be the r-sets into which @ is divided by
P and P’, respectively. Since p(P) =0 we have p(0R,) = 1(6R,) =0,
and since

MRIMR) + (H(BIME:) = ((Ry) (1=1,2)

we can apply Lemma 3 to R, and R, separately and obtain an
h e H(Q, B U P) such that

Because these four numbers add up to 1 we have also ph(P) =
/th(P") = 0. Summing over 7 = 1,2 we get

1h(R;) = MRj) G=12).

We can therefore apply Theorem 1 to the measures p¢h and A in. R;
and R, separately (after normalizing them) and infer that pth = \g
for some ge¢ H,(Q, BUP'). Taking f= gh™ we have g = \f and
fe H(Q, BUC).

) Lemma 7 and the following theorem extend to I” the type of
result embodied in Corollary 4 of [7] and Lemma 4 of [5], but the
method of proof here is quite different.

THEOREM 2. Let C be a closed subset of the intersection of two
orthogonal sections P and P’ of Q, and let B be the union of a
finite number of faces of Q. If pt and vy are two nonatomic, locally
positive Borel measures in Q such that (@) = v(Q) and

WBUC)=vBUC)=0,
then p = vf for some fe H(Q, BUC).

Pooof. By Lemma 6 applied to g£+v there is a g, € H(Q, BUC)
such that (¢ + v)g.(P) = 0. We can apply Lemma 1 to each of the
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two r-sets into which @ is divided by P and obtain a g, € H(Q, BU P)
such that (# + v)g,0,(0Q) = 0. Then £g,0,(0Q U C) = vg,0,(60Q@ U C)=0
and it follows from Lemma 7 that pg,9, = vg9,0,9, for some g,e
H(Q, BUC). Taking f = 9.0.9.9:'9r" we have pg=1yf and fe
H(Q, BUC).

A Z-set (in Q) is by definition a closed subset A of @ with the
property that for each & > 0 there exists a continuous map f: Q —
@ — A such that d(z, f(x)) < e for all x€@. It is known [2] that a
closed set AC@® is a Z-set if and only if it has topological infinite
codimension; that is, for some h € H(Q) the image h(A) projects to
an interior singleton in infinitely many coordinates. Moreover, the
following propositions are known (see [2]):

2.1) If A is a Z-set and h € H(Q), then h(A) is a Z-set.
(2.2) Any compact subset of s or of 0Q s a Z-set.
(2.8) Any finite union of Z-sets is a Z-set.

Any Z-set is closed and nowhere dense, but not conversely; for
example, a section of @ is not a Z-set, neither is the intersection of
two sections, or a wild Cantor set [12]. The following theorem is
therefore not as general as Theorem 2, but it is easier to apply
since it does not require the fixed set to be in special position.

THEOREM 3. Let ¢ and vy be monatomic, locally positive Borel
measures in Q@ with Q) = v(Q), and let A be a Z-set such that
MA) =v(A) = 0. Then pt = vf for some fe HQ, A).

Proof. Let he H(Q) be such that h(A) projects into an interior
singleton in infinitely many coordinates. In particular, h(A4) is con-.
tained in the intersection of two orthogonal sections of Q. Put
¢ = ph™ and V' =vh'. We can apply Theorem 2 to p and »' with
C = h(A) and B = @ and infer that ' = V'f for some fe H(Q, h(4)).
Then gt = vh~'fh and h™'fh € HQ, A).

3. An extension theorem for measure preserving homeomor-
phisms. The following important Extension Theorem, due originally
to R. D. Anderson, is known to hold [2]:

(8.1) If A and B are Z-sets in Q and h is a homeomorphism
of A onto B wit~h sup,. . dx, h(xg) < &, then h can be extended to a
homeomorphism h e H(Q) with || k)| < e.

We shall obtain from this a similar theorem for measure preserv-
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ing homeomorphisms except that the norm of % can no longer be
restricted.

THEOREM 4. Let ¢t be a measure in Q homeomorphic to . If
A and B are Z-sets in Q and h is a p-preserving homeomorphism
of A onto B, then h can be extended to a p-preserving homeomor-
phism h € H(Q). However, there exist arbitrarily small U-DTeserving
homeomorphisms h for which the norm of any p-preserving extension
7 must be arbitrarily close to 1.

Proof. By (38.1) h can be extended to a homeomorphism ge
H(Q). Define Borel measures g and ' in @ by setting /'(E) =
MWE — A) and V'(F) = pg(E — A) for Borel sets E in Q. Then ¢
and V' are nonatomie, locally positive (since A is nowhere dense in
Q), and '(Q) =Y (Q). Evidently ¢/'(4) =v'(4) = 0. Hence p' =Vf
for some feH(Q, A), by Theorem 8. Put h =gf. Then h is
p-preserving for subsets of A. For any Borel set ECQ — 4 we
have E = E — A and f(E) = f(E) — A and therefore

PI(E) = pof (B) = pg(fLE) — A) = V(f(E))
= (/(B) = Wl — A) = ((E) .

Thus & is a p-preserving extension of h, as required.

That the norm of % cannot be restricted in any way is shown
by the following example, for which we are indebted to S. Alpern.
Let € > 0 be given and suppose that g=\f, where fe H(Q). There
is a number 7 > 0 such that d(f(z), f~(y)) < ¢ whenever d(z, y) <
7, and there exist basic open sets U and V such that d(f'(),
FYUy) >1—¢ for all (x,y)eU x V. U and V are cylinder sets,
say on I". Take a sufficiently fine dyadic subdivision of I* so that
the r-sets R,, ---, Ry based on it have diameters less than 7 and at
least one is contained in U and one in V. Let them be numbered
so that R,CcV,R,c U, and so that R, and R,,, have a face in
common for 1 £ 1 < K. For 1 <1< K let T, denote the translation
that maps R, onto R,,,. Choose a Z-set A, C R, — dR, with (N —
DA(A) > (N — 2)MR,), and for 1 <7 < N let A; be the image of 4,
by the translation that maps R, onto R,. Put

A= U{A:1<t<N, +#- K} and B= U{4;:1<%= N} and
define g: A — B by setting ¢ = T, on A, for 1 £1 < K and setting
g equal to the identity on A; sor K<t < N. Then A and B are
Z-sets, g is a A-preserving homeomorphism of A onto B, and d(x,
g(x)) < n for all ze A. If §: Q@ — @ is any invertible and A-preserv-
ing extension of g (not necessarily a homeomorphism!), then § maps
R, onto a subset of @ — B. Since R,CQ — B and
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MQ — B —R,)=(N—-1I/N—-MA4)) <1/N

it follows that G(Rx) must meet R, in a set of positive measure.
Put = f"'gf. Then h is a p-preserving homeomorphism of the
Z-set f'(A) onto the Z-set f~(B), and d(x, h(x))<e for all x € f(A).
If he H(Q) is a p-preserving extension of h, then FRf is a \-pre-
serving extension of g. Hence fhf™ takes some point of U into a
point of V, and therefore || A || > 1 — e.

4. Luzin’s theorem for measure preserving homeomorphisms.
Let T be an invertible transformation of I*, n = 2, onto itself such
that T(E) and T7'(E) are measurable whenever E is a measurable
set. It was shown by Goffman [3] that there exists a homeomor-
phism & of I* onto itself such that h(x) = T(x) and h7'(z) = T '(x)
except on a set of arbitrarily small Lebesgue measure. Goffman
asked whether % can be taken to be measure preserving in case T
is measure preserving. This was shown in [5] and independently
by H. E. White, Jr. [11]. In this section we obtain corresponding
theorems for I*.

THEOREM 5. Let ¢t be a nonatomic, locally positive, normalized
Borel measure in Q, let B be the union of a finite number of faces
of Q@ with ((B) =0, and let T be an invertible, Borel measurable
and p-preserving transformation of @ onto itself. For each € >0
there exists a p-preserving homeomorphism }NLGH(Q, B) such that
p{x e Q: k(x) = T(@)}) < e.

Proof. We may assume without loss of generality that p = ;
because ¢ = \f for some fe H(Q, B), by Theorem 1, and it suffices
to approximate the \-preserving transformation fTf™ by a A\-pre-
serving homeomorphism. By Luzin’s theorem there exists a compact
set E with MFZ) > 1 — ¢ such that the restriction of T to E is
continuous and therefore a homeomorphism. Since A (6Q)=N\(T6Q))=
0 we can choose a compact set

CcEn'srn Ts) with MC) >1—c¢.

Let h(x) = T(x) for xe€C, and h(x) =« for € B. Then h is a M\
preserving homeomorphism of CU B onto T(C)U B, and both of
these are Z-sets, by (2.2) and (2 3). The eonclusion then follows
from Theorem 4.

An entirely different proof of Theorem 5 in the case pt=\ was
found by S. Alpern and R. D. Edwards [1] shortly before Theorem
1 had been proved. They obtained % by a limiting process that
applies to I* for any 2 < n £ - and involves neither homeomorphic
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measures nor extension of a homeomorphism from a subset. Their
proof shows in addition that the norm of % can be taken to be
arbitrarily small provided T belongs to a sufficiently small weak
neighborhood of the identity. They observed also that this refine-
ment of Theorem 5 is actually a corollary of that theorem; it
suffices to divide @ into r-sets R; of small diameter using sections
of measure zero, to require that T be weakly near enough to the
identity so that it can be redefined on a set of small measure in
such a way as to leave each R, invariant, and then to apply Theorem
5 to each of the sets R,.
Goffman’s theorem can be extended to @ as follows (cf. [8]).

THEOREM 6. Let T be an itnvertible and Borel measurable map
of Q onto itself, and let p be a finite Borel measure in Q. For
any € > 0 there is an h € H(Q) such that

px e Q: h(z) = T(x) or h7'(x) = T7H (@)} < ¢.

Proof. By Luzin’s theorem there is a set E with p(E)>mQ)—
€/2 such that the restriction T | E is continuous. The sets s, T7'(s)
and their complements partition E into four sets and we can choose
compact subsets of each such that their union K satisfies p(K) >
1@ —¢€/2. Then T|K is a homeomorphism and both K and T(K)
are Z-sets. Similarly we can find a compact set K’ contained in
@ — T(K) with

K" > Q@ — T(K)) — ¢/2

such that 77'| K’ is a homeomorphism and both K' and T7(X’)
are Z-sets. Put A= KUTYK’). This is a disjoint union of
compact sets, so T|A is a homeomorphism of A onto the set
B=T(K)UK’, and both A and B are Z-sets. By (3.1) there is an
he HQ) that agrees with T on A. The conclusion then follows
from the fact that the set where h differs from 7, or A™* from T,
is contained in (@ — A) U (@ — B), which has p-measure less than e.

REMARK. In case /¢ is nonatomic and locally positive, the proof
of Theorem 4 (with ¢ and Y’ normalized) shows that the extension
of T|A can be made to be relatively p-preserving on Q — A.
Consequently, in case g is nonatomic and locally positive and T
preserves p-nullsets the A in Theorem 6 can likewise be taken to
preserve p-nullsets, and thus be ‘‘absolutely measurable’’ (cf. White

[11]).

5. Sets topologically equivalent to nullsets. The following
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theorem extends Theorem 9 of [7] to I” and at the same time makes
its formulation more complete. The completion of a Borel measure
p will be denoted by Z.

THEOREM 7. The following statements about a set ECQ are
pairwise equivalent:

(1) For each o-finite Borel measure ¢ in Q and Z-set B with
H(B) =0 there s an arbitrarily small he H(Q, B) such that
HU(h(E)) = 0.

(2) NA(E)) =0 for some he HQ).

(8) @ — E contains a sequence of perfect sets whose union is
dense in Q.

Proof. The implications (1) = (2) = (3) are clear. In case g is
nonatomic the implication (3) = (1) can be deduced from Theorem 3
by the method used in [7], but this method will not serve in
general. Instead we base our proof on the following lemma.

LEMMA 8. Given ¢ >0 and disjoint Z-sets A and C in Q,
where C is a Cantor set, () implies that there exists a Cantor Z-
set I' contained im @ — E — A and an he H(Q, A) such that h(I")=
Cand ||h] <e.

Proof. Cover C by disjoint open sets U, ---, U, that have
diameters less than ¢ and meet C but not A. Each U, meets some
perfect set contained in @ — E, hence we can find Cantor sets
r, ..., I',, each contained either in s or 0@, such that I, CQ—EnN
U (=1 +:--,m). Put '=UrI" and let : AU —>AUC be a
homeomorphism equal to the identity on A and such that A(I",)=Cn
U, (i=1,-.+-,n). By (3.1 h can be extended to a homeomorphism
h:Q—Q with ||h|| <e, and we have h(I') = C and he H(Q, A) as
required.

(8) = (1). Choose a sequence of mutually disjoint Cantor Z-sets
C; CQ — B such that

wQ—UrC)=0.

By Lemma 8 with A= B, C=C, and any ¢, > 0, there exists a
Cantor Z-set I',C@Q — E — B and an h, € H(Q, B) with || h, || < &/2
such that h,(I",) = C,. Suppose disjoint Cantor Z-sets I, ---, I,
contained in @ — K — B and h,, -+, h, in H(Q, B) have been defined
so that for 7 =1, ---, n,

(i) hil;) =Cy

(ii) hj4h; is equal to the identity on BU Ui~ I,
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and
(iil) lo(hj—lr hJ) < 60/2'7.’
where h, = idg. Choose ¢, > 0 so that

Oty Bag) < &2

whenever || g || <e¢,. By Lemma 8 with BU Uy I';, h;XC,.), &, in
place of A, C, ¢ there is a Cantor Z-set

[...cQ—E—B—UrT;

and a ge H(Q, BU U I';) such that ¢(I'",.,) = h3'(C,;0) and | g || <e,.
Putting h,,.,=h,g it follows that (i) (ii) (iii) hold for j=1, ..., n+1.
Thus sequences {I';} and {h;} can be defined inductively so that (i)
(i) (iii) are satisfied for all j = 1. Then {k;} converges uniformly
to a homeomorphism & € H(Q, B) with || k|| < ¢, such that h(I';)=C;
for all j = 1. Since

EcQ-Urr;

we have h(E)c @ — Uy C; and therefore f(h(E)) = 0.
The following corollary is a far-reaching generalization of
Lemma 1.

THEOREM 8. If p is a o-finite Borel measure in Q, B is the
union of a finite number of faces of Q with (B) =0, and A is an
F, set of first category in Q, then ph(A) =0 for all h in a certain
dense G; subset of H(Q, B).

Proof. For any nowhere dense closed set F' in @ and any g in
H(Q, B) we can take E=g(F') in (3) of Theorem 7. Then (1) implies
that for each positive integer j the set

E; = {h e HQ, B): th(F") < 1/3}

is dense in H(Q, B). Since FE; is obviously open the conclusion
follows.

The corresponding result for Lebesgue measure in I* ([6],
Theorem 1) can be shown to hold also for the completion of any
o-finite Borel measure that vanishes on 0I".

In concluding this section we remark that the proofs of Theo-
rems 8 and 10 of [7] carry over to I without change.

6. Measure preserving embeddings in metric measure spaces.
By a metric measure space (X, [£) we mean in this section a metric
space X together with the completion # of a finite Borel measure
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¢ in X. Let p* denote the outer measure in X induced by g (so
that Z is just p* restricted to the g*-measurable sets). (X, Z,) is
called a subspace of (X, #) if X, X and g is the restriction of p*
to subsets of X,. (X, &) is said to be homeomorphic to (Y, V) if
there exists a homeomorphism of X onto Y that makes U corres-
pond to Z. Such a homeomorphism of (X, ) onto a subspace of
(Y, V) is called an embedding of (X, #) in (Y, V). In [9] and [10] A.
H. Stone considered the question: What metric measure spaces (X,
Z) can be embedded in (Q, X)? Obviously X must be separable, and
¢ must be nonatomic with #(X) < 1. Assuming #(X) <1, Stone
obtained such an embedding in case X is finite-dimensional. Using
Theorem -1 in somewhat the same way as Stone used Theorem 2 of
[7] we. obtain the following answer to his question.

THEOREM - 9. Let X be a separable metric space and let [L be
the completion of a monatomic Borel measure p in X. There exists
an embedding of (X, f£) in (@, N) if and only if either (1) p(X)<1,
or (2) MX) =1, p is locally positive, and X is homeomorphic to
some dense subset of Q.

Proof. The necessity of either (1) or (2) is clear. Assume first
that #(X) <1 and let f: X— Y be a homeomorphism of X onto a
subset Y of some section of @, so that A(Y) = 0. For each Borel
set E in Q define.

VE) = (BN Y)) + 1 — wX)HME) .

Then v is a nonatomie, locally positive, normalized Borel measure
in Q. By Theorem 1, v = \g for some ge H(Q), and so v* = \*¥g.
Then h = gof is a homeomorphism of X onto ¢(Y), and for any
set AcC X we have

Nh(A) = v*f(A) = £ (AN Y) + (1 — (X)N*A)
=HANX) £+ 0= pN4).

Thus % is an embedding of (X, %) in (Q, X).

Assuming (2), let f be a homeomorphism of X onto a dense
subset Y of @, and define ¥(E) = uf"(EN Y) for Borel sets E in
Q. By Theorem 1, v =g for some geH(Q). Putting h = gof it
follows, as above, that A*h(4) = #*(A) for every set Ac X.

Theorem 9 ‘leaves open the:question of what spaces can be
densely embedded in @, but for compact spaces it furnishes a com-
plete answer to Stone’s question: A compact metric measure space
(X, i) can be embedded in (Q,X) if and only if either (X H) 48
homeomorphic to (@, X), or u(X) <1 and g is monatomic.
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Note added in proof. In “A note on topological measure theory”
(preprint) Bejamin Weiss has independently obtained a different proof
of Theorem 1 in the case B= @@ and used it as above to answer
Stone’s question for compact metric measure spaces.
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