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INNER FUNCTIONS: NONINVARIANT CONNECTED
COMPONENTS

V. NESTORIDIS

H denotes the family of all inner functions B, such
that for every θe]0,1[ the pseudo-hyperbolic diameters of
the connected components of the set ΣB,Θ = {z: \B(z) I < θ}
are less than dB,θ < 1.

Family H is open-closed in the space of the inner func-
tions under the uniform topology. The main result states
that for every BeH the connected component of B contains
neither proper multiples of B nor proper divisors of B.
A characterization of the elements of H is given, which in
particular implies that if the zeros an, n = 1,2, of an
infinite Blaschke product B satisfy condition

lim Π
— anan

= 1 then BeH.

Introduction* This work deals with the connected components
of the space F of the inner functions of one complex variable, under
the uniform topology (see [4]). It is known ([7]) that, for z the
identity function z{a) = a, there exists an inner function / belonging
to the same component as zf. In this case the component of /
is invariant (under multiplication by z). There are also non-
invariant connected components; the trivial examples are those of the
finite Blaschke products. The existence of non trivial nonivariant
components can be derived from the proof of the Theorem 1.1 in
[5].

Here, we present a family of noninvariant components, larger
than the family in [6]. For this purpose we consider the family H
of all inner functions / such that, for every θ e ]0, 1[, the pseudo-
hyperbolic diameters of the connected components of the set Σfyθ =
{z\ |/(2)| < θ} are less than a number δftθ < 1.

A first remark is that H contains only Blaschke products. Second
we note that the way in which H is defined permits us to apply
Rouche's theorem in the case | | / — g\\ < 1 with feH. We conclude
that the zeros of / and g are not far (one to one) in pseudo-hyperboilc
distance. This yields a necessary condition for two inner functions
/, g to belong to the same component, when feH. Using this
condition we prove that the component of each element of H, is not
invariant. This result states precisely that for every BeH, the
component of B contains neither proper multiples of B, nor proper
divisors of B.
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200 V. NESTORIDIS

The above results together with the fact that H is open-closed
are contained in §2. In §3, we identify the elements of H as the
products, in a special sense, of finite Blaschke products. In particular
if the zeros an, n = 1, 2, , of an infinite Blaschke product B satisfy
the condition

a* — a*. = 1, then B belongs to H.

We recall the information in §1 about inner functions, pseudo-
hyperbolic distance, and the family H.

The family H furnishes examples of noninvariant components;
but the problem of identifying all noninvariant (or invariant) com-
ponents seems to be open.

Finally, I wish to acknowledge my indebtedness to A. Bernard
for the directions he gave me, and to D. Marshall, who answered
several questions related to this work, and helped me very much
with frequent discussions. To S. Negrepontis, I would like to ex-
press my gratitude for contributing an essential idea and for the
encouragement he gave me.

I* Preliminaries* A: Inner Functions. A holomorphic function
/, bounded on the open unit disk D of the complex plane is called
inner if its boundary values f(eiθ) — lim r^ f(reίθ) have almost every
where absolute value one: \f{eiθ)\ — 1 a.e. See [3] or [8].

We will use the following notations: bo(z) = z and ba(z) = a/\a\
(a — z)/(l — az) for aeD, a Φ 0. Therefore, a Blaschke product will
have the form cJ\i&Ibaii with c a constant of modulus one (|c| = 1)
and a^D such t h a t ΣieIl — \at\< <*>.

We reserve the letter S for singular functions, that is, inner
functions not vanishing at any point of D. It is well known that
every inner function / can be represented as the product of a
Blaschke product B and a singular function S: f = BS.

We denote by F the space of the inner functions with the uniform

topology. The topology in F is compatible with the following metric:

d(f, g) = 11/ - g\\ = sup \f(z) - g(z)\.
It is well known that the connected component of zn(n = 0, 1, )

is the set of the finite Blaschke products with exactly n zeros
counting multiplicity.

B. Pseudo-hyperbolic distance. We denote by p the pseudo-

hyperbolic distance on the open unit disk D:
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P(X, V) =
X — V bM\ .
1 - xy

The distance p satisfies the following two relations:

lim p(x, 0) = 1 and p(x, z) ̂  p^ v) + p(y> z) .
i^-1 1 + p(χf y)p(y9 z)

For t e ]0, 1[ and n — 1, 2, , we denote:

Cn(t) = sup{p(α?0, xn): 3(x0, • • • ,««)€ i?^4-1 such tha t p(xk, xk+1)

^ t for fc = 0, 1, '- ,n - 1} .

Then we have:

We will need the following lemma, (see [2]).

LEMMA. Let ε > 1 and <50 < (ε — 1/ε + 1). Tfcew ί/^ere exists
δ < 1 swc/z, ί/^αί ίΛe inequalities p(xf y) ̂  δ0 α^cί jθ(αj, ^) ̂  δ imply
ρ(y, z) ̂  |t>(ίc, ^)ε.

C. Family H. Next we define family H, which will be central
to this

DEFINITION 1. We denote by H the family of the inner functions
B such that for every Θ e ]0, 1[ there exists dByθ < 1 such that the
inequality p(x, y) <: δB>θ holds for every pair of points x and y
belonging to the same connected component of the set

ΣBtθ = {zeD:\B(z)\ < θ) .

Sets such as ΣBtθ or its complement have already been used; for
example see [1],

The author arrived at the above definition after some discussions
with S. Negrepontis.

The following preliminary results are related to the family H.
1. For every BeH and θ e]0,1[ the closure of each component

of ΣByθ is included in D.
2. For BeH and θ e ]0, 1[, each component of the set ΣB>0 con-

tains at least one zero of B and not more than log θ/log δByθ.
For the last statement, it is enough to observe that, if N is the

number of zeros in some component of ΣBtθ and z is a point of its
boundary, then θ = \B(z)\ ^ δ^tθ.

3. If B&eH, then BλeH.
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4. Let S be a nonconstant singular function and let θ e ]0, 1[,
then the pseudo-hyperbolic diameter of each component of the set
ΣSfθ = {zeD: \S(z)\ < θ) is equal to 1. It follows that the family H
contains only Blaschke products.

Proof. The first part of (4) is implied by a maximum principle
argument. The second part follows from the first part and (3).

5. Let BeH,θe ]0, 1[ and δ e ]0, 1[. Then there exists δ < 1
such that the inequality ρ(x, y) <; δ holds for every pair of points
x, y belonging to the same component of the set

EBtθfi = {zeD:3weD with ρ(z, w) < δ and \B(w) | < θ] .

Proof. Let θ' = Qmax(<5,^)] < 1 and let δ = δB,e, < 1. For x, y
belonging to the same component of EBtθ>δ there exists Alf -—,An,
components of ΣB}Θ such that p(xf At) < δ, p(y, An) < δ and p(Ak, Ak+1) <
C2(δ)Vk = 0, , n - 1. We choose ak e Ak such that B(ak) = 0. There-
fore, we have p(x, α j < θ\ ρ(ak, ak+1) < θ' and ρ{any y) < θ'. Because
of the fact that B(ax) = B(a2) = - - = B(aJ = 0 the segments [ α ^ J ,
[αxα2], , [«,_!, αw] and [α%, y] are contained in 2 ^ / . Therefore, we
have p(x, y) <: δBte, = 3 < 1.

6. Let f, geH and let 0X, ̂ 26]0,1[. Then there exists δ < 1,
such that the inequality p(x, y) ̂  δ holds for every pair of points
x, y belonging to the same component of the set Σfyθl U Σgtθ2

Proof. The proof is similar to the above, we can get δ = δftθ,
where θ' = C3[ma,x(δf,θl, δgtθj\.

2* The main result* The purpose of this section is to prove
that, for every element B of the family H, (Def. 1, §1, C), the
connected component of B in the space of the inner functions, contains
neither proper multiples of B, nor proper divisors of B.

If a set of inner functions A has the property "d(/, A) < 1 =>
feA", then A is open and closed as one can easily verify. It is
also easy to see that for every inner function B, there exists a
smallest set containing B and possessing the above property. We
will denote this set by FB. Because FB is open-closed, it contains
the component of B. Therefore, it will be sufficient for our purpose,
to prove that, for every BeH, the set FB contains neither proper
multiples of B, nor proper divisors of B.

The set FB can also be defined as follows:
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DEFINITION 2. For every inner function B, FB denotes the family
of the inner functions Br such that, there is a finite set of inner
functions {Bo = By Bl9 , BΛ-U Bn = B'} joining B to B', in the sense
that \\BK•- β^+ill < 1 for every K = 0, 1, - , n - 1.

In the first step, we prove that for every BeH we have the
inclusion FBaH (Prop. 1). We recall that H contains only Blaschke
products. (§1, c, 4).

LEMMA 1. Let B — cj[ielba. be an element of H and let f be
an inner function such that \\B — f\\ < 1. Then f is a Blaschke
product which can be written in the form f = cr Y[i6Ibβi so that

Jp(aif βt) < 1.

Proof. Let θ be a number such that | | / — B\\ < θ < 1 and let
us consider the set ΣB,& = {seD: \B{z)\ <θ}. On the set D\ΣB>Θ we
have the following:

\B(z)\ ^Θ>\\B- f\\ ^ \B{z) - f(z)\ .

The hypothesis BeH implies that the boundary of each component
of ΣStθ lies in D\ΣB)Θ, so that we can apply Rouche's theorem. The
conclusion is that the functions / and B don't vanish off ΣBjθ and
they have the same (finite) number of zeros in each component of
ΣBtθ. This implies that / can be written in the form / = SJ[ieIbβ.,
where S is a singular function and the points α* and βt belong to
the same component of ΣBj for each i e I. Since BeH we have:

sup p(at, βt) ^ δB>θ < 1 .
iel

It remains to be shown that S is a constant. This is an immediate
consequence of the inclusions Σs>(1_&/2} aΣf>{ι_θ/2) dΣBt(1+&/2) combined
with §1, c, 4.

This simple proof, that S is constant, was suggested by D.
Marshall.

LEMMA 2. Let B — c Πi^i ba. be an element of H and let B' =
c'Hieibβt be a Blaschke product such that su.-piBlp(ai9 βt) < 1. Then
BreH.

Proof. Let 0 < θ < 1; by §1, c, 5 it is enough to show that the
set ΣB,,e — {zeD: \B'(z)\ < θ) is included in a set of the form:

EBtfflί9 = {zeD .lweD with ρ(z, w) < δ and | B{w) \ < θ,}
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for some θu 8 e ]0,1[. Therefore, it is enough to show that for some
θlfδe]0, 1[ we have \B\z)\ ^ θ off EBt$v>.

Let δ0 = supίe/ pioίiβi) < 1 and let e > 1 such that <50 < (ε — 1/e +1).
By §1, B, there exists 3 < 1 such that /o(α,, z)ε ^ /0(β<, 2) for every
z satisfying p(atz) ^ 3.

For the above <5, for θx = θ1/ε and for z g EB)θl,δ we have:

\B\z)\ = Π />(A, z) ^ Π ^(α,, ̂ )ε

i l i l

The following proposition is an obvious consequence of Lemmas
1 and 2.

PROPOSITION 1. Every inner function f, such that d(f, H) < 1,
belongs to H. In consequence FBczH for every BeH, and H is
open and closed. It follows also that for every BeH the set FB,
and the component of B, contain only Blaschke products.

Next we give a necessary condition for two inner functions /
and B to belong to the same component, given that BeH.

PROPOSITION 2. Let B= cΐ[ieIba.eH and let feFB; then f is
a Blaschke product which can be written in the form f = c'Y[ieIbβ.,
so that sup p(aSi) < 1- In particular this is true for every inner
function f belonging in the same connected component as B.

Proof. We only consider the case feFB, because FB contains
the component of B.

By the definition of FB we have: B = Blf , Bn_l9 Bn = / with

\\Bk-Bk+1\\<l for fc = 0, 1, . . . , n - l .

Since BκeFBaH, Lemma 1 implies that:

Bk = ck Π ba.kf with cQ = c, a\ = α, and sup /θ(αf, αf+1) = τk < 1 .

Let τ = max(τ0, τu , rn_i) < 1; then we have supie/io(α?, α?) ^
C β(τ)<l(Sl,B).

Finally, let /3* = α?Vi 6/ and let c' = cΛ. Π

The condition of Proposition 2 is not sufficient even for elements
of H. To show this, we follow a suggestion of D. Marshall. Consider
two sufficiently lacunary sequences (an)n = 1, 2, •• and (βn)n =
1, 2, such that:1, 2,

> 0 1 + g. _ _ Q a n d

1 α
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Using Lemma 1.2 of [4] one can verify that the Blaschke products
B = IK=i ba% and g = ΠΞU fysu don't belong to the same component;
although we have sup,, p(an9 β%) < 1, / e H and g eH. (The gaps of
the sequences αw and βn will assure that f eH and geH.)

We conclude this section with the following proposition, which
in particular implies that the component of each element of H is
not invariant under multiplication by z.

PROPOSITION 3. For every BeH, the set FB contains neither
proper multiples of B, nor proper divisors of B. It follows that
the connected component of B contains neither proper multiples of
By nor proper divisors of B. In particular B and zB don't belong
to the same component.

Proof. It is enough to prove the statement for the set FB.
Let us suppose GBeFB, with G inner; we will prove that G is con-
stant.

By Proposition 2 we have: B = cY[ieIba% and GB = c' Y[ieIbβι

with supΐeJ/0(tfi, βi) < 1.

Because B divides GB, there exists an injective function φ: I —> I
such t h a t a, = βΦU)Vί e I. Let θ = sup ί G Z p(βi9 βΦU)) = s u p , e z ρ(βlf a%) <

1. Then each segment [βiy βφ(i)], i e I is contained in the set Σ —
ΣGB,o = {zeD: \G(z)B(z)\ < θ). Therefore, β, and βφω belong to the
same component of Σ.

For each connected component Ω of Σ, the set IΩ = {i e I: βt e Ω)
is finite (because GB e H) and invariant under the injection φ. Since
I = \J IQ it follows that φ is bijective. In consequence we have:
Uieibβ. = IίieibβφU) = Iίieibat and GB = c'ΐ[ieIbβt = c ' Π ^ / δ ^ -
(c\'c)B, which implies that G = c'/c — constant.

It remains to be shown that FB doesn't contain any proper
divisors of B. Let f e FB with B = fR, R inner. Then feH (Pro-
position 1), Be FB = Ff and B is a multiple of /. Then, as we have
already proven, R — (B/f) = constant.

3* A characterization of the elements of H. The purpose of
this section is to characterize the elements of family H (Propositions
4 and 5). We first recall that H contains the finite Blaschke products.
Further, we can construct other elements of H using the following
proposition.

PROPOSITION 4. (1) The family H is closed under multiplication
and (2) Let Bnf n — 1, 2, be a sequence in H; then the infinite
product B = IK=i Bn belongs to H, provided that:

_ i n f B n ( z ) = 0 Γ L ^ \Bm{z) \ = 1
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and
(ii) For every θe]0, 1[ we have sup*^,* = δθ < 1

(where δB%tθ denotes the supremum of the pseudo-hyperbolic diameters
of the connected components of the set ΣB%tθ = {zeD: \Bn{z)\ < 0}
according to Definition 1).

Proof. (1) Let B1 e H and B2 e H; we will prove that B,B2 e H.
Let θ G ]0, 1[; we consider the following sets:

Σ, = ΣBu vF={zeD:\ Bx(z) \ < VT), Σ2 = ΣB2t vJ = {zeD:\ B2{z) \VΎ)

and Σ = ΣBΛtθ = {zeD: \B,{z)B2{z)\ < θ}.

We trivially have Σ c Σ1 U Σ2 and the proof of (1) is finished by
§1, c, 6.

( 2 ) Let Bn = cn Uiein bain, n — 1, 2, be a sequence in H
satisfying (i) and (ii). Condition (i) implies the convergence of the
product B = ΠSU B We have to prove that BeH.

Let θ 6 ]0, 1[; then we consider the following sets:

Σ={zeD:\B(z)\<θ} and Σn - {z e D: \ B%(z) | < θ1/8}, w = 1, 2, - .

By (ii) we have supw δnjθ — δθ = <5 < 1.
Let ε > 1 such that <5 < (ε - 1/e + 1); by §1, B there exists ff e ]θv\

1[ such that the relations p(z, z') ̂  δ and p(a, z) ̂  θ' imply p(af z
r) ̂

p{a, z)\
This fact combined with condition (i) implies that there exists

nQ such that | Π « ^ Bm(z) \ ̂  ff ^ <91/8 for every τι > nQ and «6 Σn.
This last inequality also holds on the boundary of each component
of Σn(n>n0), where we have \Bn{z)\ — θ1/8. Therefore, on the
boundary of each component of Σn(n > nQ) we have

Π BJz) ^ θ1/8θm - θ

It follows that each component of Σ, containing at least one zero of
Iίn>nQ Bn, is included in some connected component of some Σn(n > n0).
Therefore, its pseudo-hyperbolic diameter is less than or equal to
δ<l.

It remains to control the pseudo-hyperbolic diameters of the
other components of Σf that is of the components of Σ containing
some zeros of BXB2 Bno.

Let us consider the set K = [z e D: \B(z) Bφ) \ < θ1/8}. By
the first part of Proposition 4, B±B2 - BnQ e H and therefore, the
pseudo-hyperbolic diameters of the components of K are less than
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We first observe that K Π (U»>*0^») ~ Φ'> indeed, on Σn(n> nQ)
we have the relation \B1(z) Bno(z)\ ^ | HmΦnBn{z)\ ^ θ1/8 and on K
we have the opposite strict inequality.

The fact that, K and \Jn>nQΣn are disjoint, combined with a
maximum principle's argument implies | Hn>nQ Bn(z) | ^ θVi on K and
on the boundary of each component of K, where we also have
I Bx{z) BnQ(z) I = θ1/8. We deduce that on the boundary of each com-
ponent of K we have \B(z)\ ^ θmθυ* = θ3/8 > θ. It follows that each
component of Σ containing some zeros of BJBZ Bno is included in K.
Therefore, its pseudo-hyperbolic diameter is less than δ'. We conclude
that the pseudo-hyperbolic diameters of the components of Σ are less
than or equal to δ = max(δ, δ') < 1, and the proof is finished.

Next we prove that every element of H can be represented as
a product of finite Blaschke products, in the sense of Proposition 4.
Thus, we have an obvious characterization of the elements of H.

PROPOSITION 5. Let B — J]j= 1 Kk be an infinite Blaschke product
belonging to the family H. Then, there exists a sequence Bn, n —
1, 2, of finite Blaschke products, such that:

( i ) lim, infB%{M)ss0 IίmΦn i Bm(z) \ = 1.
(ii) snpnδBniθ < 1 for every θe]0, 1[ and
(iii) B=lί^iBn.

Proof Let 0. = 1 - (1/n + 1), n = 1, 2, , let

and let An = {k: ak belongs to the same component of ΣB>Θ% as α j .
Finally, we consider the following Blaschke products:

B, - Π K and BΛ= Π K for n ^ 2 .

The functions Bn, n — 1, 2, are finite Blaschke products because
the sets An are finite (§1, c, 2). We also have B = Π?=i-B%> because
#„ is increasing and converges to 1.

Let 0e]O, 1[; then {zeD: \Bn(z)\ < θ] = ΣBntθ<zΣBtθ, because Sn

divides B. Therefore, δBntθ ^ δB>̂  < 1 and condition (ii) is verified.
Let z be a zero of 2?Λ+i. By the maximum modulus principle we

have I Πm^+i BJz) \ ̂  min(0%, θn+1) = ffΛ -> 1 and condition (i) is also
verified. Therefore, the proof is complete now.

At this point, I wish to express my thanks to D. Marshall for
his help with Proposition 5.

Because the simple Blaschke factors cba(\c\ — 1, \a\ < 1) belong
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to H, using Proposition 4 we observe that the following families
are contained in H:

and A* = {BJSt - - B%; Blf B2, ., B.eΛ1}, n ^ 2.
These families are also open-closed. One way to see it is the

following.
We say that a subfamily A of H is saturated if cΐ[ieIba.eA

and sup i 6 I p(aif βt) < 1 imply c' Πiei bβ. e A.
Lemma 1 implies that every saturated subfamily of H is open-

closed. Therefore it is enough to show that An(n ^ 1) is saturated.
Using the above technique one can prove that the family of the
product (in the sense of Proposition 4) of the elements of saturated
subfamilies of H is also a saturated subfamily of H. Starting from
the family of the simple Blaschke factors A — {cba; \c\ = 1, \a\ < 1},
which is obviously saturated, one concludes that the families An, n^l
are saturated, and therefore open-closed.

Finally we mention that H Φ USU Λn. For B e H and θ e ]0, 1]
we denote NBfθ the limes inferior of the number of zeros of B in
each component of ΣBtθ (where the limes inferior is taken over all
components of ΣBtθ). For BeAn one can see that NB>Θ ̂  n. There-
fore, for B e (Jϊ=i -4* we have: supo<^<! NB>Θ < oo.

In consequence, it is enough to give an example of B e H for
which &aj)θNB,θ = ©o. For n eZ = {0, ± 1 , ±2, •} let β% such that
(1 + βj/(l — βn) = 1 + in. For every θ e ]0, 1[ there exists a natural
number M — Mθ such that for every neZ we have Πι»-»ι£*(£», β™) ^
θ. Consider θn = 1 - l/(n + 1) and let Mn = Mθn.

Consider also the following inductively defined sequence Sn of
subsets of Z:

Si = {0}. Suppose Su S2, , Sk are defined .

Denote by σk the maximum element of Sk and define Sk+1 as follows:

Sk+1 = 2Mk + σk

Each S* is finite. Set Bk = Π e ^ δ ^ and 5 = Π2U-B*. It is true
that BeH, (use for example Proposition 4); but NBtθ% -* °°. Therefore
B £ Uϊ=i Λ* and £Γ ̂  Uϊ«i ^*-
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