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INNER FUNCTIONS: NONINVARIANT CONNECTED
COMPONENTS

V. NESTORIDIS

H denotes the family of all inner functions B, such
that for every 0€]0,1[ the pseudo-hyperbolic diameters of
the connected components of the set Y;,—={z:|B(z)| < 6}
are less than 0z, < 1.

Family H is open-closed in the space of the inner func-
tions under the uniform topology. The main result states
that for every Be H the connected component of B contains
neither proper multiples of B nor proper divisors of B.
A characterization of the elements of H is given, which in
particular implies that if the zeros a,,n=1,2,--- of an
infinite Blaschke product B satisfy condition

Ap — Qo

lim II =1 then BeH.

n mzEn | 1 — &g,

Introduction. This work deals with the connected components
of the space F' of the inner functions of one complex variable, under
the uniform topology (see [4]). It is known ([7]) that, for z the
identity function z(a) = @, there exists an inner function f belonging
to the same component as zf. In this case the component of f
is invariant (under multiplication by z). There are also non-
invariant connected components; the trivial examples are those of the
finite Blaschke products. The existence of non trivial nonivariant
components can be derived from the proof of the Theorem 1.1 in
[51.

Here, we present a family of noninvariant components, larger
than the family in [6]. For this purpose we consider the family H
of all inner functions f such that, for every 6¢]0, 1[, the pseudo-
hyperbolic diameters of the connected components of the set X;, =
{z: | f()| < 6} are less than a number 6, < 1.

A first remark is that H contains only Blaschke products. Second
we note that the way in which H is defined permits us to apply
Rouche’s theorem in the case ||f — ¢g|| <1 with f € H. We conclude
that the zeros of f and g are not far (one to one) in pseudo-hyperboile
distance. This yields a necessary condition for two inner functions
f, g to belong to the same component, when fe H. Using this
condition we prove that the component of each element of H, is not
invariant. This result states precisely that for every Be H, the
component of B contains neither proper multiples of B, nor proper
divisors of B.
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200 V. NESTORIDIS

The above results together with the fact that H is open-closed
are contained in §2. In §3, we identify the elements of H as the
products, in a special sense, of finite Blaschke products. In particular
if the zeros a,,n =1, 2, ---, of an infinite Blaschke product B satisfy
the condition

a, — a,
1—-a,a,

lim ]

n MmEN

=1, then B belongs to H.

We recall the information in §1 about inner functions, pseudo-
hyperbolic distance, and the family H.

The family H furnishes examples of noninvariant components;
but the problem of identifying all noninvariant (or invariant) com-
ponents seems to be open.

Finally, I wish to acknowledge my indebtedness to A. Bernard
for the directions he gave me, and to D. Marshall, who answered
several questions related to this work, and helped me very much
with frequent discussions. To S. Negrepontis, I would like to ex-
press my gratitude for contributing an essential idea and for the
encouragement he gave me.

1. Preliminaries. A: Inmer Fumncitons. A holomorphic function
f, bounded on the open unit disk D of the complex plane is called
inner if its boundary values f(e*) = lim,., f(r¢"’) have almost every
where absolute value one: |[f(e)] =1 a.e. See [3] or [8].

We will use the following notations: b,(z) = 2z and b,(z) = @/|«|
(¢ — 2)/(1 — @z) for ¢ € D, o #+ 0. Therefore, a Blaschke product will
have the form ¢ [I..; b.,, with ¢ a constant of modulus one (J¢| = 1)
and a,€ D such that ¥,.;1 — |a,| < .

We reserve the letter S for singular functions, that is, inner
functions not vanishing at any point of D. It is well known that
every inner function f can be represented as the product of a
Blaschke product B and a singular function S: f = BS.

We denote by F the space of the inner functions with the uniform
topology. The topology in F'is compatible with the following metrie:
dif, 9) = If — gll = sup | f(2) — g(2)|.

It is well known that the connected component of z"(n =0, 1, ---)
is the set of the finite Blaschke products with exactly = zeros
counting multiplicity.

B. Pseudo-hyperbolic distance. We denote by p the pseudo-
hyperbolic distance on the open unit disk D:
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ow, 0 = | £=L| = b .

x
11—z
The distance p satisfies the following two relations:

lim o(x, ¥) =1 and x, 2) < o, ¥) + oy, ?) )
ly|—1 ‘O KO( ) 1 + ‘O(x’ y)p(fy’ z)

For te]0,1] and » =1, 2, ---, we denote:

C,(t) = sup{o(x,, x,): I(®,, - - -, ,) € D™ such that o(x,, .+,
=tfork=0,1,---,n—1}.

Then we have:

_ Gty
CO= e a-o <

We will need the following lemma, (see [2]).

LEMMA. Let ¢ > 1 and 6,< (¢ —1l/e +1). Then there exists
0 <1 such that the inequalities p(x, y) = 0, and p(x,z) =0 imply
oy, z) = p(x, 2)°.

C. Family H. Next we define family H, which will be central
to this wouik.

DEFINITION 1. We denote by H the family of the inner functions
B such that for every 6€]0, 1| there exists d;, <1 such that the
inequality p(x, ¥) < 05, holds for every pair of points = and ¥
belonging to the same connected component of the set

Yso=1{2eD:|B(z)| < 06} .

Sets such as Y, or its complement have already been used; for
example see [1].

The author arrived at the above definition after some discussions
with S. Negrepontis.

The following preliminary results are related to the family H.

1. For every Be H and 6¢€]0, 1] the closure of each component
of ¥, , is included in D.

2. For Be H and 0¢€]0, 1], each component of the set 3;, con-
tains at least one zero of B and not more than log 6/log d54.

For the last statement, it is enough to observe that, if N is the
number of zeros in some component of ¥;, and 2z is a point of its
boundary, then 6 = |B(z)| < 0%.5.

3. If B,B,c H, then B,c H.
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4. Let S be a nonconstant singular function and let 6¢]0, 1],
then the pseudo-hyperbolic diameter of each component of the set
Sso={2eD:|S(z)| < 6} is equal to 1. It follows that the family H
contains only Blaschke products.

Proof. The first part of (4) is implied by a maximum prineciple
argument. The second part follows from the first part and (3).

5. Let BeH,0€]0,1] and 6€]0,1[. Then there exists 6 <1
such that the inequality p(x, ¥) <& holds for every pair of points
z, ¥ belonging to the same component of the set

Ez; ={ze€D:3weD with p(z, w) <o and |Bw)| <¥6}.

Proof. Let 0’ = C,Jmax(605,)] <1landleto = o5, <1. Forz,y
belonging to the same component of K, there exists A4, ---, 4,,
components of X, such that p(z, 4,) < 0, p(y, A,) <0 and p(4;, A+ <
C(0)Vk =10, ---,n—1. We choose a, € 4, such that B(a,) = 0. There-
fore, we have p(z, a,) < ¢, p(a;, Apty) < 6" and p(a,, y) < §'. Because
of the fact that B(a,) = B(a,) = --- = B(a,) = 0 the segments [x,a,],
[, - -+, [@,._1, @,] and [«,, ¥] are contained in X, ,. Therefore, we
have o(x, ¥) < 054 = 6 < 1.

6. Let f,ge H and let 4, 06,€]0,1[. Then there exists ¢ <1,
such that the inequality o(x, ¥) < 6 holds for every pair of points
z, ¥ belonging to the same component of the set X, , U2, ,,.

Proof. The proof is similar to the above, we can get 0 = o,
where 6" = Cj[max(dy,s,, 0,.0,)]-

2. The main result. The purpose of this section is to prove
that, for every element B of the family H, (Def. 1, §1, C), the
connected component of B in the space of the inner functions, contains
neither proper multiples of B, nor proper divisors of B.

If a set of inner functions A has the property “d(f, 4) <l=
feA”, then A is open and closed as one can easily verify. It is
also easy to see that for every inner function B, there exists a
smallest set containing B and possessing the above property. We
will denote this set by F. Because Fp is open-closed, it contains
the component of B. Therefore, it will be sufficient for our purpose,
to prove that, for every Be H, the set F; contains neither proper
multiples of B, nor proper divisors of B.

The set Fz can also be defined as follows:
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DEFINITION 2. For every inner function B, F'; denotes the family
of the inner functions B’ such that, there is a finite set of inner
functions {B,= B, B, -+, B,_,, B, = B’} joining B to B’, in the sense
that ||Bx — Bg+|| <1 for every K=0,1, ---, n — 1.

In the first step, we prove that for every Bc H we have the
inclusion F,C H (Prop. 1). We recall that H contains only Blaschke
products. (§1, ¢, 4).

LEMMA 1. Let B = c¢lic; b, be an element of H and let f be
an inner function such that ||B — f|| <1. Then f is a Blaschke
product which can be writiten in the form f = ¢ [lie;bs, so that
sup;.; p(a;, B;) < L.

Proof. Let 6 be a number such that ||f — B|| <6 <1 and let
us consider the set ¥;, = {z€ D:|B(z)| < 6}. On the set D\X¥;, we
have the following:

|B(z)| = 0> ||B— fll = B — f(#)|.

The hypothesis B € H implies that the boundary of each component
of 3;, lies in D\3;,, so that we can apply Rouche’s theorem. The
conclusion is that the functions f and B don’t vanish off 3;, and
they have the same (finite) number of zeros in each component of
25,0. This implies that f can be written in the form f = STl., b,
where S is a singular function and the points a; and B; belong to
the same component of ¥;, for each 7e¢1. Since Be H we have:

sup ola,, B) = 05, < 1.

It remains to be shown that S is a constant. This is an immediate
consequence of the inclusions g g0 CXf o2 C 25 uten combined
with §1, ¢, 4.

This simple proof, that S is constant, was suggested by D.
Marshall.

LEMMA 2. Let B = ¢ [lic1 bo, be an element of H and let B' =
¢ Tlie1 by, be a Blaschke product such that sup;.; (@, 8:) <1. Then
B'eH.

Proof. Let 0 <6 <1; by §1,¢,5 it is enough to show that the
set Xz, = {zeD:|B'(2)| < 6} is included in a set of the form:

Epo,=1{zeD:3weD with p(z, w) <0 and |Bw)| < 6y}
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for some 6, 6¢€]0, 1[. Therefore, it is enough to show that for some
0,0€]0, 1] we have |B'(z)| = 0 off Ey,, ;.

Let 6, = sup,.; o(a;8;) < 1 and let ¢ > 1 such that d, < (¢ — 1/e +1).
By §1, B, there exists § <1 such that p(a, 2)° < p(B,, 2) for every
z satisfying p(a;2) = 0.

For the above 9, for 4, = #* and for z¢ Ej;,,, we have:

|1B'@)| = I p(8, ) 2 Il pla, ' = |B@| 2 6.

The following proposition is an obvious consequence of Lemmas
1 and 2.

PROPOSITION 1. Ewvery inner function f, such that d(f, H) <1,
belongs to H. In consequence FyC H for every Be H, and H is
open and closed. It follows also that for every Be H the set Fl,
and the component of B, contain only Blaschke products.

Next we give a necessary condition for two inner functions f
and B to belong to the same component, given that Be H.

PROPOSITION 2. Let B = c¢]l;c;b.,€ H and let fe Fy; then f is
a Blaschke product which can be written in the form f = ¢’ [lic;bs,,
so that sup p(a,B;) < 1. In particular this is true for every inmer
function f belonging in the same conmnected component as B.

Proof. We only consider the case f e Fj,, because F'; contains
the component of B.
By the definition of F; we have: B= B, ---, B,_,, B, = f with

”Bk'—Bkﬂ” <1 for k:O, 1, .-.,n_l'
Since By € F, < H, Lemma 1 implies that:

B, = ¢, HI bapy With ¢, =c,a} =, and sup p(ai, ;") =7, <1.
1€

Let 7 = max(z,, 7;, +* -, T,—1) < 1; then we have sup,.; p(ai, a}) =
C.(z) < L(§1, B). ,
Finally, let B, = afviel and let ¢’ = ¢,. ]

The condition of Proposition 2 is not sufficient even for elements
of H. To show this, we follow a suggestion of D. Marshall. Consider
two sufficiently lacunary sequences (a,)n =1,2,--- and (B,)n =
1,2, --- such that:

l+a l1+a, 1+8, _ “14+ a,
>0, >0 d —L£2 =1 —-19)—2.
i—a '1-a, and  ——gr =10y



INNER FUNCTIONS: NONINVARIANT CONNECTED COMPONENTS 205

Using Lemma 1.2 of [4] one can verify that the Blaschke products
B = TI7-.b., and g = [, b;, don’t belong to the same component;
although we have sup, o(a,, 8,) <1, f€ H and g H. (The gaps of
the sequences «, and B3, will assure that fe H and g€ H.)

We conclude this section with the following proposition, which
in particular implies that the component of each element of H is
not invariant under multiplication by z.

PROPOSITION 3. For every Be H, the set Fy contains meither
proper multiples of B, nor proper divisors of B. It follows that
the commnected component of B contains neither proper multiples of
B, nor proper divisors of B. In particular B and zB don’t belong
to the same component.

Proof. It is enough to prove the statement for the set F'.
Let us suppose GBe F,, with G inner; we will prove that G is con-
stant.

By Proposition 2 we have: B =c[l;;0. and GB = ¢'[].., b;,
with sup,.; o(a;, 8;) < 1.

Because B divides GB, there exists an injective function ¢: I — I
such that a, = By, Vie I. Let 0 = sup;.; 0(B;, Bew) = sub,e; 05, a,) <
1. Then each segment [3;, Bsw], 1 €1 is contained in the set 3 =
Yapo = {2€ D:|G()B(z)] < ). Therefore, B, and 3,, belong to the
same component of X,

For each connected component 2 of 3, the set I, = {iel: 3, 2}
is finite (because GB e H) and invariant under the injection ¢. Since
I=UI, it follows that ¢ is bijective. In consequence we have:
Ilicz 05, = icr bosir = Ilies b, and GB = ¢'[],., b.ﬂl = ¢ lie; ba% =
(¢/'¢)B, which implies that G = ¢’/¢c = constant.

It remains to be shown that F; doesn’t contain any proper
divisors of B. Let feF, with B= fR, R inner. Then fe H (Pro-
position 1), Be€ Fy; = F; and B is a multiple of f. Then, as we have
already proven, R = (B/f) = constant.

3. A characterization of the elements of H. The purpose of
this section is to characterize the elements of family H (Propositions
4 and 5). We first recall that H contains the finite Blaschke products.
Further, we can construct other elements of H using the following
proposition.

PropPoOSITION 4. (1) The family H is closed under multiplication
and (2) Let B,,n =1,2,--- be a sequence in H, then the infinite
product B = [1;-, B, belongs to H, provided that:

(1) lim, .infp oo [lasn | Bu(2)| =1
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and
(ii) For every 6¢€]0, 1] we have sup, dz,,0 = 0, <1

(where 0, , denotes the supremum of the pseudo-hyperbolic diameters
of the connected components of the set 3, , = {zeD:|B,(2)| < 6}
according to Definition 1).

Proof. (1) Let B,e H and B,c H; we will prove that BB, H.
Let 6€]0, 1]; we consider the following sets:

2 = 231,,/0" = {ZGD: IBI(Z)] < ﬁ}: = 232,¢7 = {zeD: |B2<z)h/7}
and X = X5, = {z€ D: | B(2)B,(2)| < 6}.

We trivially have ¥ < ¥, U 3, and the proof of (1) is finished by
§1, ¢, 6.

(2) Let B,=c,Ilies, bepn, » =1, 2, --- be a sequence in H
satisfying (i) and (ii). Condition (i) implies the convergence of the
product B = [[¢-, B,. We have to prove that Be H.

Let 6€]0, 1[; then we consider the following sets:

S ={2eD:|Bk)| <6 and 3, ={zeD:|B,(2)| <6}, n=12 .

By (ii) we have sup, 0, = d, = 0 < 1.

Let ¢ > 1 such that § < (¢ — 1/e + 1); by §1, B there exists ¢’ € 165,
1] such that the relations p(z, 2’) < 0 and p(a, ) = ¢’ imply o(a, 2’) =
ola, z)°.

This fact combined with condition (i) implies that there exists
n, such that |[I...B.®)| =0 =6 for every n >n, and z¢2,.
This last inequality also holds on the boundary of each component
of Y,(n > mn,), where we have |B,(z)| = 6°. Therefore, on the
boundary of each component of 3,(n > n,) we have

1B®| = 1B,@| | L Bu(a) | 2 09 = 0.

It follows that each component of ¥, containing at least one zero of
Il.>x, Bs, is included in some connected component of some X,(n > n,).
Therefore, its pseudo-hyperbolic diameter is less than or equal to
o< 1.

It remains to control the pseudo-hyperbolic diameters of the
other components of Y, that is of the components of ¥ containing
some zeros of B,B,--- B,

Let us consider the set K = {zeD:|B(z)--- B, (2)| < 6"}. By
the first part of Proposition 4, B,B,--- B, € H and therefore, the
pseudo-hyperbolic diameters of the components of K are less than
0 < 1.
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We first observe that KN (U, 2.) = ¢; indeed, on X, (n > n,)
we have the relation |By(2) - - B, ()| = | [In:s B,(2)] = 6"® and on K
we have the opposite striet inequality.

The fact that, K and U.,..,2. are disjoint, combined with a
maximum principle’s argument implies |I],.,, B,(2)| = 6"* on K and
on the boundary of each component of K, where we also have
| Bi(z) - -+ B, (2)] = 6"°. We deduce that on the boundary of each com-
ponent of K we have |B(z)| = 6"%0"* = 6*®* > 0. It follows that each
component of X containing some zeros of B.B; - - - B, is included in K.
Therefore, its pseudo-hyperbolic diameter is less than ¢’. We conclude
that the pseudo-hyperbolic diameters of the components of X are less
than or equal to 6 = max(d, ") < 1, and the proof is finished.

Next we prove that every element of H can be represented as
a product of finite Blaschke products, in the sense of Proposition 4.
Thus, we have an obvious characterization of the elements of H.

PROPOSITION 5. Let B = [Ii., b, be an infinite Blaschke product
belonging to the family H. Then, there exists a sequence B,, n =
1,2 --- of finite Blaschke products, such that:

(i) lim,infp, - [Tnen [ Ba(?)| = L.

(ii) sup, 0z, <1 for every 6¢]0, 1[ and

(iii) B = II»-: B..

Proof. Let6,=1—1n+1),n=12,---, let
350, = {2€D:|B(z)| < 6,}

and let A4, = {k: o, belongs to the same component of X5, as a,}.

Finally, we consider the following Blaschke products:

B, =1lb, and B,= I b, for n=2.
keay ked\d, 1

The functions B,, n = 1, 2, - - - are finite Blaschke products because
the sets A, are finite (§1, ¢, 2). We also have B = [[3., B,, because
6, is increasing and converges to 1.

Let 6€]0, 1[; then {zeD:[B,(2)| <0} = 35, ,,C 350, because B,
divides B. Therefore, 05,0 = 0z, < 1 and condition (ii) is verified.

Let z be a zero of B,;;. By the maximum modulus principle we
have | [1,znt:i Bo(?)| = min(d,, 0,.,) = 6, — 1 and condition (i) is also
verified. Therefore, the proof is complete now.

At this point, I wish to express my thanks to D. Marshall for
his help with Proposition 5.
Because the simple Blaschke factors cb.(j¢| =1, |a| < 1) belong
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to H, using Proposition 4 we observe that the following families
a, — &,
1-a,a,

are contained in H:
— 1}
and A" ={BB,---B,; B, B,, ---, B, A}, n = 2.

These families are also open-closed. One way to see it is the
following.

We say that a subfamily 4 of H is saturated if ¢ [J;c;b.,€4
and sup;e; p(a;, B;) <1 imply ¢ I, b5, € 4.

Lemma 1 implies that every saturated subfamily of H is open-
closed. Therefore it is enough to show that A"(n = 1) is saturated.
Using the above technique one can prove that the family of the
product (in the sense of Proposition 4) of the elements of saturated
subfamilies of H is also a saturated subfamily of H. Starting from
the family of the simple Blaschke factors 4 = {¢cb,; |¢| = 1, |a| < 1},
which is obviously saturated, one concludes that the families 4, n =1
are saturated, and therefore open-closed.

Finally we mention that H == Uj-, 4*. For Be H and #€]0, 1]
we denote N3, the limes inferior of the number of zeros of B in
each component of ¥;, (where the limes inferior is taken over all
components of X¥;,). For Be A" one can see that Ny, < n. There-
fore, for Be U5, 4" we have: SuDycpc; Ny < oo.

In consequence, it is enough to give an example of Be H for
which supy Npy = . For neZ = {0, =1, =2, ---} let B, such that
1+ B)/A—pB,) =1+ 1in. For every 60¢€]0, 1] there exists a natural
number M = M, such that for every n € Z we have I .—nizx(Bn, Bn) =
6. Consider 6, =1 — 1/(n + 1) and let M, = M,,.

Consider also the following inductively defined sequence S, of
subsets of Z:

S, = {0}. Suppose S, S, ---, S, are defined .

= {e 1L b.,; lim T1

n m+*En

Denote by o, the maximum element of S, and define S,., as follows:
k k
Spws = 2M, + 0, + [HSZJ = fo+2M, + 0 0e (S, .

Each S, is finite. Set B, = [[,s, b5, and B = [, B,. It is true
that B e H, (use for example Proposition 4); but N;,, oo Therefore

B¢ U A4 and H =+ U3, 4"
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