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KLEIN-GORDON SOLVABILITY
AND THE GEOMETRY OF GEODESICS

JoHN K. BEEM AND PHILLIP E. PARKER

The Klein-Gordon equation is globally solvable on Lorentzian mani-
folds which have no imprisoned causal geodesics and which satisfy a
certain convexity condition: for each compact subset K there exists a
compact subset K’ such that any causal geodesic segment with both
endpoints in K lies in K’. This collection of Lorentzian manifolds
includes many which are not globally hyperbolic. In any such manifold,
the causal convex hull of a compact set is compact. When a curvature
condition is satisfied, causally related points can be joined by at least one
causal geodesic. A large class of these manifolds which fail to be globally
hyperbolic may be constructed using warped products. The construction
is independent of the warping function.

1. Introduction. In this paper we shall study Lorentzian geometries
in which the inhomogeneous wave equation is globally solvable. Space-
times which are globally hyperbolic comprise a class of examples of such
geometries, but the class we shall study is much larger. Perhaps the
simplest example which is not globally hyperbolic is a strip parallel to the
time axis in the Minkowski plane.

Let (X, B) be a Lorentzian manifold. Here we take B to be a
(2, 0)-tensor, rather than the more usual (0, 2)-tensor, for reasons which we
now explain. The d’Alembertian operator is [ := divgrad: C*(X) -
C*(X). By polarization we may regard 8 € C*(T*X), so that the prin-
cipal symbol of [J may be identified as 8. Recall that 7* X is a symplectic
manifold in a natural way. For the discussion of global solvability, certain
integral curves of the Hamiltorian vector field H? play the decisive role.
These are the bicharacteristic strips, those along which B = 0. Their
projections in X are the bicharacteristics and are, up to parametrization,
the null geodesics of 8. When S is not smooth, this is vital [11].

To have any hope of solving the inhomogeneous wave equation

Ou=f

we must allow u to be distributional (in the sense of Schwartz), and then
we might as well let f be distributional too. In general, there are distribu-
tions 9)’( X) and twisted distributions °D{( X). We shall use the natural
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density |det 8]'/? to identify 9’(X) and 9D/(X). Thus we extend [ as
usual and regard

O:9D(X) - D'(X).

Ideally, one would like to have an inverse for [1. Unfortunately [J is not
invertible, however, so one settles for a parametrix, an inverse modulo
C*(X). This is an operator E: 9)’(X) - %0’(X) such that EC] = OF =
[identity on %)’(X)/C®( X)]. Taking u = Ef, we find Ou = OEf€ f+
C*(X). A parametrix is thus sufficient for the study of propagation of
singularities, and there are in fact standard techniques for solving specific
problems with them. The classical literature on partial differential equa-
tions is full of these, and we mention [S5] as a modern exposition for the
wave equation, and the references there. See also [3] and the references
there.

We say that OO is of principal type iff no complete bicharacteristic
stays in a compact set. We say that X is [J-pseudoconvex iff for every
compact K C X there exists a compact K’ C X such that any bicharacter-
istic interval with both endpoints in K lies wholly in K’. As a special case
of the theorem of Duistermaat and Hormander, we have that for (J of
principal type, there exists a global parametrix iff X is (J-pseudoconvex.
Therefore, we shall study Lorentzian geometries (X, 8) in which OJ is of
principal type and X is (J-pseudoconvex (see §2 for precise conditions).

When X is a spacetime, being of principal type is slightly stronger
than being causal; e.g., distinguishing implies principal type. Similarly,
global hyperbolicity implies (I-pseudoconvexity. We shall show that there
are Lorentzian manifolds (even spacetimes!) which are [J-pseudoconvex
but not globally hyperbolic. Thus we shall be studying a large new class of
Lorentzian manifolds (and spacetimes) in which one has available all the
machinery for solving wave and Klein-Gordon equations formerly found
only in globally hyperbolic manifolds.

We now turn to a brief description of the contents. Section 2 is
preliminary, and contains our notations, sign conventions, and definitions.

In §3 our main result is that the causal convex hull of a compact set is
itself compact (Theorem 3.4) in our Lorentzian geometries.

Section 4 consists of generalizations to Lorentzian manifolds of
several results known for globally hyperbolic spacetimes. The main result
here is that under an additional assumption on curvature, all pairs of
causally related points can be joined by a causal geodesic.

Finally, §5 contains various results about warped products. These
manifolds have been extremely useful in General Relativity (see §2). In
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particular, we show that any warped product of a globally hyperbolic
spacetime with a geodesically pseudoconvex (see §2) Riemannian mani-
fold is one of our Lorentzian geometries.

We would like to acknowledge a helpful conversation with Bent
Petersen concerning the condition of principal type.

2. Conventions. All manifolds considered herein are smooth,
meaning C*, connected and paracompact. Let X be an n-dimensional
manifold and B8 a nondegenerate symmetric (2, 0)-tensor on X. B is called
a pseudoriemannian structure or metric tensor. Although one usually uses a
(0, 2)-tensor, for reasons given in the introduction we use a (2, 0)-tensor. If
B is positive-definite it is called Riemannian and if the signature of B is
n — 2 or 2 — nitis called Lorentzian. We shall use B of signature 2 — n,

(+ — --- —), since historically the wave equation is given by
az n 82
— =2 —|u=0.
( ar T ox] )

Since B is nondegenerate it induces isomorphisms
B¥: T*X - TX and Bb:TX - T*X

referred to as raising and lowering indices, respectively. A covector £ is
called timelike, causal, null (or lightlike), or spacelike iff B(&, £) >0, =0,
= 0, or <0, respectively. The classification is extended to vectors via 3;
e.g., a vector v is causal iff B(v, v) := B(Bb(v), B%(v)) = 0. It is further
extended to 1-forms, vector fields, and curves in the obvious pointwise
way. The classification induces a splitting (unnatural) 7*X = r*X @ s*X
into complementary subbundles of timelike and spacelike covectors, re-
spectively. (X, B) is called time- or space-orientable according as t*X or
s*X is orientable, respectively. If (X, B) is Lorentzian, time-orientability
is equivalent to the existence of a nonvanishing timelike 1-form, or by
raising indices, a nonvanishing timelike vector field [1, p. 16f]. A pseudo-
riemannian manifold which is not time-orientable has a two-fold cover
which is: see [1, p. 19] for the Lorentzian case; the general case may be
handled by the usual methods of algebraic topology. If X is time-orienta-
ble one may make it time-oriented by choosing a time-orientation, and
similarly for space-orientable pseudoriemannian manifolds. We shall call
a time-oriented Lorentzian manifold a spacetime, the chosen direction the
future, and the other the past.

For x € X, I(x) is the chronological domain of x which consists of all
points that can be joined to x by a timelike curve. Similarly, J(x) is the
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causal domain of x defined by replacing “timelike” with “causal” (includ-
ing x as as degenerate causal curve). X is said to be chronological iff there
are no closed timelike curves and causal iff there are no nondegenerate
closed causal curves. It is strongly causal iff each point has arbitrarily
small neighborhoods such that no causal curve which leaves one ever
returns to it. X is weakly distinguishing iff I(x) = I(y) implies x = y. A
spacetime allows a decomposition I(x) = I (x) U I (x) with I7(x) N
I (x) = @ when it is chronological, and also J(x) = J " (x) U J(x) with
J*(x) N J(x) = {x} when it is causal. Here + and - refer to future and
past, respectively. In a spacetime, weakly distinguishing may be refined
into future and past distinguishing, and a spacetime which is both is called
strongly distinguishing. When no confusion arises, we shall use distinguish-
ing to mean weakly distinguishing for Lorentzian manifolds and strongly
distinguishing for spacetimes.

Let (X, B) be distinguishing. It is called causally simple iff each J(x)
is closed. If I is outer continuous as a set-valued function [1, p. 24] X is
said to be causally continuous [7]. (I is always inner continuous.)

Finally, ( X, B) is stably causal iff there is a neighborhood of B in the
CO-fine (or -Whitney) topology on the space of all Lorentzian structures
on X, such that all structures in the neighborhood are causal.

Completeness will always mean geodesic completeness. In the positive
definite or Riemannian case this is well-known to be equivalent to metric
completeness.

We shall also need the warped product construction. Let (X, 8) and
(Y, b) be pseudoriemannian manifolds and ¢: X — (-00,0) a smooth
function. We define

XX, Y:=(XXY,BOyb).

Y is called the warping function. If the first factor is Lorentzian and the
second Riemannian, the warped product is Lorentzian. See [10] for
general warped products and [1] for Lorentzian warped products. Exam-
ples of Lorentzian products which have been useful in General Rélativity
include Einstein’s static universe and Minkowski, Schwarzschild, de Sitter
and Robertson-Walker spacetimes.

Now let P be a scalar pseudodifferential operator of order » on X with
principal symbol p. We denote the smooth functions on X by &(X) and
those with compact support by °D( X), the distributions by %’(X) and
those with compact support by &’( X). Recall that p € &(T*X\0) and is
homogeneous of degree r in the fiber variables. When ( X, 8) is Lorentzian
and P is the d’Alembertian [J : = div grad, p is the tensor S considered as
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an element of &(T*X\0) via B(§) := B(&, §). Also recall that T*X\0 is a
natural symplectic manifold with respect to the canonical 2-form w [9].
The Hamiltonian vector field H? is defined by

dp = w(H”, )

and p is constant along the integral curves of H”. Those along which
p = 0 are called bicharacteristic strips of P, and their projections in X,
bicharacteristics of P. The projections of integral curves of H? are pregeo-
desics: after a change of parameter they are geodesics of B. Thus the
bicharacteristics of the d’Alembertian are essentially the null geodesics.
Bicharacteristics of an operator describe the propagation of singularities
created by the operator [3, Theorem 6.1.1; 13, Chapters IX and X]. The
geometry of the bicharaceristics determines global solvability for the
equation

Pu=f

where f € 9'( X).

To explain this, recall that P is of real principal type iff p is real-valued
and no complete bicharacteristic stays in a compact set. In the terminol-
ogy of [6], there are no imprisoned bicharacteristics. X is P-pseudoconvex
iff for every compact K C X there exists a compact K’ C X such that
every bicharacteristic segment with both endpoints in X lies in K'.

THEOREM [3, Theorems 6.3.3 and 6.5.3]. Let P be of real principal type.
There exists a global two-sided parametrix for P iff X is P-pseudoconvex.

We shall study metric tensors satisfying these two conditions and
slight variations thereof. We shall say that ( X, B) is causally pseudoconvex
iff X is (O — m?)-pseudoconvex for all m = 0, and principally causal iff
O — m? is of principal type for all m = 0. If (X, B) is Riemannian we
shall say that it is geodesically pseudoconvex iff for every compact K C X
there exists a compact K’ C X such that every geodesic segment with both
endpoints in K lies in K’.

Causally pseudoconvex Lorentzian manifolds have been used in a
proof of the existence of Hawking radiation from spacetime singularities
[12]. Since the bicharacteristics of the Laplacian are points, every Rieman-
nian manifold is A-pseudoconvex. Geodesic pseudoconvexity is a natural
variant, and is studied in §5. Principal causality is equivalent to the
condition that no inextendible causal geodesic lies in a compact set.
Indeed, any integral curve of a (fiber homogeneous) vector field which
stays in (or over) a compact set is complete. However, the coordinates



6 J. K. BEEM AND P. E. PARKER

used for geodesics may destroy compactness; i.e., they are not necessarily
smoothly related to induced bicharacteristics coordinates.

3. The causal convex hull. It is well known [6, pp. 194ff] that
noncompact spacetimes may contain inextendible causal geodesics which
are future (or past) imprisoned. In this section we show that a spacetime
contains an inextendible causal geodesic which is future (or past) impri-
soned iff it contains one which is both future and past imprisoned. Recall
(§2) that Lorentzian manifolds which do not contain an imprisoned
inextendible causal geodesic are principally causal. Distinguishing and
strongly causal spacetimes are always principally causal, but causal space-
times need not be [1; 6].

Let (X, B) be a Lorentzian manifold and K C X. The causal convex
hull of K, [ K] consists of all points which lie in K or on a causal geodesic
segment having both endpoints in K. In this section we show that if
(X, B) is principally causal and causally pseudoconvex, then K compact
implies [ K] compact.

We begin with a technical lemma on manifolds with an affine
connection.

LEmMA 3.1. Let (X, V) be a manifold with affine connection. If it has
an inextendible geodesic y: (a, b) - X with a <<t,<b and lying in K a
compact subset of X for ty <t <b, then it has an inextendible geodesic ¥:
(¢, d) > X which is imprisoned in K. Furthermore, the image of ¥ lies in the
closure of the image of v.

Proof. Let h be auxiliary complete Riemannian metric on X. Since
lim,_, y(¢) does not exist there are sequences {¢,} and {s,} with¢,, s, — b~
and t, <s,<t, <s, <... such that y(¢,) - x, and y(s,) > x, where
x, # x, are points of K. Letting L denote h-arclength, then x, # x,
implies that L(y|[¢,,?,]) = o0 as n — oo. Let v, be the A-unit vector in
the direction of ¥(¢,) € T,, , X. Since the h-unit sphere bundle over K is
compact, by passing to a subsequence if necessary we may assume that
v, — v in the h-unit sphere bundle over K. Set ¥: (¢, d) — X equal to the
unique inextendible geodesic of v with ¥(0) = v.

For each n let y, be the reparametrization of y such that y,(0) = v,.
Then v,(0) - ¥(0) as n — oo and for each ¢ € (c, d), v,(t) — ¥(t). There-
fore the image of ¥ lies in the closure of the image of vy.
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Now assume that there exists 8 € (¢, d) with ¥(0) & K. If § <0 then
the smoothness of ¥ implies that ¥[#,0] has finite A-length. Since L is
continuous we find L(y, |[8,0]) = L(¥|[68,0]) < oo, whence L(y|[t,,¢,])
— oo yields v,[6,0] C y[t,, t,] C K for large n. But then ¥|[0,0] C K, a
contradiction. If § > 0 the argument is similar. O

COROLLARY 3.2. These three conditions are equivalent for a spacetime
(X, B):

(1) it has an inextendible causal geodesic which is future imprisoned,

(2) it has an inextendible causal geodesic which is past imprisoned,

(3) it has an inextendible causal geodesic which is imprisoned (both
ways).

Minkowski spacetime with a single point deleted shows that if {y,} is
a sequence of causal geodesic segments from x, to y, and if x, — x,
¥, = », then there is not necessarily a causal geodesic segment from x to y.
This example is principally causal but not causally pseudoconvex.

LemMMA 3.3. Let (X, B) be a principally causal and causally pseudocon-
vex Lorentzian manifold. If x # y, x,, = x, y, = ¥, and for each n there is a
causal geodesic segment v, from x, to y,, then there is a causal geodesic
segment y from x to y.

Proof. Let h be an auxiliary Riemannian metric on X. We may assume
that v,(0) = x, and that y,(0) is an A-unit vector for each n. Let K be a
compact set containing {x,, y,, X, y}. By causal pseudoconvexity there
exists a compact set K’ D [K]. By compactness and by passing to a
subsequence if necessary, we may assume that v,(0) - v € T, X, an h-unit
vector. Set y: [0, b) » X equal to the unique S-geodesic which is inex-
tendible to b and satisfies y(0) = v. Since each vy, is causal so is y.

Extend each original geodesic segment to v,: [0, a,) — X which is
inextendible to a,,. Principal causality and Lemma 3.1 imply that y(¢,) &
K’ for some ¢, < b. Since v,(¢,) = (t,) it follows that y,(¢,) & K’ for all
sufficiently large n. Let ¢, be the smallest number in [0, a,) such that
Y,(t,) =¥,. Then t, < ¢t for large n. Now let 7 be an accumulation point
of {¢,} in [0, t,]. From v,(¢,) =y, and v,(7) = y(7) it follows that
v(7) = y as desired. O

Before stating the main result of this section, we observe that one may
assume WLOG that the geodesic segments v, above contain x, and y, only
as endpoints. Further, if each y, contains a point z, — z then y contains z.
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THEOREM 3.4. If (X, B) is a principally causal and causally pseudocon-
vex Lorentzian manifold, then the causal convex hull [K] of any compact
subset K is compact.

Proof. By causal pseudoconvexity there is a compact set K’ with
[K] C K’. By Lemma 3.3, via the observation above, [ K] is closed. O

4. Lorentzian theory. In this section several known results for
spacetimes are generalized to Lorentzian manifolds and new sufficient
conditions are given for the existence of a causal geodesic segment joining
two causally related points. According to the Hopf-Rinow Theorem [8, p.
163], in Riemannian manifolds completeness is a sufficient (but not a
necessary) condition for the existence of a minimizing geodesic segment
between any two points. A corresponding result for spacetimes is that
global hyperbolicity is a sufficient (but not a necessary) condition for the
existence of a maximizing geodesic segment between any two causally
related points. (Meaning, of course, that each point is in the causal
domain of the other). Since this existence is geometrically important, one
is always interested in other sufficient conditions in the Lorentzian case.
We shall obtain such conditions in terms of certain sectional curvatures in
the presence of principal causality and causal pseudoconvexity.

We begin by considering distinguishing Lorentzian manifolds. Recal-
ling the bicharacteristics of [1-m?, small changes in the arguments on pp.
195-196 of [6] prove the following.

PrOPOSITION 4.1. If ( X, B) is a distinguishing Lorentzian manifold then
it is principally causal.

We shall now define the (causal) distance function d: X X X - R U
{o0}. When necessary for clarity we denote it d(B). Given x € X, set
d(x, y) =0if y € X\ J(x), and for y € J(x) let d(x, y) be the supre-
mum of the lengths of all causal curves from x to y. It is easy to see that d
is symmetric, non-negative, and satisfies a reverse triangle inequality
(where appropriate). By adapting the proof on p. 215f of [6] it is easy to
see that it is lower semicontinuous where it is finite.

PROPOSITION 4.2. Let d be the distance function of ( X, B).

(1) X is chronological iff d | diag( X X X) =0.

(2) X is distinguishing iff for all x 5 y there exists z such that exactly
one of d(x, z) or d(y, z) is zero.

(3) X is stably causal iff there exists a neighborhood U of B in the
C°fine topology such that d(B’)| diag(X X X) =0 for all B’ € U.
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Proof. Ad1: By definition, X is chronological iff x & I(x) for all
x € X, whence d(x, x) = 0 for all x.

Ad2: By definition, X is distinguishing iff x ¥ y implies I(x) # I(y).
Thus we may assume that for all x #* y there exists z € I(x)\ I(y) such
that d(x, z) >0 and d(y, z) = 0. Conversely, the condition in 2 means
we may assume that I(x)\ I( y) # & whence I(x) # I(y).

Ad 3: Combine 1 and the definition of stably causal. ]

In general, 4 fails to be upper semicontinuous. Thus when d is
continuous it should imply restrictions on the causal structure of X. As an
example, we have

THEOREM 4.3. Let ( X, B) be distinguishing. If d is continuous then X is
causally continuous.

Proof. It suffices to show that I is outer continuous. If not, then there
exists a compact K C X\I(x), for some x € X, and a sequence x, — x
such that K N I(x,) # @ for all n. Let y, € K N I(x,). By passing to a
subsequence if necessary, we may assume that y, — y € K. Since X \I(—x)-
is an open neighborhood of y there exists z € X \T(x_) with z € I(y). For
sufficiently large n, z € I(y,) and hence z € I(x,). By changing the
choice of z if necessary, we may assume that d(x,, z) =d(x,, y,) +
d(y,, z). Now 0 <d(y, z) <liminf d(y,, z) so d(x,, z) =4 d(y, z) >0,
eventually for all n. Since d(x, z) = 0, d is not continuous. O

If a Lorentzian manifold is not time-orientable it has a double cover
which is (cf. §2). The covering map is a local isometry, and two causally
related points in the covering space can be joined by a causal geodesic iff
their images below can. Using the covering map and simple lifting
arguments it is not hard to show that one space is principally causal
(causally pseudoconvex) iff the other space is principally causal (causally
pseudoconvex). This covering space may be used to extend many results
for spacetimes to Lorentzian manifolds which are not necessarily time-
orientable.

We now consider the existence of causal geodesics joining given
causally related points. If (X, 8) is a spacetime then each tangent space
T, X has an induced Minkowski structure and time-orientation. A timelike
plane in T, X is a two-dimensional linear subspace of 7, X which has an
induced Minkowski structure of signature zero (+ —). Each timelike plane
is nondegenerate so there is a well-defined sectional curvature for timelike
planes. Assume that (X, 8) has everywhere nonpositive timelike sectional
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curvature. Then there are no conjugate points along causal geodesics [4;
1]. Thus the tangent map exp,. of the exponential map at x must be
nonsingular at each causal v € 7, X. Now exp, maps a neighborhood of v
diffeomorphically onto a neighborhood of exp,(v). Observe that there are
well-defined future and past causal cones at each v € T, X with respect to
the Minkowski structure on 7, X. We shall show that for causal v, the
image under exp,. of the future (past) causal cone at v contains the future
(past) causal cone at exp,(v). Let 7,: T.X - T.(T,X) be the canonical
vector space parallel translation isomorphism [1, p. 260]. Via A% and 7, we
transport 8 to T,(T, X), obtaining ; i.e., for w € T,(T, X),

B (w,w):= B(B*[7'(w)], Bt[7(w)])-

LeEMMA 4.4. Let (X, B) be a spacetime with everywhere nonpositive
timelike sectional curvature. If v is a future causal vector in T, X, then under
exp,»: T(T, X) = T, (X the image of the future ( past) causal cone at v
contains the future ( past) causal cone at exp,(v).

Proof. By continuity it suffices to consider timelike v. If w € T (T, X)
and 7'(w) is a future causal vector in T, X, then it follows from Corollary
10.12 of [1, p. 338] that (even if v is not a unit vector)

B(B[exp,. w], B[exp.. w]) < B (w,w).

When w is an arbitrary future null vector at v we obtain

B(Bb[exp,. w], B°[exp,. w]) < 0.

Thus the image under exp,. of the future causal cone at v contains either

the future or the past causal cone at exp,(v). Since this must hold for all

future timelike v € T, X, it follows from continuity that therefore the

image under exp,. of the future causal cone at v contains the future causal

cone at exp,(v). (]
We now establish the existence of timelike geodesic segments.

PROPOSITION 4.5. Let (X, B) be a principally causal and causally
pseudoconvex Lorentzian manifold. If X has everywhere nonpositive timelike
sectional curvature then for each z € I(x) there exists a timelike geodesic
segment from x to z.

Proof. If suffices to consider spacetimes X. Then we may assume that
z €I (x) and let y: [0, b] » X be a future timelike curve from x to z.
For all small ¢ there is a future timelike geodesic from x to y(z), and if
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there is a future timelike curve from x to y(¢,) then the fact that exp, is a
local diffeomorphism on the future timelike cone implies the existence of
future timelike geodesics from x to y(¢) for all 7 near ¢,,.

By way of contradiction, suppose there exists a least value 6 such that
no future timelike geodesic from x to y(#) exists. Let z, — 8~ and as in the
proof of Lemma 3.3 let v,: [0, a,] = X be a sequence of timelike geodesic
segments from x to y, = y(z,). The sequence {v,} has a limit curve which
is a future causal geodesic from x to y = y(8). It is in fact null by the
definition of §. WLOG v,(0) - v € T. X which is null and exp,(av) =y
for some a >0, whence a, - a and a,7,(0) - av. The relation y €
I (y,(a,)) yields exp (av) € I'"" (exp,[a,7,(0)]). Consequently, Lemma
4.4 implies that a,y,(0) lies in the causal past of av in T, X for large n. But
av is a future null vector and each a,7,(0) is a future timelike vector. [

We now state the main theorem of this section.

THEOREM 4.6. Let (X, B) be a principally causal and causally pseudo-
convex Lorentzian manifold. If X has everywhere nonpositive timelike
sectional curvature then for each x € X, J(x) is closed and for each
y € J(x) there is a causal geodesic from x to y (degenerate if x = y).

Proof. Since J(x) = I(x) it suffices to show that each point y of I(x)
can be joined to x by a causal geodesic. There is a sequence in /(x),
y, = y. By Proposition 4.5 there is a causal geodesic y, from x to y, for
each n. By Lemma 3.3 the limit curve of the sequence {v,} exists and is a
causal geodesic from x to y. O

Combining Proposition 4.1 and this theorem, we obtain

PROPOSITION 4.7. Let ( X, B) be a distinguishing causally pseudoconvex
Lorentzian manifold. If X has everywhere nonpositive timelike sectional
curvature then it is causally simple.

We conclude this section with a generalization to causally pseudocon-
vex spacetimes of a result for globally hyperbolic spacetimes. A spacetime
is said to be future 1-connected iff any two future timelike curves from x to
y are homotopic through future timelike curves with fixed endpoints x
and y. The proof of the following is similar to that of Corollary 10.16 of
[1, p. 343] using Theorem 4.5 instead of global hyperbolicity for existence.
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PrROPOSITION 4.8. Let (X, ) be a principally causal and causally
pseudoconvex spacetime. If X is future 1-connected with everywhere nonposi-
tive timelike sectional curvature, then for all x € X and all y € I (x) there
exists a unique (up to parametrization) future timelike geodesic from x to y.

5. Warped products. In this section we establish sufficient condi-
tions for a Lorentzian warped product (see §2) to be principally causal
and causally pseudoconvex. These yield a large class of causally pseudo-
convex Lorentzian manifolds which are not globally hyperbolic.

If R" is given the usual Euclidean metric g, and if H is an open
convex set in R”, then (H, g, | H) is a geodesically pseudoconvex Rieman-
nian manifold. Clearly, geodesically pseudoconvex spaces need not be
complete. The next example shows that, conversely, complete spaces need
not be geodesically pseudoconvex.

ExampLE 5.1. If (R", g,) is Euclidean, then there exists a Riemannian
metric g arbitrarily near g, in the C%fine topology such that (R”, g) is not
geodesically pseudoconvex. Let K = {x, y} with x = (1,0,...,0) and y =
(-1,0,...,0). We make small changes in g, on each of the discs D,
centered at (0, k,0,...,0) for Kk = 1,2,3,... such that there is a geodesic
from x to y which passes through D, . Outside the D, the geodesics are the
usual straight lines. In this way we can make g, C%fine close to g, but not
C'-fine close.

Let X X, H be a Lorentzian warped product of (X, B) and (H, h)
with natural projections 7: X X H - X and 7,: X X H — H. A geodesic
Y; (a, b) > X X, H may be written as y = (¥,, v,) where y, = 7,;y. From
[1, p. 71] we obtain the equations which y, and v, satisfy:

(1) 2V~Y'272 = ()73
. 1 grad¥V - . .
(2) lVy','Yl :Eg ) h(¥,,72)-

Here 'v and 2v are the Levi-Civita connections on (X, 8) and (H, h),
respectively, and ¥ = —In(—¢). Equation (1) implies that y, is a pregeo-
desic of H. Furthermore, if y,(¢,) 7 O for some 7, then v, is nonvanishing
on (a, b). In general v, is not a pregeodesic of X. If the warping function
Y is constant, however, both y, and vy, are geodesics. Thus the geodesics of
Lorentzian products (y = —1) are simply ordered pairs of geodesics.
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We now give some sufficient conditions for Lorentzian warped prod-
ucts to be principally causal and causally pseudoconvex which are inde-
pendent of the warping function.

THEOREM 5.2. Let (X, B) be a spacetime that is either globally hyper-
bolic or of the form ((a, b),d/0t ® 0/0t) where —c0 <a<b=o0. If
(H, h) is a geodesically pseudoconvex Riemannian manifold and  is any
warping function, then X X, H is causally pseodoconvex and is stably
causal, hence principally causal.

Proof. We shall assume that ( X, B) is globally hyperbolic. Then stable
causality follows from the stable causality of ( X, B8), [1, pp. 32, 63].

Let K C X X H be compact. Then 7(K) and 7,(K) are compact so
there exist compact sets K; C X (by global hyperbolicity) and K} C H (by
geodesic pseudoconvexity) such that any causal path in X having both
endpoints in K, lies in K| and any geodesic segment in H having both
endpoints in K, lies in Kj. Set K’ = K| X Kj. We claim that any causal
geodesic segment of X X, H having both endpoints in K lies in K".

Indeed, let vy = (v,, v,): [a, b] > X X H be a causal geodesic seg-
ment with y(a), y(b) € K. Then v, is a pregeodesic segment in H with
both endpoints in K,, so it lies in K;. Now y, is a causal curve, not
necessarily a pregeodesic, in X with both endpoints in K|, so it lies in K.
Therefore vy lies in K’ and X X, H is causally pseudoconvex. |

Even is H is not geodesically pseudoconvex it can happen that
X X, H is causally pseudoconvex, as will follow from Example 5.1 and
this next result.

PROPOSITION 5.3. Let (X, B) be as in the preceding theorem. If (H, h)
is a complete Riemannian manifold and { is any warping function, then
X X, H is globally hyperbolic, hence principally causal and causally pseudo-
convex.

Proof. This follows from Theorems 2.53 and 2.54 of [1, p. 64-66]. [

In the special case of a Lorentzian product (¢ = -1) the globally
hyperbolic condition on X may be replaced with the weaker causal
pseudoconvexity condition.



14 J. K. BEEM AND P. E. PARKER

THEOREM 5.4. Let (X, B) be a causally pseudoconvex Lorentzian mani-
fold. If (H, h) is a geodesically convex Riemannian manifold then the
Lorentzian product (X X H, 8 ® -h) is causally pseudoconvex. If ( X, B) is
principally causal then the Lorentzian product is also.

Proof. The geodesics of the product are simply ordered pairs of
geodesics of the factors. This, together with the techniques from the proof
of Theorem 5.2, allow one to show that (X X H, B ® -h) is causally
pseudoconvex. If (X, B) is principally causal and v = (y,, v,) is a causal
geodesic of the product, then v, is a causal geodesic of ( X, §) which is not
imprisoned there. It follows that y is not imprisoned in the product. O

REFERENCES

1. J. Beem and P. Ehrlich, Global Lorentzian Geometry, New York: Marcel Dekker, 1981.
2. J. Beem, P. Ehrlich and T. Powell, Warped product manifolds in relativity, in Einstein
volume, Athens: North Holland, 1982.

3. J. J. Duistermaat and L. Hormander, Fourier integral operators 11, Acta. Math., 128
(1972), 183-269.

4. F. Flaherty, Lorentzian manifolds of nonpositive curvature, in Proc. Symp. Pure Math.
27, part 2 (1975), 395-399.

5. F. G. Friedlander, The Wave Equation on a Curved Space-time, Cambridge, 1975.

6. S. Hawking and G. Ellis, The Large Scale Structure of Space-time, Cambridge, 1973.
7. S. Hawking and R. Sachs, Causally continuous spacetimes, Commun. Math. Phys., 35
(1975), 287-296.

8. N. Hicks, Notes on Differential Geometry, Princeton: Van Nostrand, 1965.

9. S. Lang, Differential Manifolds, Reading: Addison-Wesley, 1972.

10. B. O’Neill, Semi-riemannian Geometry, New York: Academic Press, 1983.

11. P. E. Parker, Distributional geometry, J. Math. Phys., 20 (1979), 1423-1426.

12. , Mathematical Relativity, Syracuse University lecture notes, 1979.

13. M. Taylor, Pseudodifferential Operators, Princeton, 1981.

Received October 1, 1981.

UNIVERSITY OF MISSOURI-COLUMBIA
CoLuMBIA, MO 65211

AND

UNIVERSITY OF JowaA
Iowa CiIty, IA 52242





