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POWERS OF IDEALS
IN LOCALLY UNMIXED NOETHERIAN RINGS

L. J. RATLIFF, JR.

It is known that the following statements are equivalent for a
semi-local ring R: (1) R is analytically unramified; (2) There exists an
open ideal 7 in R and an integer n =0 such that (I"*), C I’ for all
i =1, where (I"""), is the integral closure of I"*'. Moreover, if R is
analytically unramified and 7 is any ideal in R, then (2) holds for I and,
(3) There exists an integer m = 1 such that, with B = (™), (B"), = B’
for all i = 1. The main result in this paper shows that an analogous
theorem holds with reduced unmixed local ring and 7' replacing analyti-
cally unramified semi-local ring and (I'),, respectively, where 7"! is the
intersection of certain primary ideals related to /°. An application and a
generalization are included.

1. Introduction. The theorem on analytically unramified semi-local
rings in the abstract can be found in [15, Theorem 2], where it is actually
shown that (1) and (2) are each equivalent to (3) holding for some open
ideal B (= (I™),). And the equivalence of (1) and (2) is also given in [14,
Lemma 1 and Theorem 1.4]. I have always thought this theorem was
rather beautiful, and it is also quite useful. For example, D. Rees devel-
oped it and then used it in [14] to characterize analytically unramified
local rings as local rings R all of whose finitely generated overrings have
finite integral closures. (An overring of R is a ring containing R and
contained in the total quotient ring of R.) This result verified a (modified)
conjecture of O. Zariski, [16].

There has recently been some renewed interest in large powers of
ideals and their integral closures, and in some of the new results in this
area the above theorem and the closely related Valuation Theorem of
Rees, [12], have proved quite useful. (For example, see [10] and [11].) One
of the main results in this paper, (13), shows that a similar and closely
related theorem holds for ideals in reduced unmixed local rings. The ideals
I'l in the theorem are not as easily described as are the ideals (I'),, but
they are well defined ideals, and the theorem implies that if 7 is any ideal
in such a ring R and I<?= N{I'R, N R; P is a prime divisor of (I'),},
then there exists an integer n = 0 such that I<"*" C I’ for all i = 1. (See
(17).) For ideals I of the principal class in reduced Cohen-Macaulay rings
these theorems were previously known, since then I’ = Il = J <" (see
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(18.2)), but the fact that these results hold for all ideals in such rings
appears to be new.

Actually, it is shown in §2 that the theorems hold somewhat more
generally than for ideals in reduced locally unmixed Noetherian rings.
(See (4), (5), (7), and the comment after (11).)

The results in §2 are used in (20) to prove a result analogous to Rees’
overring characterization of analytically unramified local rings.

In §3 another result related to (2) above shows that for each regular
ideal I in a Noetherian ring there exists a sequence of ideals I{} consisting
of the intersection of certain primary ideals related to I' such that
I} = I for all large i. (1 is said to be regular in case I contains a regular
element.)

2. Powers of ideals. In order to prove the results concerning 7',
several definitions and preliminary remarks are needed. We begin by
giving the definitions; a few comments on them are given in (2).

(1) DerFINITIONS. Throughout, R is a Noetherian ring (commutative
with identity) and 7 is an ideal in R.

(1.1) The integral closure 1, of I in R is the set of elements x in R that
satisfy an equation of the form X" + i, X"~ ! + --- +i, = 0, where i, € I

(1.2) A*(I) = Ass(R/I) for all large i, and A*(I) = Ass(R/(I"),)
for all large i.

(1.3) The Rees ring R(R, I) of R with respect to I is the graded
subring R[u, tI] of R[u, t], where ¢ is an indeterminate and v = 1/1.

(1.4) T(uR) is the ring R[1/u] N R g (= Rlu, t] N R g)), where
R = R(R,I) and (S) is the set of regular elements in S = R —
U {p; p is a height one prime divisor of u }.

(1.5) I'" = 'S N R, where I = J(uR ) with R = R.(R, I).

(1.6) A filtration on R is a sequence of ideals {I;},~, of R such that
Iy=R,I1;,2 1, and [,I, C I, for all i and j. The filtration is an e.p.f.
(essentially powers filtration) in case there exists an integer k > 0 such
that I, = 31 _.I for alln =1, where I, = R if i < 0.

(2) REMARK. (2.1) It is well known that I, is an ideal in R such that
IclI,CRadl

(2.2) It is known, [1], that the sets Ass(R/I') are equal for all large i,
and a similar statement holds for the sets Ass(R/(I"),), by [11], so A*(I)
and A*(I) are well defined (finite) sets of prime ideals in R.

(2.3) R = R(R, I) is a graded Noetherian ring, u is a regular element
in®R,and 'R NI=1TI foralli=1.
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(2.4) It is readily seen that § = J(u%R ) is the set of elements which
are expressible in the form f,/u’ for all large i, where f, is in every height
one primary component of u'R, so I is a graded subring of R[¢, u], since
u'R is a homogeneous ideal. Also, by [7, Lemma 5.15(4)], u'T = u'®R 5 N
7, so u'Y is a finite intersection of height one primary ideals.

(2.5) Note that I' = 'R N R C «'I N R = IV, and it follows from
this and the fact that u'J = u'R 5 N T (see (2.4)) that I is the intersec-
tion of some primary ideals related to I'. However, even if I is primary for
the maximal ideal M in a local domain R, it may not be true that 7! = I/,
since I' = M {g, ;N R; g,; is a primary component of u'R} may be
properly contained in IV} = M{q,, N R; g,; is a height one primary
component of u'®}. (Using (13) below, a specific example of this can be
constructed using [S, Example 2, pp. 203-205].)

(2.6) It is shown in [9, (2.4.3)] that a filtration {/;} is an e.p.f. if and
only if there exists an integer n = 1 such that I, , = I I, for all i = n.
Also, if {I,} is an e.p.f., then there exists an integer m =1 such that
I,.,=(1,) fori=1,by]l9, (2.44)]. (In regard to [9, (2.4.4)], it is not true
that I, = (1,,)" for all large m and for all i = 1.)

With the comment at the end of (2.6) in mind, it is still true that
Itmit = 1t for all large m and for all i =1 for the filtration {71} in
reduced locally unmixed Noetherian rings, as is shown in (7) (together
with (11)).

The definitions recalled in (1) have previously proved to be very
useful concepts, so many results are known about them, beyond those
mentioned in (2). Several of these will be needed below, so (3) contains a
brief list of these additional results. (The references for (3.3) and (3.4) only
prove the case for R an integral domain, but that assumption was not
essential for the proofs.)

(3) RemMark. Let I be an ideal in a Noetherian ring R, let R =
R (R, I), and let § = F(u®R ). Then the following statements hold:

(3.1) [7, Lemma 5.16]. If R is a locally unmixed integral domain, then
% is a finite R-algebra.

(3.2) [7, Corollary 4.9 and its proof]. If R is local with maximal ideal
M, if I is generated by a system of parameters in R, and if R is a subspace
of R ps..ya> Where R = R (R, I), then R is unmixed.

(3.3) [7, Lemma 5.15(5)]. ¥ = R if and only if u%R has no imbedded
prime divisors.

(3.4) [7, Lemma 5.15(9)]. If S is a multiplicatively closed set in %R,
then I3 = J(uR ).
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We now begin to derive a few properties of the ideals I''). The first of
these gives several useful characterizations of when there exists an integer
n =0 such that I"*1 C I’ for all i = 1. In the proof of (4), we use the
notation [H], = {r € R; rt' € H} for a homogeneous ideal H in . With
this notation, it is clear that if J is another homogeneous ideal in ¢, then
H CJif and only if [H], C[J],forall i (—o0 <i < o0).

(4) PROPOSITION. Let I be an ideal in a Noetherian ring R, let
R=R(R,I), and let T=I(uR). Then the following statements are
equivalent:

(4.1) There exists an integer n = 0 such that I'"*) C I for all i = 1.

(42) {I"} isanep.t.in Rand T C R, the integral closure of R..

(4.3) T is a finite R-module.

4.4 u"'I N R C uR for some n = 0.

(4.5) There exists an integer n = 0 such that u"*'S C u'R for all i = 1.

Proof. (4.2) < (4.3), by [9, Theorem 2.7].

It is shown in [7, Lemma 5.15(10)] that (4.3) < (4.4) when R is an
integral domain, and that assumption was not essential for the proof.

(4.3) = (4.5), by the first statement in (2.4), and (4.5) implies that
Il = ynHi TN R Cu'RNR=1TIforalli=1,so (4.5) = (4.1).

Finally, assume that (4.1) holds and let ¥ = ¥’ N R, so u'? is the
intersection of the height one primary components of u’®R,, by the last
statement in (2.4), hence u(” is a homogeneous ideal. Now it is readily
checked that [uR ], = I'*' and [u"* V], = I' N "'+ for all i (with the
convention that I' = R = Il for i <0). Therefore (4.1) implies that
[u(n+l)]i =7 N I[n+l+i] — I[n+l+i] C it = [u%]i for all i, so un+l§J'n
R =u"*"D C u®R, and so (4.1) = (4.4). O

It should be noted that (4.3) = (4.1) shows that if / is an ideal in any
Noetherian ring R such that § = J(u®) is a finite R = R (R, I)-algebra,
then there exists an integer n = 0 such that I1"*") C I’ for all i = 1. It is
shown in (11) that this holds for all ideals 7 when R is a reduced locally
unmixed Noetherian ring.

Also concerning (4), if J is a finite R-module, then {I'"'} is an e.p.f,,
by (4.3) = (4.2), so there exists an integer n = 1 such that /1"*1 = Ui
for all i = n, by (2.6). (5) shows that we also have I'"*1 = I'T™"] when J
is a finite R-module. The proof of (5) is essentially the same as that given
in the cited reference, where it is shown that the analogous result for
(1", holds, so it will be omitted.
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(5) COROLLARY (cf. [15, Corollary, p. 37)). Let R, I, R., and ¥ be as in
(4) and assume that ¥ is a finite R-algebra. Then for all large integers n and
for all i = 1 it holds that I'"+"1 = [T,

(6) ReMARK. It follows quite readily from (5) and (4.3) « (4.1)
together with their proofs that if there exists n = 0 such that 7"+ C I
for all i =1, then IU"*1 = JUITI"] = [i1l"] for all m = n and for all
=1

The next result is an analogue of (3) in the abstract.

(7) PROPOSITION. Let I be an ideal in a locally unmixed Noetherian ring
R and assume that there exists an integer n = 1 such that I'"*1 C I' for all
i=1. Fix m=nand let R =R (R, I'") and T = T (uR ). Then T =R
and (1) = ([ = 117 for gl j = 1.

Proof. Let R, = R(R, I), I, = T(uR,), and R ,, = R[u™, t™[!"],
so R=R, C9,, Now the hypothesis and (6) imply that J, =
Rlu, dIM, . . ¢mIU™1] and 9, is integrally dependent on @ ,, since
(£Iym = gim([Ulym ¢ gimpliml = (gmptmlyi (since {I'"} is an e.p.f. (by
(4.1) = (4.2)) and since U™ = (Il")) (by (6))). Therefore let p’ be a
(height one) prime divisor of %, and let z’ be a minimal prime ideal in J,
contained in p’. Then z =z’ N &, is a minimal prime ideal contained in
p=p ' NR, and R/(z’ N R) satisfies the altitude formula, since R is
locally unmixed, so it follows from this and integral dependence that
height p/z = height p’/z’ = 1. Now, if w is another minimal prime ideal
contained in p, then using the altitude formula for p/z and p/w over
(pNR)/(zN R) and (p N R)/(w N R), respectively, it follows that
height p =1, since R, satisfies the first chain condition for prime
ideals. Let (.S) be the set of regular elementsin S=R, — U{p; pisa
height one prime divisor of ¥ ,,}. Then since the prime divisors of %, lie
over the height one prime divisors of u%}, , it follows that J,[1/u™] N
Tocsy) = Joll/u]l N Ty = Roll/u] N Ry = T(uR ) = Jy, where (S7)
is the set of regular elements in S’ = R, — U {g; g is a height one prime
divisor of u%,(}, so J, =R [1/u"] N R, s C ;. Therefore since R,
=@, it follows that (/™)1 =4'TN R =u™F NRCu™FyNR, N
R =u™%, N R = 1" and the hypothesis implies that /™! = (1"1) C
(111, Therefore (I!™)l1 = [tmil = ([m1y for all i=1, and so T =
Rlu, tI'™ 2112 1 = R[u, tI'™] = ], O

It follows from (7) that uR has no imbedded prime divisors, as is
shown in the following corollary.
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(8) COROLLARY. Let I be an ideal in a locally unmixed Noetherian ring
R and assume that there exists an integer n = 1 such that I1'""*"' C I for all
i = 1. Then for all m = n it holds that uR (R, I'™) has no imbedded prime
divisors.

Proof. F(uR) = R, by (7), where R = R (R, I'™!), and so the con-
clusion follows from (3.3). ]

(8) implies that the ideals bR[I”/b] have no imbedded prime divisors,
as is shown in (9). (Actually, (9) holds for all non-nilpotent elements in
I, but the notation becomes somewhat messy in proving this, so we
content ourselves with the case when b is regular.)

(9) COROLLARY. Let R, I, and m = n be as in (8). Then for each regular
element b € I"™ such that bR[I™/b] is proper it holds that every prime
divisor of bR[I™ /b] has height one.

Proof. Let A = R[I"/b] and R = R(R, I"™). Then A[th,1/th] =
R [1/tb] and bA[th,1/tb] = uA[tb, 1/tb]. Therefore, since tb is transcen-
dental over A, it follows from (8) that b4 has no imbedded prime
divisors. O

As mentioned in (2.2), the sets Ass(R/I™) are equal for all large i,
and it is shown in [1] that they are not monotonically increasing. How-
ever, it is an open problem if P € A*(I) and P is a prime divisor of I
imply that P is a prime divisor of I/ for all j = i. (It is known that this
holds for (I%), in place of I, by [10].) (10) shows that for the ideals I!™!
the sets Ass(R/(I!™!)") are increasing. In (10) and henceforth we use 71"
to denote (I!™1), and likewise I1"™!l‘] denotes (I1™1)[],

(10) COROLLARY. With R, I, and m = n as in (8), if P € SpecR is a
prime divisor of I'™) for some i = 1, then P is a prime divisor of I'"™V for all
j=i.

Proof. Let J = I so J': xR = P for some x € R, by hypothesis.
Let R = R (R, J). Then PR = (J": xR)R CJ'R: xR C u'R: xR, and
(u'R: xR) N R=J" xR = P, by [17, p. 220]. Therefore there exists a
prime divisor p of u%R such that ¥'®R: xR Cp and p N R = P. Now
height p = 1, by (8), so either height P = 0 or height P = 1 and &/ & p, by
[10]. Now it may clearly be assumed that height P = 1, so there exists
b € J such that tb & p. Therefore, for all j =1, u'"R: xb/R = u'R:
xb’t’/®, C p, so contracting to R it follows that J**/: xb/R = P. O
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Recall that a ring R is said to be reduced if Rad R = (0). With this
terminology, we next show that if R is reduced and locally unmixed, then
the equivalent conditions in (4) hold for all ideals I in R.

(11) PrROPOSITION. If R is a reduced locally unmixed Noetherian ring,
then for each ideal I in R there exists an integer n = 0 such that I'""*11 C I
for alli = 1.

Proof. Let I be an ideal in R and let R = R(R, I) and T = F(uR.).
Let T be the total quotient ring of &, so the prime divisors of zero in §
and in @ are the ideals z’ =:T'NY and z* = T N R with z prime
divisor of zero in R. Now R/z is locally unmixed, by [4, Proposition 3],
and R/z* =R(R/z, (I + 2z)/2), by [13, Lemma 1.1]. To simplify nota-
tion we identify these two rings. Then J(u(R/z*)) is a finite R /z*-alge-
bra, by (3.1). Also, if P € SpecR, then R ,/z*®R , is unmixed, by [4,
Corollary, p. 61] (since R /z is locally unmixed), and height P/z* = height
P, as in the proof of (7), so R , satisfies the first chain condition for prime
ideals. Therefore if p is a height one prime divisor of u(%R,/z*), then there
exists a prime ideal P in 9 such that z* C P and P/z* = p, so necessarily
P is a height one prime divisor of ¥%R. Thus, since QR( s) is semi-local of
altitude one, where (.S) is as in (1.5), it follows that

GJ/Z' = (R[t, u] N @/(5))//2, c (R/Z)[ts u] N (R/z*)(s+l*)/l*
= J(u(R/z*)).

Therefore, since Rad R = (0), it follows that ¥ (u«% ) is contained in a
finite R-algebra, hence T(uR ) is a finite R-algebra, and so the conclusion
follows from (4.3) = (4.1). O

I do not know to what extent (11) holds without the assumption that
Rad R = (0). In particular, I do now know if M {R,); p is a height one
prime ideal in R and ( p) is the set of regular elements in R — p} is a finite
R-module for all unmixed local rings (R, M). If this is always true, then
this also holds for ., in place of R, where R is unmixed, I is an arbitrary
ideal in R, R = R (R, I), and I = (u, M, tI)R (since R o is unmixed
when R is by [7, Theorem 4.1(2)(a)]), and it can then be readily shown that
S(u®R) is a finite R-module. In any case, whenever R is locally unmixed
and T(uR.(R, I)) is a finite R (R, I')-module the conclusions of all the
results (4)—(20) hold for 7, by (4).

Concerning (11), it should be noted that the conclusion is equivalent
to each of the other four statements in (4). More will be said concerning
this is (19) and the comments following (19).
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Most of the next two results are essentially corollaries to what has
already been shown.

(12) THEOREM. The following statements are equivalent for a reduced
Noetherian ring R:

(12.1) R is locally unmixed.

(12.2) For all ideals I in R there exists an integer n =0 such that
I C I foralli = 1.

Moreover, if these statements hold, then for all ideals I in R and for all
integers m = n with n as in (12.2), BU'' = B’ for all i = 1, where B = I'™,

Proof. (12.1) = (12.2), by (11), and (12.2) implies the last statement in
the theorem by (7). To complete the proof it suffices to show that (12.2)
implies that R,, is unmixed for all maximal ideals M in R. For this, fix
such an ideal M and let I be an ideal in R such that I,, is generated by a
system of parameters. Let R = R (R, I), I =J(u®R), and S =R — M.
Then R g = R (R, IR,,) and Tg = T(uR ), by (3.4). Now (12.2) implies
that 9 is a finite R-algebra, by (4.1) = (4.3), so I is a finite R g-algebra.
Also, (M, u)®  is the only minimal prime divisor of u® 5, by [7, Theorem
4.1(2)(b)] applied to (M, u)R[u], so by the definition of ¥ there exists a
height one prime ideal P in g that lies over (M, u)®R ¢ and then u%; is
P-primary. Therefore it follows from (4.3) = (4.1) that R, is a subspace of
(35)p = R (1.4 hence R, is unmixed, by (3.2). O

It should be noted that the proof of (12) showed that (12.2) = (12.1)
even when Rad R # (0). As already noted, I do not know to what extent
the converse holds.

(13) THEOREM. The following statements are equivalent for a reduced
local ring R:

(13.1) R is unmixed.

(13.2) There exists an ideal I generated by a system of parameters in R
and an integer n = 0 such that """V C I' for all i = 1.

Moreover, if these statements hold and I is any ideal in R, then the
conclusion of (13.2) (with n depending on I) holds for I and for all integers
m = n it holds that B") = B’ for all i = 1, where B = I,

Proof. (13.1) implies both (13.2) and the last statement, by (12), and
the last part of the proof of (12) showed that (13.2) = (13.1). U
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On comparing (13.2) to (2) in the abstract it would seem that (13.2)
should be stated “There exists an open ideal I in R and an integer n =0
such that 71"+ C I' for all i = 1.” Also, as noted in the introduction, R is
analytically unramified if and only if there exists an open ideal 7 in R such
that (1'), = I' for all i = 1, but (13) only shows that half of the analogous
statement for unmixed and 7"! holds. (14) shows that the other half does
not hold, and it is clear from this that the “open ideal” version of (13.2)
also does not hold.

(14) EXAMPLE. There exists a local domain R which is not unmixed such
that R has an open ideal I such that I'’ = I' for all i = 1. Namely, let
(R, M) be as in [5, Example 2, pp. 203-205] in the case m = 0. Then R is
an analytically unramified local domain of altitude r + 1 =2 and there
exists a height one maximal ideal in R’, the integral closure of R, so R is
not unmixed, by [S, (34.7)]. However, since R is analytically unramified,
there exist open ideals I such that (I*), = I' for all i = 1. Fix such an
ideal I and let R = R (R, I). Then essentially as in the proof that
(4.1) = (4.4) it follows that u®R = (uR),, so uR has no imbedded prime
divisors, by [8, Corollary 2.11]. Therefore §(u%R.) = R, by (3.3), and so
I = [ foralli = 1, by (1.5) and (2.3).

(15) shows that (11) can be applied to more general rings than
reduced locally unmixed ones.

(15) COROLLARY. Let R be a reduced Noetherian ring and let I be an
ideal in R such that R, is unmixed for all P € A*(I). Then there exists an
integer n = 0 such that I'"*"1 C I for all large i.

Proof. Let S = R — U {P; P € A*(I)}. Then Ry is a reduced locally
unmixed Noetherian ring, so there exists an integer n =0 such that
(Is)!"*1 C (1) for all i = 1, by (11). Also, by considering R C J C J;
and the ideal u"*'%;, where I = J(uR (R, I)), it readily follows that
I C (L)' N R. Finally, I' = (Ig)' N R for all large i, by the
definition of A4*(I), so the conclusion readily follows. O

(16) REMARK. (16.1) If I and R are as in (15) and for all i = 1 and for
all prime divisors P of I' it holds that R, is unmixed, then it follows as in
(15) (since there are only finitely many P involved) that there exists an
integer n = 0 such that I'"*1 C I' for all i = 1.
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(16.2) A proof similar to that of (15) shows that if I is an ideal in a
Noetherian ring R such that R, is analytically unramified for all P €
A*(I), then there exists an integer n = 0 such that (I"*"), C I' for all
large i. And the result analogous to (16.1) also holds.

The next corollary and its related remark consider another ideal
related to I'.

(17) COROLLARY. Let I be an ideal in a reduced locally unmixed
Noetherian ring R and let I¢°= N{I'R, N R; P € A*(I)}. Then there
exists an integer n = 0 such that I<"*D C I' for all i = 1.

Proof. It is known, [10], that A*(I) = {p N R; p is a prime divisor of
(u®R),}, where R = R(R, I). Now (u®R), = uR’ N R, where R’ is the
integral closure of %, and all prime divisors of u%,’ have height one, by [8,
Proposition 2.13). Therefore it follows as in the proof of (7) that all prime
divisors of (u%), have height one. Therefore A*(I) = {pNR; pisa
height one prime divisor of u®}, so it follows immediately from the
definitions that I' C I<” C I'! for all i = 1. Now there exists an integer
n = 0 such that I'"*) C I'foralli = 1, by (11), so I<"*Oc II"*l Cc 1. O

(18) REMARK. Let R be a reduced Noetherian domain.

(18.1) If R is locally unmixed and I is an ideal in R, then I’ C Il C
(I, foralli = 1.

(18.2) If R is Cohen-Macaulay and I is an ideal of the principal class
(that is, I can be generated by 4 = height I elements), then I’ = I <= [l
C (1Y), for all i = 1, where I<” is as in (17).

Proof.(18.1) Fixanideal Iin R and let R = R (R, I) and I = J(uR).
Then 9 is a finite R-algebra, by (11) and (4.1) = (4.3), so § C R/, the
integral closure of .. Therefore I' = w’'R N R C u'I N R = I C u'®R’
NR=(I),

(18.2) Fix an ideal I of the principal class in R and let R = R (R, I)
and ¥ = J(u®R ). Then R is a Cohen-Macaulay ring, by [6, Theorem 3.1],
and u is an R-sequence, so all prime divisors of ¥R have height one, by
[18, Theorem 2, p. 397]. Therefore § = R, by (3.3), and so I' = I, and
I C (I'),, by (18.1). Finally, I' C I<” C I'l, by the proof of (17). O

This section will be closed with the following remark and related
theorem.
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(19) REMARK. It follows immediately from (12) and (4.1) = (4.3) that
a reduced Noetherian ring R is locally unmixed if and only if, for all ideals 1
in R, T(u®R) is a finite R-module, where R, = R.(R, I).

As mentioned in the introduction, Rees used the equivalence of (1)
and (2) in the abstract to characterize analytically unramified local rings
in terms of finitely generated overrings in [14]. The results in this paper,
especially (12) and (13), can be used to obtain the following characteriza-
tion of an unmixed local domain which is analogous to Rees’ theorem and
is also closely related to (19). (The characterization in (20) can be
extended to reduced locally unmixed Noetherian rings. However, my only
proof for this more general case involves a number of ideas which have
not been previously considered in this paper, so we restrict attention to
the case of a local domain with an infinite residue field.) In (20), T(bA) is
defined the same way that J(u%R ) was, namely, 5(bA) = A[1/b] N A,
where S = A — U/{ p; p is a height one prime divisor of b4}, and results
similar to (2.4) hold for 9 (bA), by [7, Lemma 5.15]. Also for (20), recall
that an element b in an ideal I in a Noetherian domain R is a superficial
element for I in case I"*': bR = I" for all large n. (See [18, (3), p. 285 and

), p. 2731)

(20) THEOREM. Let (R, M) be a local domain such that R /M is infinite.
Then R is locally unmixed if and only if S(bA) is a finite A-module for all
finitely generated overrings A of R and for all nonzero elements b in A.

Proof. Assume first that R is unmixed and fix 4 and b as in the
theorem. Then A4 is locally unmixed, by [4, Corollary, p. 61] and Rad 4 =
(0), so I = (u®R) is a finite R-algebra, by (19), where R = R.(A4, bA).
Thus by (4.3) = (4.1) there exists n such that (b4)!"*"1 C b4 for all i = 1,
so let B = A[(bA)!"/b,...,(bA)") /b"]. Then F [1/th] = B[th,1/th] is a
finite R[1/tb] = A[tb,1/tb]-module, so it follows that B is a finite
A-module and also that every prime divisor of bB has height one, since
this holds for b9 [1/tb] = uF [1/1b], by (2.4). Therefore T(b4) C T(bB)
= B, by (2.4) and since height one prime ideals in B lie over height one
prime ideals in 4 (since A4 satisfies the altitude formula), so §(bA) is a
finite A-module.

For the converse, let I be a nonzero ideal in R and let b be a
superficial element for 1. (Such elements exist, since R/M is infinite.) Let
R=R(R,I),T=9IuR), A= R[I/b], and B = F(bA), so B is a finite
A-module and it readily follows that 5’4 N R = I’ for all large i, since b is
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superficial for I. Now C = B[tb,1/1b] is a finite R [1/tb] = A[tb, 1 /1b]-
module and bC = uC has no imbedded prime divisors, since B has none.
Also, height one prime divisors of bC lie over height one prime divisors of
bA[tb,1/th] = uR.[1/1tb], so T(uR[1/tb]) = I [1/tb] C C (3.4). Since b
is superficial for I, b is not in any relevant prime divisor of uR, by [2,
Theorem 3], so tbh is not in any (height one) prime divisor of u.
Therefore, since B is a finite A-module, there exists » = 0 such that for all
large i it holds that I'"*1 = y"*' N R = 4" T [1/th] N R Cu™*'C N
R=b""CNR=b""BNRCbIANR=T,and it readily follows from
this and (12) that R is unmixed. O

3. A generalization. In this brief section it is shown that a result
analogous to (I"*"), C I' and to I'"*1 C I' holds for all regular ideals /
in all Noetherian rings.

(21) THEOREM. Let I be a regular ideal in a Noetherian ring R, let
R =R(R, I), and let U = R 5 N R[t, u], where (S) is the set of regular
elements in S = R — U {P; P is a relevant prime divisor of uR }. Fori =1
let IV = 'L N R. Then I = I' for all large i.

Proof. Viewing A as a transformation QU(u%R ) of a graded ring &, it
is readily seen that U(u%R ) = AU, for all multiplicatively closed sets U
in R, and that W(uR[X]) = A[X], where X is an indeterminate, so it
may be assumed that R is local with an infinite residue field. Therefore let
b be a superficial element for I. Then b is not in any relevant prime
divisor of u®R, by [2, Theorem 3], and since I is regular it may be assumed
that b is regular. Therefore I"*': bR = I" for all large n, by [18, (3), p. 285
and (5), p. 273], so it readily follows that 5"R[I/b] N R = I" for all large
n. Also, since tb is in a prime divisor P of 4% if and only if P is irrelevant,
it follows that there exists a one-to-one correspondence between the prime
divisors of (u) in the rings R ), R[1/1b]5), R[1/th], and U, Let
A = R[I/b], so R[1/th] = A[tb,1/tb] and u<R[1/tb] = bR[]/1b].
Therefore it follows that I} = w'A N R = u'R 5 N R =u'R[1/1b] N
R =b'R[1/th] N R =b'A N R = I'for all large i. a

It follows as in (2.4) that A is a graded subring of R[z, u], so it
follows immediately from (21) that QU is a finite R-algebra.

The following corollary of (21) is known, [3, Corollary 17], but the
proof of (21) gives a nice alternate proof of one containment. It should be
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noted that the conclusion of (21) does not immediately follow from (22),
since it is not clear that ¥’ N R = N{I'R,; p € A*(I)} for all large i
(since possibly some irrelevant prime divisor of #'®R lies over some
p € A*(1)).

(22) COROLLARY. With R, I, and R as in (21), A¥(I) = {P N R; Pisa
relevant prime divisor of uR.}.

Proof. 1t follows immediately from (21) that A*(/) C {P N R; Pis a
relevant prime divisor of u®}. For the opposite inclusion, let P be a
relevant prime divisor of u®, so u®R: ct*® = P for some homogeneous
element ct* in R. Since P is relevant there exists df € R — P, so uR:
ctkd"t"® = P for all n = 0. Therefore u"***'R: cd"® = P, and con-
tracting to R it follows that I"***!: ¢cd"R =P N R for all n =0, so
P N R € A*(1). d
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