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SOME CONDITIONS ON THE HOMOLOGY GROUPS
OF THE KOSZUL COMPLEX

CARLA MASSAZA AND ALFIO RAGUSA

In this paper we introduce the concept of a (d, i)-sequence (d, i E
N) in a commutative ring A, noetherian and with identity (cf. Def. 1.1).
Let K(z, A) be the Koszul complex on A, with respect to the sequence
z = Z],... ,zn: the concept of a (d, z)-sequence is expressed in terms of
the structure of HχK(z, A)); in particular, it turns out that z is an
(n, z)-sequence iff HχK(z, A)) = 0, and such a condition implies z is a
(d, /)-sequence for any d < n. If zu... ,zΛ is a (d, /)-sequence in hA =
A/(zh+],... ,zn),d<h < «, then z is seen_to be a (d, /)-sequence in A
so, in particular, if HχK(z; dA)) — 0 in dA9 then z is a (d, /)-sequence.
Moreover, for i = 1, the two conditions are equivalent, so that z is a
(d, \)-sequence means precisely that zu...,zd\s regular in dA. For i> 1,
examples show that z is a (d, i)-sequence is a condition strictly weaker
than Zj,... ,zΛ is a (d, i)-sequence in hA, and we investigate the relation-
ship between those two properties. In fact, their equivalence allows us to
read the depth of a quotient ring A/(zh+,,... ,zn) in terms of the Koszul
complex K(z; A) and implies, for (d, /)-sequences, properties which are
a natural generalization of good properties satisfied by regular sequences,
such as the depth-sensitivity of the Koszul complex. A characteristic
condition for their equivalence is a kind of weak surjectivity of a natural
map acting between syz / + 1 (^(z; A)) and syz / + 1 (#(z; hA)).

From an algebraic form of that weak surjectivity we get some
sufficient conditions, in terms of weak regularity of the sequence
zh+ι,...,zn. For instance, if z Λ + 1 > . . . ,zn is a ^/-sequence, or a relative
regular sequence, or less, if zh+,,... ,zw is a relative regular A -sequence
with respect to a convenient set of ideals, then zisa(d, i)-sequence in A
implies zu. ..,zhis a(d, i)-sequence in hA.

Moreover, if z is a (d, z)-sequence and zd+ι,...,zn is a regular
sequence, then H^Kiz; A)) = 0, while this vanishing implies that it is
possible to find xι9...,xn in / = ( Z J , . . . , Z B ) such that Z j , . . . , ^ ] ,
xl9...,xnisa(d, z)-sequence and xd+]>... ,xn is a regular sequence.

In the last section we give an interpretation of our results in terms
of the behaviour of some systems of linear equations.

N. 1. Let A be a noetherian ring (with 1) and z = z,,...,z l l a

sequence of elements of A such that (zl9...,zn)A ^A. We denote by

K(z\ A) the Koszul complex with respect to z, i.e. the differential graded

algebra (DGA for short) (cf. [G-L] cap. I for a definition)
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generated by eo i — 1,...,«, with differential

dJ(eJχ Λ Aetj) = ^ 2 (~ l ) r + 1 ^ e^ Λ Λ ^ Λ Λe z /

Also we write

syzι(K(z\ A)) = ker(dI _ 1) C Λ ' ^ U "

for / = 1,... ,n + 1. As in [M-R], for every 1 < / < rf < π, Γ/π '^ will

mean the free ^4-module generated by eJχ.. Ί — e Λ Λe y, with 1 <jx

< - - < j\ < n and j) > d, which is a complementary module of

Λ'(Aeι θ ••• θ ^ e ^ ) , briefly ΛU,. . . έ / , in AιAn

9so ΛιAn = Λ U p . ^ θ

Then

χz : Λ ^4" -» Λ ιAλ...d

will be the usual projections, i.e.

χt\ ?, a e, ... I = Λ ^h

and, more generally,

χ f : Λ U ^ Λ ' 4 . . Λ (A</i)

will be like χz- when we set J = Λ.

When z l 9 . . . ,zn are fixed elements of ̂ 4, we write

tA=A/(zt+ι,...,zn)A

for ί = 0,... 9n (nA = A), and zi EtA means the image of z, by the natural

map ρt\ A -*tA.

For every two integers 5 > r w e can define a map of DGAs,

by

Ψ ^ r ) = the natural map SA ->rA

and

θ f o r r < ι < s ,
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where e ι , . . . , e ί and / 1 ? . . . ,/ r are, respectively, the free generators of

K(zu...9zs9 SA) and K(zl9...9z/9 rA). <V{n>h) will be denoted simply by

Ψh. Finally, we make the usual convention of setting

cj\" Jt = v v cτ0,) τ0ί)'

where τ is a permutation on {j\,...Jt} and δ is 0 or 1 according to

whether τ is an even or an odd permutation.

DEFINITION 1.1. Let z = zl9...9zn be a system of non invertible

elements of a ring A and /, d integers such that 1 < / < d < Λ. We say that

z is a (d, /)*-sequence if H,(K(z'9 A)) can be generated by the image of

γ(n,d)^ ψ e s a y j ^ 2 is a (rf, /)-sequence if it is a (d, /)*-sequence and

(zλ,...,zn)A C r a d Λ .

REMARK 1.2. (i) Obviously {zl9...,zd9 zd+l9...,zn) is a (J,/^-se-

quence if and only if {zτ(1),... ,z τ ( ί / ), z σ ( ί / + 1 ) , . . . ,zσ(π)} is a (J, ί)-sequence,

where T and σ are permutations on {1,... ,d) and (d + 1,... ,n), respec-

tively.

(ii) Any (d, /)-sequence is a (d\ /)-sequence, for dr < J.

(iii) (d, /)*-sequences go up and down by faithful flatness. In fact, if

f: A -» B is a morphism, then

ί ( z M ) ®AB = K(f{z);B) and )

Now, the (rf, /)* condition says in yl or, respectively, in 5

1. syz^U/zΛ) = rfI+1(Λ/+UΛ) + [ ^ " ^ ( ^ ) Π syz»-ι(A/zA)]

2. syz^+1(^//(5)^)

= rfi+1(Λ'+1Λ") +[r/-^)(5) Π syzi+

If/is faithfully flat, then

syzz+1(^/z^) ®^5 ^ syzi+\B/f{z_)B),

and for every two A -modules M and N,

(M ®̂  £) Π (iV ®A B)^(MΠ N) ®A B

so that 2. comes from 1. by tensoring with B\ again by faithful flatness the

coiϊclusion follows.

(iv) For n = d, z is an («, /)-sequence iff Ht(K(z\ A)) — 0; so, in

particular, if depth(z 1 ? . . . ,zπ) > w — Ϊ + 1, then z is a (d, 7)-sequence, for
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every d,j such that i <j < d<n (because of (ii) and the depth-sensitivity

of the Koszul complex [A-B]).

(v) If dj is the largest integer such that z is a (di9 /)-sequence, n — d{

gives a measure of the obstruction to z having depth bigger than or equal

to n — i + 1; in particular, for / = 1, n — dλ says how far zl9... 9zn is from

regularity.

THEOREM 1.3. Let z — z{,...,znbea system of elements of a ring A,

with (z{9. ..9zn)A C rad A9 and /, d, h integers such that 1 < / < d < h < n.

Ifzλ9... 9zh is a (d, i)-sequence in hA, then zl9... 9zn is a (d9 i)-sequence in

A.

Proof. Let

« — S CLi i^i
*^ J\' "Jι J\' " 7 i

i<y,<---<y;<«

be an element in syzi+ι(K(z; A)). Since Ψh is a map of complexes,

l<y,< <y;</z

will be in syzι+\K(z; A)), Then the hypothesis on hA says

l<y,< <yf̂ </ l^/i< <7;^^

for some β e Λ / + 1

Λ ^P and ζ r . 7 e Λ Z

From this we get

+ Σ
l<y,< <y;<

for some β E Λ / + U", Cy . 7 E 4̂, for 1 <jλ < <yz < Λ and for any

lifting*7...v. o f ζ r . 7 .

Now we can conclude the proof just by remarking that

for every k Φjλ9... j p for some α E Λ ' "U*.
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C O R O L L A R Y 1.4. / / d e p t h ( z 1 ? . . . 9 z d ) > d — i + 1 in dA9 then z l 9 . . . 9 z n

is a (d, i)-sequence in A.

Proof. Use Remark 1.2 and then apply Theorem 1.3 for h — d.

Theorem L3 allows us to lift (d> /)-sequences from hA to A, but,

conversely, a (d, /)-sequence in A does not necessarily remain a (d, /^se-

quence in hA, as we can see from the following

EXAMPLE 1.5. Let A = k[[X, 7, Z]]/7, I = (X2 - Z 2 , XY9 XZ)9 k a

field, and denote by x9 y9 z the images of X, Y.ZinA. We show that x9 y,

z is a (2,2)-sequence in A, but, in A = A/(z)9 x9 y is not, i.e. depth(3c, y)

= 0 in A. The second fact is trivial since A/(z) = k[[X9 Y]]/X(X9 Y) so

depth(Λ/(z)) = 0.

Now let β — aX2eλ Λ e2 + aι3ex Λ e3 + α 2 3 e 2 Λ e3 be an element of

syz3(AΓ(x, y, z; A))\ this says

(2) fl12 y + a1 3z = 0, -anx + α2 3z = 0, al3x + a23y = 0,

and we have to show aX2 E (z)A. Since ^ is a regular element in A/(x)9

from the third equation in (2) we get a23 = λx9 for some λ G A. On the

other hand, in A/(z)A we have ann(x, y) = (jc)^4, so from the first and

second equations of (2) we have an — μx + vz for some μ, v G ̂ 4. Now

the second equation in (2) becomes μx2 — 0, so μx G ann(x), but μx G

ann(j>) and in A we have ann(x) Π ann(y) = (y, z)^4 Π (x)A = (z2)A,

Thus β1 2 G (z)>4.

Corollary 1.4 suggests investigating the condition we need in order to

have the relationship

, v z l 9 . . . ,zw w β (d, i)-sequence in A

^ ' =» depth(z 1 ?... 9zd) >: rf - / + 1 /« ^ Z

We know this is always verified, for i — 1, for a local ring (^4, m) and

(zu.. .,zn)A = m (see [M-R] Theorem 2.5); here we prove it without any

assumption on A and zl9...9zn (cf. Corollary 2.4).

For / > 2 we certainly need some conditions (Example 1.5 says (3) is

not generally true). We will see that (3) holds whenever zd+{9. ..9zn is a

regular sequence; nevertheless there are weaker conditions which imply

our relation. We will dedicate the next two sections to investigating such a

question and some related ones. For this, most of our technique depends

on the solutions of some systems of linear equations and their subsystems,

and we will devote the last part of the paper to explaining this idea.
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N. 2. The equality %h(syzi+x(K(z; A))) = syzi+ι(K(z; hA)) (cf. (1)
N. 1) clearly implies that if zu...,zh is a (d, /)-sequence in A, then
z,,... ,zΛ is a (d, z)-sequence of hA. However, such a condition is not a
necessary one, because the (d, /')-condition gives a link only between those
components of the elements of syz'+\K(z; A)) which lie in Λ 'Aλ.. .d. It is
easy to check that (d, /)-sequences descend from A to hA if the following
condition is verified:

Weak Lifting Condition (W.L.C.)Λ,, . Let

ci = ά+be syz'+ 1(#(z; hI))9

where a E Λ ^ . . . d 9 b e Tlh>d) (as Λ J-module). Then there is α = α + b
E syz/ + 1(#(z; i4)), where α 6 Λ^,. . .^ J e TJ^'^ (as ^-module), such
that %h(a) = α. We will call α a weak lifting of α.

REMARK 2.1. (W.L.C.)^ is equivalent to Ψf(syzi+\K(z; A))) =
syz'+ 1(if(|; ^ ) ) , because in such a situation we have b = 0; in other
words, (W.L.C.)d,/ i s exactly the surjectivity of the restriction of %d to the
syzygies.

Now, let us prove that (W.L.C.)Λ>I is also necessary to pass (d, i)-se-
quences from A to hA.

P R O P O S I T I O N 2.2. Let zl9...,znbe a(d, i) sequence in A . Then zu...9zh

is a (d, i)-sequence in hA if and only if(W.L.C.)hi holds.

Proof. We already observed that (W.L.C.)Λ y is sufficient. Let us prove
its necessity. With the same notation as in (W.L.C.)Λ,, let a = a + b E

/ + 1 ί , where

The (d, i)-condition on the sequence says that

°jv-jt= Σ cJχ...t..Ί r z n

We lift these relations to A, defining

a = 2 c, ,
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with ph{ch...,..Ί) = ch...,...,-, and finally

Moreover, we define b E T{n'h) as follows:

where

bJr~J,= Σ cjf-'••*'*<>

Since trivially %h(a) = a, it is enough to prove that

The coefficient of ejχ..7 i? 1 <7Ί < <jt-x ^ rf, in dt(a + b), is

Σ ajr u Jι-rZu+ 2 bJvJ^r'Zr
l / } O }

Λ
X C / l . . . I l . . . / . . 7 | _ 1 Z , + 2

t=d+\

h

Σ

which is zero, because for p φ m, /?, m = 1,... ,</, the coefficient of
is

( t ) CJ\ ' P' 'm jι-χ + CJ\---m---p---J<-\ ~ ^ '
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coming from the first Σ, and for 1 </? < j and d<m<h, the coefficient

of zpzm is again (f), coming from the second and the third Σ. Similarly,

the coefficient of eJ}...j_}9 1 <jx < <y, - 2 — ^ d<ji_ι<h, in

</,.(* + 6) is

Σ Σ c / i . . . I ί . . . f . . 7 i _ 2 z l l z r = o
M£{1,...,<*}-{./,,...j;_2} tt={\9...,d}-{ju...J,-2,u}

with the same computation.

Theorem 1.3 and Proposition 2.2 can be restated as follows.

THEOREM 2.3. The following conditions are equivalent

(1) z,,... 9zn is a (d, i)-sequence in A and (W.L.C.)Λf/ holds.

(2) z l 5 . . . ,zΛ is β (d, i)-sequence in hA.

In particular, for h — d9 Theorem 2.3 becomes

COROLLARY 2.4. The following conditions are equivalent:

(1) zl9... 9zn is a(d, i)-sequence in A and (WLC.)^, holds.
(2) depth(z l 5. ..,zd)>d-i+\in dA.
The case / = 1 looks much simpler because of

PROPOSITION 2.5. Condition (W.L.C.)Λ x is always verified, as

ΨΪ(2((z; A))) = syz2(iΓ(z; hA)).

Proof. It is clearly enough to show the equality for h — n — 1 because

then we use induction. If

2β // /esyz2(jr(f;J I_ IJ)),
1 = 1

we have ΣΊ=Ϊάizi — 0; so there exist al9...9an such that ΣJ=ia iz i = 0,

which implies Σ^a^ e syz 2(^(z;i4))andΨ I

( n" 1 )(Σ ί

I I=ifl l^ l) = Σ f Γ / ^ / .

As a consequence of Proposition 2.5, we get

PROPOSITION 2.6. The following are equivalent:

(1) z,,... ,zπ is a (d, l)-sequence in A.

(2) z l 5 . . . ,zrf w α (<ί, l)-s
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(3) zl9... 9zd is a regular sequence ofdA.
Zi =

/V00/. The equivalences (1) <=> (2) *» (3) follow from Proposition 2.5,

Corollary 2.4 and Remark 1.2. The equivalence between (3) and (4) is just

an easy computation, translating the definition of regularity for the

s e q u e n c e z l 9 . . . 9 z d .

From condition (3) of Proposition 2.6 and Remark 1.2(i), we im-

mediately get

C O R O L L A R Y 2 . 7 . If z l 9 . . . 9 z d 9 z d + l 9 . . . 9 z n i s a ( d , 1 ) - s e q u e n c e , t h e n

x l 9 . . . 9 x d _ s 9 z d + λ 9 . . . 9 z n is a ( d - s 9 l ) - s e q u e n c e , w h e r e x l 9 . . . 9 x d _ s is a n y

n o n e m p t y s u b s e t of z λ 9 . . , 9 z d .

REMARK 2.8. If (W.L.C.)^, holds, Corollary 2.7 can easily be gener-

alized to the / case; so, in this case, if zl9... 9zn is a (d, /)-sequence, then

x l 9 . . . 9 x d _ s 9 z d + l 9 . . . 9 z n i s a ( d - s , / ) - s e q u e n c e f o r x l 9 . . . 9 x d _ s a n y s u b -

s e t o f z λ 9 . . . 9 z d 9 0 < s < d — i .

REMARK 2.9. Let (A9xn) be a local ring and zλ9...9zn a set of

generators of m; then zλ9...9zd is a set of generators of m in dA, so

condition (3) of Proposition 2.6 says that dA is a regular ring. Moreover,

the (d, l)-condition on z is the same as condition R^ defined for a

projective resolution of A/rn in [M-R]; so, Proposition 2.6 implies Theo-

rems 2.5 and 2.7 of loc. cit.

Now we can generalize Corollary 2.12 of [M-R].

PROPOSITION 2.10. If zλ9...9zn is a (d9l)-sequence of A and 1 =

(zd+l9.. .9zn) has co-height < d {i.e. dim(τl//) < d)9 then A/1 is Cohen-

Macaulay. In particular, if'(A, m) is local and(zλ,... 9zn) — m, then A/I is

regular.

Proof. Applying Remark 1.2(iϋ) and Proposition 2.6 we get

depth(A/I)p > d for every p G Max(A/I); since, by hypothesis,

dim(τl//) < d9 the conclusion follows.

By Remark 1.2(ii) if z,,... 9zn is a (d, /)-sequence, it is also a (d'9 /)-

sequence for every df < d (i < d'). It seems meaningful to ask whether

every {d9 /)-sequence is also a (d9 j)-sequence ίoτj>i(j<d). For d — n
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this becomes the well-known rigidity of the Koszul complex (see for

instance [G-L]).

Another partial answer to this question is given by

PROPOSITION 2.11. IfzX9... 9zn is a (d9 l)-sequence, then it is a (d, /)-

sequence for every i > 1.

Proof. By Proposition 2.6 and the (d, l)-condition on z, we have

z,,... 9zd is a (d, l)-sequence in dA9 which means Hx(K(z; dA)) = 0. Now,

the mentioned rigidity of the Koszul complex implies Hi(K(z; dA)) — 0

for every / > 1. Then Theorem 1.3 says zl9... 9zn is a (d, *)-sequence in A.

The well-known depth-sensitivity of the Koszul complex says, in

particular, that if /fz(A^(z; A)) = 0 then there exist n — i + 1 elements

*!, . . . , * r t _ / + 1 in (zl9...9zn) which form a regular sequence, i.e.

Hx(K(xl9... ,xπ__/+1; A)) = 0. Now we prove a sort of (</, \)-sensitiυity of

the Koszul complex. Namely, we have

THEOREM 2.12. / / z l 9 . . . 9 z n is a (d9 i)-sequence and (W.L.C.)di holds,

then for every s, 0 < s < /, there exist xl9...,xd_s E (zl9... ,zrf) 5wcΛ /to/

x 1 ? . . . ,xd-s9 Zd+\> 'z« ^ a (d,i — s)-sequence. In particular, we can find

d — i + 1 elements in (zl9... 9zd) such that Λ:,,. .. 9xd^i+λ9 zd+l9... ,rπ is a

(d, Y)-sequence.

Proof. By Corollary 2.4 H^Kiz; dA)) = 0, so, for 0 < j < /,_we can

find X j , . . . , * ^ G ( Ϊ ! , . . . , ^ ) such that Hι_s(K(xl9...9xd_s\ dA)) = 0.

Now from Corollary 1.4 we get the desired result.

The (W.L.C.)^/ condition in the previous theorem seems to be neces-

sary (in some sense) to the above (d91)-sensitivity of the Koszul complex.

In fact, if (W.L.C.)^ does not hold in dA — A/(zd+19...9zn)9 then

Proposition 2.2 says we can find a (d9 /)-sequence, zl9...,zd9 zd+λ9...9zn9

such that z,,... 9zd is not a (d9 /)-sequence in dA. Now, let 1 <y < i be

such that (W.L.C.)^ y holds in dA\ then we cannot find d — i +j elements,

s a y xl9...9xd-i+jk(zl9...,zd)9 s u c h t h a t xl9...9xd_i+J9 zd+x,...,zn

is a (d — i + j , 7*)-sequence. Namely, otherwise it should be

Hj{K(xX9...9xd-i+j\ dA)) = 09 which imphes Hi(K(xl9...9xd_i+/9 dA))

= 0, and also Hj(K(zl9...9zd; dA)) = 0, which means, by Corollary 2.4,

that zl9...9zd should be a (d, /)-sequence.

Therefore, fory = 1, using Proposition 2.5, we get

P R O P O S I T I O N 2 . 1 3 . If for any (d,i)~sequence zl9...9zd9 zd+λ9...9zn9

with fixed tail zd+l9...9zn9 we can find a (d — i + 1, \ysequence
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* „ . . . ,xd-,+ ι, z<ι+\> ••»£/, w i t h -x,,. . . , x r f _ / + 1 e ( z I ? . . . , 2 ^ ) , then
(W.L.C.),,,- must hold for dA = A/(zd+ι,... ,zn).

In order to investigate the behavior of (d, /')-sequences when we pass

to a quotient with respect to elements of its head (the first d elements), let

us denote by

φ:K(zι,...,zn;A)^K{z2,...Jn;A=A/(zι))

the usual map of DGA, defined by

for ι = l ,

where {^}/=lv.mtΛ and {/•}l-=2,...,n are free generators of Kλ{z\ A) and
^ ( z ; A), respectively, and denote by

ι and φ*: HJT^^H,

the induced maps, where 77, = H^Kiz; A)) and 77, = HχK(z; A)).

The crucial fact for our purpose is

LEMMA 2.14. Wϊ/Λ /Λe αfow notation,

(i) //zj w regular in A, then φ* w surjective,

(ii) z/zj ώ regular in dA, then φ* w injectiυe.

Proof, (i) is trivial since the regularity of Zj in 4̂ implies the surjectiv-

ity on the induced map

φ, : syz/+1(ΛΓ(5; ^ ) ) - syz / + 1(7f(z; i ) ) .

(ii) Let [α] be an element of H^Kfe A)) and suppose Φz([α]) E

M = Σ ajί ' jl

ejl" jl

+ Σ *i;2

2<7Ί< <jt<n 2<y 2

< ' *' <:jι—
n

Since α is a cycle, for every 2 <y 2 < <yi. < d, we have
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So the regularity of zx in dA implies

for every 2 <y2 < <j) ̂  d. Then

Σ bh-j.eh-j.+ Σ «.
2<y,< <jt^n 2<y2< <j,^n

for some ^ . . . ^ Thus [α] E T^H^

PROPOSITION 2.15. // zl9...9zn is a {d,i)-sequence and zl9...9zs,

\ < s < d — /, 15 a regular A-sequence, then fί+1,... ,zπ w α (d — s9 /')-

sequence in A — A/(zl9.. .9zs).

Proof. By induction reduce to the case 5 = 1 , then apply Lemma

2.14(i) to conclude i f / ^ " 1 ' ^ 1 ^ = 0, so £ 2 , . . . , i π is a ( r f - 1, /)-

sequence in A = A/(zx).

Conversely, we have

PROPOSITION 2.16. If zl9...9zn is a sequence (in rad A) such that

f5+1,... 9zn is a (d — 5, i)-sequence in A — A/(zl9... 9zs) and zl9... ,zs is a

regular sequence in dA, then it is a (d, i)-sequence.

Proof. Again by induction reduce to s = 1, then apply Lemma 2.14

(ϋ), so Hι/Tι^
d)Hi = 0, i.e. zl9...9zn is a (d9 /)-sequence.

N. 3. Now, our aim is to translate (W.L.C.)Λ z into an algebraic form.

The next proposition will be helpful; it says, roughly, that, if (W.L.C.)ΛfI

holds, we can build a weak lifting of a = a + b starting from any lifting a

of a.

PROPOSITION 3.1. Let

a + bE syz'+ 1(#(z; hI))9 a + bE syzι+](K(z_; A)),

where a E ΛιA{...d,b E T^^.Ψ^a) = i

there exists V E T^d) such that a' + b' E syzι+\K{z\ A)).

Proof. If

a - y a e
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and

*' = Σ a .-Λ.-j'
l < 7 , < - </,<</

then Ψz

Λ(α) = Ψf

A(α') is equivalent to

n

t=h+\

The element we are looking for is

*' = Σ ah..Ίeh...jΛ
d<jx< -<j<h

h-\>d

because it is a matter of computation to see that dt(a' + b') — 0.

We recall the notation (cf. N. 1): %h: Λ ιAn -* A ιAx.. .h defined by

LEMMA 3.2. Let a + ft G syz ί + 1 (#(z; ΛΛ)), vv/zere α G A ' ^ . . . ^ ,

ft G 7 7

I

( M \ αwrf feί 0 G {^ϊ)~\a)9 ft G (¥ϊ)~\b). Then there exists c G

Tfn'h\ whose components with at least two indices bigger than h are zero,

such that χΊ-ιdi(a + ft + c) = 0.

Proof. The hypothesis dz(α + ft) = 0 implies dt(a + ft) G

( z Λ + 1 , . . . , z n ) Λ ^ U p . . ^ that is

J / I L\ V V -r^

l\ / ^ ^ J]' ' 'J -\t * J\' ' 'Jι-\'
1 <y, < - <y^_! <Λ / = Λ+1

It is easy to verify that we can choose

^ 1
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According to Lemma 3.2, we can give the following

DEFINITION 3.3. Let a + b e syzi+ \K(z\ hA% where a E Λ \Aλ.,.d9

fte 7] ( M ) , and let a e (Φfy^ά). We set φ(α) = α + &', where 6' E
7; (n i/ ) is chosen such that:

(γ) ίΛe components of φ(a) with at least two indices bigger than h are
zero.

PROPOSITION 3.4. The following conditions are equivalent:
(i) (W.L.C.)A,.

(ii) Let a + b E syzi+\K(z; hA)\ a E Λ'hAλ...d, b E Γ/" rf>, α E

(%hy](a). Then there exists λ E 7](" ί/) 5«cΛ

(1) *,_,<*,(

Pwo/. (i) =» (ii). Let α + fe be a weak lifting of a + b (cf. Proposition
3.1) and φ(a) = a + b'; then λ — b' — b is the required element. In fact
λ E 7](n></), as b and 6' belong to that module; moreover from dt{a + b)
= 0 we get

^.^.(fc - b');

so condition (1) is verified. Now, since we have χ?-i^,(α + b') — 0 and
χh,-\di{a + b) = 0, then χ?_,</,(&' - 6) = 0 and (2) follows.

(ii) => (i). From φ(a) = a + b', we obtain a weak lifting a + b oί
a + bby choosingb = b' - λ. In fact b' ~ λ E 7]. ( M ) and, moreover,

^ . . ^ ( β + 6' - λ) = ^ . ^ ( φ ί β ) ) - ^.-^.(λ) = 0,

χf-.rf.-ίfl + V - λ) = xf-.^ίΦίβ)) - χ?-,4(λ) = 0.

REMARK 3.5. Condition (1) of (ii) in Proposition 3.4 can be replaced
by π/LidjiΦia)) — T Γ / L ^ A ) , because of condition (2).

Now, let us look for conditions stronger than those in Proposition 3.4
which are easier to formulate and verify. First, we point out that dz(
is a boundary with some zero components, so that it is of the form
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where

re{l,...,*}-{./„...^._2}

(the β's with more than one index bigger than h are zero). From this,
taking into account only relations II, corresponding to 1 <y, < <j)-2

< Λ, we easily get

COROLLARY 3.6. (W.L.C.)Λ/ is verified if Ί!}=h+\βkχ...kι_lt zt

 = 0,

ith βkr k,-2t
 E lhkv k^ implies

/ o r 1 < A:! < < /ί z _2 — Λ, where, for every \ <kx< < / r ^ j < Λ,

(4) Σ λ t i . . . t i . l Λ = 0.

Proof. As we just observed,

) ) = Σ
1<A:,<

where

so

A t , - • • * , - , =

and this shows condition (1) of (ϋ) in Proposition 3.4 holds. Condition (2)
is implied by (4) if we choose λk].. ,k — 0 for r < h.

Two weaker versions of Corollary 3.6 are the following:

COROLLARY 3.7. (W.L.C.)Λ>I is verified if

2
ί=Λ+l

,-2 < A)
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implies

Zu + εkι -k,-2t

for some εkι...ki_2t E l£r..kι_2 ( 0 : zt).

Proof. Just check that (4) holds.
According to the following definition (Fiorentini [F]), ifNcM are

A-modules, xv.. .,xnis said to be a relative regular M-sequence with respect

toNif

((xl9...9xi)N: x l + 1 ) Π N= (xl9...,xι)M, i = O9...9n- 1,

we have

COROLLARY 3.8. (W.L.C.)Λϊl- is verified if zh+λ9...9zn is a relative

A-sequence with respect to / ^ . . . ^ _ 2 for every 1 < kλ < < kι__2 < Λ. /«

particular, (W.L.C.)Λ t ί is verified if'zh+l9... 9zn is a relative regular sequence

(cf. [F]) or a d-sequence (see [H]).

Proof. Just apply Corollary 3.7, since from the hypothesis we get the
required implication for ε = 0.

Finally we have the result quoted in N. 1.

COROLLARY 3.9. If zdΛ.λ9... ,zn is a regular sequence, the following are
equivalent:

(i) z 1 ? . . . 9zn is a (d9 i)-sequence\ _
(ii) depth(z1?... 9zd) > d - i + 1 in dA.

REMARK 3.10. The interesting particular case h — n — 1 gives rises to
an easy way of expressing the conditions of both Corollaries 3.6 and 3.7
(which in such a case coincide); precisely, with the above notation,

Moreover the condition of Corollary 3.8 simply becomes

As an easy application of the previous remark, we have

PROPOSITION 3.11. Let a, b, c be a (2,2)-sequence of a local ring
(A, m), and suppose Ύoτλ(A/(a, b), ̂ 4/ann(c)) = 0. Then depth(α, b) > 1
inA=A/(c).
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Proof. The Tor condition says that (a, b) Π ann(c) = (a, b) ann(c).

From the previous remark this implies {a, b) is a (2,2)-sequence, and this

just means depth(α, b) >: 1.

Now we are able to give an application which is a sort of generaliza-

tion of what we proved in Propositionn 2.10.

P R O P O S I T I O N 3.12. Let I = (zx,...,zm) be an ideal of A generated by a

relative regular sequence (in particular a d-sequence or a regular sequence),

with άim(A/I) < d. If, for some i > 0, there exist d + i — 1 elements

xx,...,xd+ι_x such that xl9...9xd+i_l9 zl9...9zm is a (d+i-\,i)-

sequence, then A/I is Cohen-Macaulay. Moreover, if (A, m ) is local and

xx,... 9xd+i-λ9 zl9... 9zm is a system of generators ofxn, then A/I is regular.

Proof. By Corollary 3.8 (or Corollary 3.9) and Proposition 2.2, we

have, in A/I, dcpih(xl9... 9xd+i_λ) > d + / — 1 — / + 1 = d, so, for ev-

ery t> E Ma.x(A/I), dopth(A/I)^ > d and the conclusion follows.

We can realize how much the condition z έ / + 1,...,z / I is a regular

sequence is stronger than (W.L.C.)^,. by looking at the next proposition,

which points out a strict relation between (d, /)-sequences, the regularity

of the tails of sequences and the vanishing of the Koszul homology.

P R O P O S I T I O N 3.13. For a sequence zx,...,zn(in rad A) we have:

(1) If zx,...,zn is a (d,i)-sequence and zd+x,...,zn is a regular se-

quence, then Ht{K{r9 A)) - 0.

(2) // HiiKiz; A)) = 0, then there exist xXr..9xn_i+x E (zx,...,zn)

such that zx,. . . ,z f _ , , xx,. . . ,xn_i+x is a (d, i)-sequence and

xd-i+2>'- - >xn-i+\ i s a regular sequence.

Proof. (1) From Corollary 3.9, the hypothesis implies depth(z l 9. ..9zd)

> d — i + 1 as zd+X9... ,zn is a regular sequence, we get depth(z 1 ? . . . ,zn)

> n - i + 1, which implies H^Kiz; A)) = 0.

(2) The hypothesis is equivalent to d e p t h ^ , . . . ,zn) > n — i + 1, so

we can take a regular sequence xx,... ,xn_i+x in (zx,... ,zn). So we have

,... ,z,_x, xx,... ,xn_i+x) >n - i

with xd_i+29... 9xn-i+1 a regular sequence. This implies

so, by Corollary 3.9 and the regularity of xέ/_l +2> ^ π - , +iJ we have
z l 5 . . . ,z,_1, xl9... 9xn-i+λ is a (d, /)-sequence.
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Let us remark that, for i = 1, part (1) of the previous proposition
becomes the well-known result

Hλ{ K(z; dA )) = 0 and zd+ l9...9zna regular sequence

=>Hx(K(z;A))=0.

If (W.L.C.)^j holds for every /, the smallest / for which zl9... 9zn is a

(d, /)-sequence says exactly that depth(z,,.. .,zd) = d — i + 1 in dA (cf.

Corollary 2.4); if, moreover, zd+λ9...9zn is a regular sequence, such an /

says that depth(Zj,...,zπ) = n — i + 1 (cf. Proposition 3.13). If we do

not assume (W.L.C.)^- holds, we can only say that deρth(z,,. . . 9 z d ) = s

implies z,,... 9zn is a (</, /)-sequence for i > J + 1 — s; however it may be

a (d, /)-sequence for smaller Γs, as we saw in Example 1.5, where

depth(3c, y) — 0, and JC, y9 z is a (2,2)-sequence.

Let us give more examples of (d, /)-sequences zl9...9zn which do not

pass to the quotient dA, that is where (W.L.C.)^, does not hold.

EXAMPLE 3.14. We consider again the local ring of Example 1.5:

A = k[[X9 7, Z]]/(X2 - Z 2 , XY9 XZ) = k[[x, y9 z]\.

The element z is not a ^-sequence (according to [H]): in fact (0: z) — (x)
and (0 : z2) = (x, z). This remark agrees with what we proved in Example
1.5, that is, (*, y9 z) is a (2,2)-sequence and (x, y) is not a (2,2)-sequence
in A/(z) (cf. Corollary 3.8).

As in A/(z) every ideal can be generated by two elements. Let us
examine all the sequences (α, /?, z) in A. They cannot be (2, l)-sequences,
because, in that case, they should pass to A/(z) (cf. Proposition 2.5), but
depth A/(z) = 0. So, the only meaningful question is whether or not they
are (2,2)-sequences. It is a matter of computation to show that they are
essentially of the following three types:

sx — (JC + ym - w, yn, z), 1 < m < /?, u invertible in A

now jj and ^ are not (2,2)-sequences (for instance the cycle

xeι2 - n + ze 2 3 & Λ3A3 + Γ2

(3'2)

in K(x + ymu, yn, z; A) and, respectively, the cycle
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in K(ym, yn, z\ A)), and s3 is a (2,2)-sequence which does not pass to the
quotient A/(z).

By using Proposition 1.3, the previous example gives rise to the
following one: in the ring B = k[[X, Y, Z]], the sequences

(X, Yh, Z, X2 - Z2, XY, XZ), A > 1,

are (2,2)-sequences which mod(X2 - Z2, XY, XZ) remain ( ^ - s e -
quences (note that X2 — Z 2 , XY, XZ is a d-sequence); however they do
not give rise to (2,2)-sequences in B/(Z9 X2 - Y2, XY, XZ) = A/(z)9

so, in particular, (Z, X2 — Z 2 , XY, XZ) is not a d-sequence in B.

EXAMPLE 3.15. Let B = fc[[X, Y]], n = (X, y), A = £ / n 3 = fc[[x, >>]].
Then:

(a) (x, ^ x2, xy, y2) is a (2,2)-sequence in ̂ 4.
(b) (J, y\ x2, xy) is a (2,2)-sequence in A/(y2), though y2 is not a

J-sequence. This fact shows that the condition to be generated by a
d-sequence is strictly stronger than (W.L C.)^, (cf. Corollary 3.8).

(c) (x9 y) is not a (2,2)-sequence in A/(x2, xy, y2).

Let us prove (a). It is equivalent to show that

any + al3x
2 + aι4xy + al5y

2 = 0,

anx - a23x
2 - a24xy - a25y

2 = 0,

al3x + a23y - a3Λxy - a35y
2 = 0,

aHx + a24y + a34x
2 - a45y

2 = 0,

α15x + a25y + a35x
2 + α45Λ:j = 0

(5)

implies an E (x2, xy, >^2). Now, working mod(x2, xy, y2) we can see that
aw a2ι, i > 2, are not invertible, so (5) becomes al2y = al2x = 0. From
this the conclusion follows easily.

The proof of (b) is similar; (c) is trivial, as dim A/(x2, xy, y2) = 0.

N. 4. In this last section we just want to give a new version of the
results we obtained in the previous ones. Here we use essentially the idea
of looking at the syzygies of the Koszul complex as particular systems of
linear equations, so that conditions on syzygies can be seen as conditions
on the solutions of these systems. For a better understanding, we intro-
duce some general notation and definitions.

Let (F) be a system of linear equations with coefficients in a ring A
and with indeterminates X= {Xx,...,Xn}\ let g: A^B be any ring
homomorphism and denote by (g(F)) the system we get from (F) when
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we apply g to the coefficients of (F). So (g(F)) is a system of linear

equations with coefficients in B and with indeterminates {Xiι9...,Xh}

where {A^, . . . ,A) Λ } C {Xl9...,Xn} (we delete all indeterminates with

coefficient zero).

DEFINITION 4.1. (F) is said to be admissible with respect to g: A -» B

(or (g(F))) if for every solution jβ ={£., . . . , j8 I r } of (g(JF)), ^ δ ,

7 = 1,. ..,/% there exists a solution α = {α 1 ? . . . ,α π ) , αΛ E Λ, fc = 1,.. .,w,

of (Z1) such that g(α,.) = # ,y = 1,... ,r.

An easy consequence of the previous definition is

PROPOSITION 4.2. Let g: A -> B a surjective morphism and Ker(g) =

(u l 9 . . . , ur); consider a system of the form

(F) 2*y)*7°+ Σ ^ ω = 0, i= 1 Λ.
y=i r=i

( F ) is admissible with respect to g.

Proof. It is almost trivial since every solution β of (g(F)),

can be lifted to a = {ajl)}J=K^n.i=K^M in A, so Σ ^ i f l j 1 ^ 0 E Ker(g).
Then we can find elements in A, y = {γr

(/)}/= u Λ ; / = u A, with

y = l / = 1

Now (α, γ) is a solution of (F) and g(α) = β.

We point out that Proposition 4.2 can be easily generalized by letting

g be surjective only on the solutions of (g(F)). We now introduce a

similar terminology to deal with a subsystem of a system of linear

equations.

DEFINITION 4.3. Let (F) be a system of linear equations with coeffi-

cients in A and indeterminates X, Y, where ^ = {Z 1 ? . . . ,^ } and Y =

{Y,,..., Yw), and let (i7 ') be a subsystem of (F) with indeterminates X.

We say that ( F ) is admissible with respect to (F') if, for every solution

X — a of ( F ) , there exists a solution of (F) of the form Z = α, Y = 8̂.
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EXAMPLE. In Z it is easy to check that

(F) 3χ-y + z = 0,
[3x + 4y + z + 5t = 0

is admissible with respect to

{F)

Now let us return to our subject and let z = {z,,... ,zn) be elements
oίA with(z 1 ? . . .,zj C rad(^ί).

For a fixed i consider the system

(s) 2 ( - 1 ) ^ . . . , . . ^ = o, l <;, < - <jt_λ < Λ ,

t^j\,- J/-1

with (£_,) linear equations and (") indeterminates, and st — number ofj's
preceding t. There is a natural bijection between the set of solutions of (S)
and syzι+ι(K(z; A)), so the definition of (d, /)-sequence can be restated
as follows:

Every solution of (S) must have the form
n

(d,i) XJr..j,= Σ ajr--j,szs for every 1 <7, < <y, < d,

with a.. .._ E A and the usual convention on the α's.
J\ Jl*

We remark that the condition (d9i) concerns only some components

of every solution of (S).

Now let us fix an integer h,d < h < n, and denote by

the subsystem of (S) corresponding to the indices 1,2,...,A.
Proposition 4.2 implies (Sh) is admissible with respect to the natural

map φh: A -*hA9 i.e. with respect to the system

{Sh) Σ (~ 1)''*,*,,...,...,,_, = °' 1 ̂ i < * * <Λ-i ^ Λ '

as we already knew by Proposition 3.2.
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Clearly every solution of (S) gives a solution of (Sh) and then a

solution of (Sh); so, if there is an integer Λ, d<h<n, such that the

solution of (Sh) has the form (d9i) ϊrιhA9 i.e.

t h e n every s o l u t i o n of (S) in A will b e in t h e f o r m (d9i)9 i.e.

*,,-•* = Σ s , v , Λ ' 1 < , • < • • • < ; , <

This simply says that if there exists h such that zl9...9zh is a (rf, /^-se-

quence in hA9 then z 1 ? . . . 9zn is a (d9 /)-sequence in A9 and that is Theorem

1.3.

When n — d, condition (d9i) concerns the whole solution, so in this

case to say that every solution of (S) has the form (n9 i) is equivalent to

depth(z l 9 . . . 9zn) > n — i + 1. The Corollary 1.4 becomes: if the solutions

of (Sd) have the form (d9i)9 then the same is true for the solutions of

(S).

Now we want to study how a property (<3)), in particular (d9i)9

passes from the solutions of a system (F) to the solutions of a subsystem

(F'). We have this first easy result.

LEMMA 4.4. If (F) is a system of linear equations with two sets of

indeterminates X, 7, and if the solutions of (F) satisfy a property ((3))

related to the part concerning the X indeterminates, then every admissible

subsystem (F')> with indeterminates X, has all the solutions satisfying

Proof. It is trivial; just take a solution a for (F') and (α, β) the

solution of (F) arising from the admissibility; then since (α, β) has (<3>)9

which is related to the X9s9 a has

C O R O L L A R Y 4.5. If zλ9... 9zn is a (d, i)-sequence and our system (S) is

admissible with respect to ( S d ) 9 then d e p t h ^ , . ..9zd)>d—l+i.

REMARK 4.6. For / = 1, (S) = (Sh) for every h < n9 so Corollary 4.5

gives again: z— {zl9...9zn} is a (d, l)-sequence implies zλ9...9zd is a

regular sequence in dA (cf. Proposition 2.6).

Corollary 4.5 can be easily generalized to
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COROLLARY 4.7. If the composition of system maps

where μ means to pass to a subsystem and v is the induced map of the natural
one A -*hA9 is admissible (i.e. every solution of(Sh) in hA can be lifted to a
solution of (S) in A), then the condition (d,i) descends from A to hA.

We observe that the hypothesis of Corollary 4.7 is really weaker than
in Corollary 4.5 (also if we use there h instead of d), since compositions of
admissible maps (of systems) are admissible, but conversely if the
composition is admissible (and the second map is too) the first map
is not necessarily admissible. In fact, the admissibility of (S) with
respect to (Sh) simply means the surjectivity of ψ/*: syzi+\K(z; A)) -»
syz^\K(z; hA))9 while the admissibility of (S) with respect to (Sh)
means the strongest relation:

{^)-\syz^(K(z,hA))) = syz<+i(K(z;A)).

Nevertheless the hypothesis of Corollary 4.7 is still not necessary to
pass the (d9 i)-condition fromyl to hA.

From now on, in our system (S) we denote by X the set of inde-
terminates {XJr.7;}i<yi<...</,<:</ and by Y all the remaining inde-
terminates, i.e. {Xjx...j)x<jx<...<j<nji>d\ h is always an integer such that
d<h<n.

We need a weak version of admissibility.

DEFINITION 4.8. Let (F) be a system of linear equations with coeffi-
cients in A and with two sets of indeterminates X, Y; let g: A -» B be a
ring homomorphism and (F) the system induced from (F) by g with
indeterminates X and Y\ where T C Y. We say that (JF) and ( F ) are
admissible with respect to X (or weakly admissible when there is no
chance of confusion) if for every solution (α, b) of (F' in B, with X = α,
T = b9 there is a solution (a, c) of (F) in A9 with X — α, Y — c, such that
g(a) = a ( m o r e p r e c i s e l y , p u t t i n g a = {aλ9...9at} a n d a — {άl9...9άt}9

g(at) = Si).

EXAMPLE. Take Z -* Z/6Z and
nat

x+y + 2z + 6t = 0,
(F) I
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SO

As is easy to see, they are not admissible (for instance, we cannot lift the
solution of (F) x — y = (j, z = 3), but with respect to the set of inde-
terminates (x, y) they are; namely, the only solutions of (F') in Z/6Z
have the form (λ, λ,-λ) or (λ, λ, -λ + 3), with λ E Z/6Z; so they can
be lifted to a solution of (F) in Z, for instance (λ, λ,2λ,-λ), for some
λ E Z whose image in Z/6Z is λ.

Of course, when Y — 0, admissibility coincides with weak admissi-
bility; in particular, this happens for (S) and (Sd).

Let us go back to our system (S); now Proposition 3.1 can be restated
as follows.

LEMMA 4.9. If(S)^>(Sh)(the usual composition (S) -> (Sh) -> (Sh)) is

weakly admissible and (a, b) is a solution of (Sh) in hA, for every a' E

μ~\a), we can find c', set of elements in A, such that (a\ c') is a solution of

(SI

Finally, the new version of Proposition 2.2 is

THEOREM 4.10. For zl9...9zn in A, with (zl9...9zn) C rad(^), the
following are equivalent:

(i) z 1 ? . . . ,z n is a (d9i)-sequence in A and (S) -> (Sh) is weakly
admissible.

(ii) zl9...9zhis a(d, i)-sequence in hA.

REMARK 4.11. The conditions in Corollaries 3.6-3.9 are all sufficient
in order to have (S) -»(Sd) admissible.

Just to show how one can deal with these problems in terms of linear
systems, let us rewrite the proof of Proposition 3.11.

The admissibility of the systems

says that, for some lifting a of a solution of a of {S2), there exists a
solution (α, β, γ) of (52); since βa + yb E (a, b) Π (0: c), for the Tor-
condition, βa + yb E (a, b) (0: c), so we have elements β\ y' E (0: c)
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such that βa + yb = β'a + γ'b. Now (α, β - β\ γ - γ') is a solution of

f bx + cy = 0,
(S) \ -ax + cz = 0,

[ ay + bz = 0,

that is, (S) and (S^) are admissible. The (2,2)-condition implies a = λc,
for some λ e ^ , i.e. a — 0.
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