PACIFIC JOURNAL OF MATHEMATICS
Vol 124, No. 1, 1986

SPECTRAL DECOMPOSITION OF L} N\ GL(2), 1)

DINAKAR RAMAKRISHNAN

Let G denote GL(2, F), where F is R or C or a p-adic field. Let 7
be a non-trivial character of the unipotent upper triangular group N in G.
The object of this paper is to present an explicit spectral decomposition
of L*(N\ G, 1), the representation of G induced unitarily by 7. This
representation is well-known to be multiplicity-free and to be quasi-
equivalent to the (right) regular representation of G.

Introduction. In §1 we give a ‘cuspidal’ characterization of the
discrete spectrum of L2(N \ SL(2, F),n). In §2 we prove a crucial duality
formula, which later allows us to decompose the continuous spectrum. It
also ‘explains’ the occurrence of ¢'-factors in the measure giving the direct
integral decomposition.

~ The scalar product of §3 is originally due, in the p-adic case, to H.
Jacquet. Here we suitably modify and extend his (unpublished) work and
also treat the archimedean case. We have tried to present a unified
approach.

This work was done as a part of my doctoral thesis [11] at Columbia.
Besides the obvious debt to my advisor then, H. Jacquet, I would like to
mention the strong influence of R. Godement’s paper ([3]) on the spectral
analysis of modular functions, and thank P. Sally for his interest and
critical comments. I would like to thank the referee for his helpful remarks
which led to simplifications of some of the proofs. Thanks are also due to
Miss M. Murray and Mrs. Anne Wolfsheimer for their excellent typing of
this manuscript.

0. Terminology. Fix a non-trivial character ¢ of F*. Let dx be the
self-dual measure on F with respect to ¢ and let | | be the normalized
absolute value. When F is non-archimedean, let 9, p, v, 7 and F,
respectively denote the ring of integers, maximal ideal, valuation, unifor-
mizer and residue field. On F? we will always take the product measure
induced by the self-dual measure dx on F. We will denote by U, the
group {x € F||x| = 1}.
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Let

G = GL(2, F), N={((1) *)}cG,
{5 )
2={[g teer 2= {(G 1) me

GL, o, if Fis p-adic
K =1{0(2), if F=R
U(2), if F=C.

Denote by n the character of N given by: (§ ;) = ¢(x). Then
L3(N\ G,n) consists of (classes of) measurable functions f on G which
are square-integrable mod N and satisfy:

f(ng) =mn(n)f(g), foralmostall (n,g)in N X G.

Let G!' = SL(2, F). For every subgroup H of G, let H' (resp. Hy)
denote H N G! (resp. H N K).
Let 8: A — R* be the module 4 defined by: 8(a) = |a,/a,|, for

|4 O
a=\, a, |

Let d*a denote the product measure on 4 — (F*)2, a = (a,, a,), so that
d*a = d*a, - d*a,.

Fix a Haar measure dk on K such that dk coincides with d *a on Ay.
Then the quotient measure on N\ G may be identified, via Iwasawa
decomposition: G = NAK, with: 8(a)™" - d *adk.

If hy, h, are in L*(N\ G,n) (resp. L*(N\ G)), the function: g —
h,(g)h,(g) is invariant on the left by N. We set

(b, hy) = fN\G hi(g)h,(g) dg.

For any locally compact topological group H, let H denote the
Mackey dual of H, viz. the set of classes of inequivalent, irreducible,
unitary representations of H. By abuse of notation, we will often use the
same symbol for an element of H and for a representative of that element.

If S is a topological space, and if f,, f, are two complex-valued
functions on S, then we write: f; < f, if there exists a positive scalar C
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such that |f,(x)| < C|f,(x)], for all x in S. Sometimes we will also write:
filx) < f,(x) for all x € S. In particular, f; <1 implies that f; is
bounded on S.

We write f, > f, if f, < f,, and f; X f, if we have simultaneously:
fi<fyand fi > f,.

We will always write, for a positive real number ¢, that ¢ << 1 (resp.
t > 1) if ¢ is very close to 0 (resp. to + o).

1. The intertwining operator §. We first recall the natural identifi-
cation of the homogeneous space N \ G' with F* — {0}.

G' acts by right multiplication p on F? = {(x, y)|x, y € F}. This
action leaves F? — {0} stable and is transitive on it. Furthermore, if e,
denotes the vector (0,1) in F?, then N is precisely the stabilizer of e, in
G*. This results in a right G'-space analytic isomorphism:

(1.0) N\ G'> F*—-{0},
Ng—p,-e,=e 8.
Let S(F?) denote the space (cf. [7]) of Schwartz-Bruhat functions on

F?2. 1t is stable under the right action p of G.

DEFINITION 1.1. For @ in S(F?) and g in G, set:
fo(g) = @(e; - 8).

Since the Haar measure on F? is invariant under the action of G, it must
be, under the above identification, the invariant measure on N\ G
Hence we obtain:

LEMMA 1.2. f, € LA (N\ G*), for every ® € S(F?).
DEFINITION 1.3.
S(N\G") = {fo|® € S(F?)}.

Note that the map ® — f, is injective and is equivariant with respect
to the right action of G'.
The following proposition is an immediate consequence of the remark

preceding Lemma 1.2.

PROPOSITION 1.4. The G*-equivariant isomorphism

S(F?) > S(N\GY), @~ f,,
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extends to a Hilbert space isomorphism of the unitary G'-modules L*( F?)
and L>(N \ G*).

DEFINITION 1.5. Let % denote the set of all lines in F? passing
through the origin, and set:

S, (F?) = {cp e S(F)|f o(z)d =0,

V line L in % with Haar measure dz}.

PROPOSITION 1.6. S,( F?) is G'-stable, and is dense in L*( F?).

Proof. The right action of G' on F? leads to an action of G' on the
space Z of all lines in F? as follows: Given L in %, choose w in F?
such that L = Fw. If g is in G', set: p, (L) = F-(pw). It may be
checked that p (L) is independent of the choice of w.

For every ® in S(F?) and for every L in .# with Haar measure dz,
set:

A(®)(L, dz) =chI>(z)dz.

And for every g in G, let dz . be the Haar measure on p (L) induced by
dz. Then the G'-stability of S,( F?) follows from the fact:

A(p@)(L, dz) = A(®)(py(L). dz,).

To prove the density of S,( F?) in L*( F?), it suffices to show that for
every ® in C®(F?), and for any &£ > 0, we can find a function ®, in
C®(F?) such that ® — ®,_€ Sy(F?) and such that ||® |, < &. Here || ||,
is the norm in L?( F?).

Given ¢ in F*, define:

T.(x) = |t|'®(¢'x), forall xin F2.
Then it is straight-forward to see that A(7,(®)) = A(®) for all ¢ and that
IT(®)Il, = |,

Since ® has compact support, we can find a positive number r such
that the support of T,(®) is disjoint from the support of ® when |¢| > r.
Furthermore, one sees that the functions { 7,.(®)|m = 0,1,2,...} all have

disjoint support when |¢| > r. Fix a ¢ with |¢| > r, and choose an integer k
such that yk e > ||®]|,. Set:

o, = 2

|

Y T,(0).
j=0
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Then certainly A(®,) = A(®). And since {7,,(®)} have disjoint support,
they are orthogonal in L*(F?). So we have:

1 (k! A1 3
190, = 7| X IT.(®)],] = FVkl®l: <&,
k k
j=1

as desired.

DEFINITION 1.7. A function & on G' is regular mod N if
() k is K'-finite;
(ii) h(ng) = m(n)h(g), forall n in N and g in G*;
(iii) for every compact set { in G, there exist a positive scalar C and a
smooth function % on € such that, for all g in Q, we have:
(A) when F is non-archimedean:

a 0 0, if |a) > C*
h 18] = . :
0 a la|*h(g), if |a| < C;
and
(B) when F is archimedean:
h[(a 0 ) ] — 0 rapidly as |a| = o
0o a8\ < la|’ - h(g), as |a| = 0,
where Sz = 2 and B¢ = 3/2.
DEFINITION 1.8. RY(7n) = { h: regular on G' mod N }.
R!(7) is stable under G if F is p-adic, and under (Lie G!, K!) if F is

R or C. (See Wallach [15] for a definition of (Lie G}, K')-modules.)
It is simple to check that:

(1.9) R'(n) € L*(N\ G,n).

Since smooth functions on G! with compact support mod N belong
to RY(7n), this space is dense in L*(N \ G, 7).
Let w denote the Weyl element (? 1).

DEFINITION 1.10. For ® in S,( F?), set:

05(g) =/ fo(wng)n(n)dn, forall gin G*.
N

It may be checked that this is well-defined. It will turn out that 6, is
even square-integrable mod N. More precisely, we will show:

PROPOSITION 1.11. 8, € RY(n), for all ® € S,(F?).
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Proof. Let ® be in Sy( F?). Then for all n in N and g in G, we have:
6o(ng) = [ fo(wung)(u)du = [ fo(wug)i(un™) du
N N

= n(n)0s(g).

Observe that, for every a in F*, we have:

aq,(g a(fl) ~lal? [ ®(a,ax)3(a%) .

Sending x to a~'x, we get:

(1.12) 04,(3 ao_l)=|a]fF<IJ(a,x)J(ax)dx.

If F is p-adic, then ® has compact support in F2, and hence it is
clear that
0
0| ¢ )
<I>(0 at!

vanishes if |a| is large. If F is archimedean, we have for every M > 0:
M ®(a, x)¥(ax)dx — 0 rapidly as |x| = co0. And we also have: ®(a, x)
— 0 rapidly as x| = oo. These two facts imply (using (1.12)) that

eq)(" 0 )—»0

0 a!

rapidly as |a|] — oo.
Now we look at the behavior when |a| is near 0. We can write:

[ @(a,x)d(ax) dx = fi(a) + f5(a),
where
fila) = [ (@(a,x) = @(0.x))¥(ax) dx,
and
f(a) =fF<I>(0,x)(J(ax) ~ 1) dx.

Assume that F is p-adic and that |a| < 1. Then as @ is locally
constant, ®(a, x) = ®(0, x). Consequently f,(a) = 0. Furthermore, f,(a)
equals: [-®(0, x)(¢(ax) — 1) dx, where C is a compact set in F outside
which ®(0, x) is zero. Since v is a locally constant function of F, we have:
Y(ax) = 1 for x in C. Hence f,(a) = [ ®(0, x) dx, which is zero since ®
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is in Sy( F?). Thus

vanishes when |a| < 1.
Let us now turn to the archimedean case. For every ® in S(F?), we
set:

(1) = jpcp(o,x)@(tx)dx,

D®(u,0) = %%, and DO (1)=22"

Then we can write: (with y,: a C*-path from 0 to a in F)
fi(a) = ./;J(ax)fn D,®(t,x)dt = -[y,, dth D,®(t, x)y(ax) dx,

and f,(a) = [, D®~ (t)dt, where dt is the restriction to y, of the natural

1-form on F. It is clear that both [.D,®(¢, x)y(ax)dx and D¢~ (t) are

both O(1) when |¢| < |a| < 1. Hence we obtain (for i = 1 and i = 2):
O(la),  if F=R,

(a) = h .
fla) {0(|a|1/2), ifp=c, “henla=0

It then follows from (1.12) that

0
0, ¢ )
‘D(O a’!

has the desired asymptotic behavior when |a| — 0.

REMARK 1.13. We have actually shown that in the non-archimedean
case 0, is even compactly supported mod N, for each ® in S,(F?).

DEFINITION 1.14.

(a) V, = closure of {0,|® € Sy(F?)} in LA(N\ G, 1)
(b) °V = the orthocomplement of ¥, in L*(N \ G, ).
These two spaces are clearly stable under G*.

DEFINITION 1.15. For each 4 in RY(7n), set:

hV(g) =/;vh(w‘1ng) dn.



222 DINAKAR RAMAKRISHNAN

PROPOSITION 1.16. Let h be in RY(m). Then [y h(w™'ng) dn is conver-
gent, and the resulting function h" satisfies the following properties:

(a) h¥(ng) = h™(g), forallnin N and g in G;

(b) BV is K'-finite;

(c) (i) when F is p-adic,

hN(a a(zl) is 0 (resp. 0(1)) iflal< 1 (resp, la| > 1);

0
and (ii) when F is archimedean,
0 {l, ifF=R i
a , , aslal— o
hN(O a_l)-< la|*?, ifF=C
la|?, as |a| > 0

Using this proposition and the identification N\ G' = F? — {0}, the
following result is easily deduced.

COROLLARY 1.17. kY € L*(N\ GY), for all h € R'(n).

Proof of Proposition 1.16. The convergence claim is easy to prove, and
the parts (a) and (b) are clear. We give a proof of part (c):

(i) F: p-adic. Let h be in R*(n). Then using Iwasawa decomposition,
we get:

I R (O I
el O )

A

Let I, and II, respectively denote the first and second expression on the
right of (1.18).
When |a| < 1, since 4 is regular mod N,

TR

for all k in K*. Hence I, = 0 when |a| < 1.

When |a| > 1, we have: |a™!| < 1 and since & is in R!(n) we see that
the regularity of 4 implies that the integrand of 1, is O(|a|™"). This times
|a|* gives O(1). Hence I, = O(1) when |a| > 1, since Vol(D) < oo.

dx.
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It remains to consider II ,. Clearly we have
-1
H - 2 2 h —-a X 0 (1 0) -2
o= lal? [ $(-a%) [( 0l 1) |l
When |a| > 1, |a7!|< 1 and |a'x| <|a7}| < 1 for all x in b. So
the integrand of II, above is < ]a'2x2|, and so:
II,< 0(1), when|a|>1,

taking into account the fact that Vol(p) < oo.
Now let |a] < 1. There exist positive scalars C, D and 8 € C such
that: (for x in p)

w ol 22 e
and
(B) |b,sp=h((’; b9‘1)=a|b|2.

Consequently, we get:

_ -1 —a x 0 1 0 _
IIa—|al2jl’x15qal¢(—a x)h[( 0 ax‘l)(x 1)]le 2 dx.

Since |a| < 1 and since |x| < Cla|, h is invariant on the right by
(19). Thus we get using (A) and (B):

I, = Sf Y(a=x)dx
x|<Dlal

-1 —X 0 )
+|a;fl)<lxlsc¢(—xa )h( ; _x_1)|x| dx.

Now
f Y(-a2x)dx = |a|f Y(-ax)dx =0,
|x|<Dlaj |x|<D

if |a| < 1.
Since 4 is K'-finite, we can write:

h(x qu)= Y k().

0 wES

for all x in F*, where S is a finite subset of 0F and where & satisfies:

h,(ux)=w(u)h,(x), forall uinU, and x in F*.
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Consequently we obtain:

- - 0 -
/;<|x|<c¢(—xa l)h( Ox --)C'l)lx| dx

= X ¢ L h(-7)G(e,a"),

{n|D<q™"<C} wES

where
(1.19) G(w,t)=f w(u) ¥ (tu) du, fortin F*.
Ur

We will be done if we show that for each w € S, and for each n such
that D < ¢~" < C, the Gauss sum G(w, a'n") is zero when |a| < 1. This
follows from the following:

Claim 1.20. For every w in fjp, there exists / € Z such that
It > ¢' = G(w,t) = 0.
Indeed, if @ = 1 we have: G(w, ) = [ ¥(1x) dx — [,¥(tx)dx. And
if w # 1 with p” the largest ideal such that  is trivial on 1 + p’, we see
that:

Glw,t)= ¥ w(u)xﬁ(tu)f’\_lz_(tux)dx.
Ur/(1+p") b

If p~"(“) = ker(y), we get by orthogonality of characters of compact
groups that:

G(w,t)=0, ifo(t)<-1,
where
I,=n(y)+1(resp. n(¢y)+r) if w=1(resp. w # 1). O
(i) F: archimedean. We will first study the behavior of

h”(g 91) as Ja| - 0.
a

Since 4 is K'-finite, there exists an f in C*(G") such that h = h* f V.
Here fV denotes the function: g — f(g™!), and * denotes convolution
product. It then follows that:

R

=fN\Gl hN[(g aql)gluf(g)dg,

where p,(g) = [y\g f(ng) dn.
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Note that u, has compact support mod N. So there exists a compact
set ©, in A'’K! = N\ G such that:

(5 =l e ml(e

Since p, < 1, this yields:
Nl a 0
h (O a“) < L_[

Let ©,(a) be the image of Q; under the map:

b 0 a'b 0

k .
(0 b“) H( 0 ab-l)k

Then (1.22) becomes:

0

w5 )
0 at
hN(b 91)k|~|b|-1d*bdk.

H(a) N ‘[’/;Zz(a) 0 b

Observing that H(a) is at least O(1) for |a| small, we get from (1.23):

(1.22)

N ab 0 ) ] -1 g%
h [(0 et ||| 1017 d bk

(1.23)

<la|*- H(a),

where

hN(g aql) <lal* asla| - 0.
It remains to show the asserted behavior of
0
(o )
0 at

as |a| = oo in the archimedean situation. For this we use the Iwasawa
decomposition: G' = NA'K! and write:

(1 0) _ (1 _x(1 - xae)l/z) (1-xx)""” o |,
x 1 0 1 0 (1-xx)"*] "
where
= ¥(1-xx)"? -(1-xx)"? c k!
Tla-xm) x(1-xx)V? '

(Note that when F = R, x = X.)
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v a . a1 - xx)V? 0 o
g (0 a(zl)=‘alth“ 0 a(l—x;‘c)l/z)kxw }

@(a‘z)_c(l - x)_c)_]/z) dx.
Again, when |a| = o0, |a]™ - |(1 — xX)"*/?| > 0, and the regularity
of h implies:

- —\-1/2
h[ a1 - xx)" 0 B 1/z)kxw—l} <la| ™ -(1 - xf)—ﬁ‘r/z.
0 a(l — xx)
Consequently,
’ N(a 91) <laP P [ (1= x%)* dx < jaf* P,
0 a F

when |a| — oo, as desired. O

PROPOSITION 1.24. If h is in R'(n), then
heV « h¥=0.

Proof. For every ® in S,(F?) and every h in R!(7), a formal
manipulation yields:

(1.25) (0, 1) = (fo, hV).

To make this rigorous we need only to check that: [ f( wg)@dg is
absolutely convergent. We may replace 4 by |h| and assume that 4 > 0.
Then the desired result follows from the asymptotic properties of f, and
h (cf. Proposition 1.16).

Since S,( F?) is dense in L*( F?), we see that Sy(N\ G!) = { f|® €
So(F?)) is dense in L*(N\ G'). Therefore any 4 in R'(7) is orthogonal
to V. = the closure of {05|® € S,(F?)} if and only if 2" is identically
zero. (]

DEFINITION 1.26.
%Wy = {h €V|h is K -finite}.

THEOREM 1.27.

(a) °Vy is admissible;

(b) °V, ="V N RY(n), i.e., every h in °V is regular mod N; and

(c) Vi is precisely the space of all K'-finite vectors in the discrete
spectrum of L>( N \ G'; ).
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REMARK 1.28. It is known (cf. [10], for example) that L*(N \ G; n) is
a multiplicity-free representation. Hence every irreducible of G! occurring
in °V will occur exactly once.

Proof of Theorem 1.27. We will show the admissbility (a) and regular-
ity (b) of °V, simultaneously.
We first decompose °V; according to the right action as:

OVK= 2] AOVK(U),
(o,H)eK!
where each o-isotypic space °V (o) can be identified with
{f: G* > H,|f(ngk) =n(n)o(k™')f(g), forall n € N,
g€ G and k € K'; andf € L*(N\ G'/K)}.

For every (o, H,) in K' and for each character w of By = B N K,
we let H_ (w) denote the subspace of H (w) consisting of vectors v such
that o(b)v = w(b)v for all b in Bk. Then it can be seen (cf. [5]) that
dim H (w) < 1, and that, for a given o, H (w) = 0 for all but finitely
many characters w of By. We get:

0VK(°)= &%) OVK(O,‘*’)y

we B
where
Vi(o,0) = {f€V(0)l/(gb) = &(b)f(g),
forall g in G' and b in B}.
To show the admissibility of °V, we need to prove that"’\VK( o,w) is

finite-dimensional for every (o, H,) € K' and for every w is B}.

F: non-archimedean
The desired result in this case will follow immediately from:

LEMMA 1.29. Fix (0,H,) € K, and « € B}. Then we can find a
positive constant C = C(o, w) such that for every h in °V, (o, w) there exists
a vector v in H_(w) with the property:

0 .
h[(g (21)] _ [a{za(a/ow |a|/a)vo if l[a| < C
? 0 if Ja) > CL.
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For every integer r > 1, let K! denote the principal congruence
subgroup of level r, namely: {k € K'|dk = I (mod p")}. Let m be the
smallest integer r such that K! c Ker(o).

Let x be in p™. Then, for every 4 in °V( 0, w), we have:

W(e 2)=rlle )6 )
AN (Y R PR | R

h(g a(ll)=‘[’(azx)h(g a‘fl), Va € F*, x € p™.

Let p~"™) be the largest ideal on which ¢ is trivial. Then we get:

, forall ain F*.

But

SO

h(g a‘il) =0, if20(a) <-m—n(y),

ie., if |a| > gmt"¥/2,

Since the case when H_(w) = O is trivial, we will choose (o, H,) and
w such that H (w) # {0}. We will produce certain explicit special func-
tions 6, in V. (0,w) so that & is forced to have the derived asymptotic
property as |a| < 1 by virtue of 4 being orthogonal to V (o, w). For any
right G!-module X, the space X(o, w) is defined in the obvious way.

For any ® in Sy(F?; 0, w), we have:

/ -
o(p(” 0_,) g7t O(a', x)T(n'x) dx
0 = F

- folom(S 7 )[p

+q”! (I)[((),x)( 1_1 g)]@(w’x)dx.

|x|>g~! wix

We will choose @ in such a way that the support of {¢ — ®[(0, ¢)k]}
isin {¢7! € p™~'}, uniformly for all k in K. Then the integral:

fp,‘l’[(()»ﬂ’)((l) W__}x)]sz(ﬂlx)dx

vanishes. Furthermore if x~! € p™~/, then the matrix

[onr 1)
alx ! 1
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is in K}, and so leaves ® invariant (on the right). Thus we get:

! _
(1.30) 04,(78 O_I) =g o 00, x)Y(nr'x)dx=q" - @ (n'),
X>q

T

where ® ~ (1) = [ ®(0, x) ¢ (ux) dx.

Let w # 1. Then the conductor of w is p” with r > 0,i.e.,1 + p” is
the largest subgroup of U, on which w is trivial. Choose a non-zero vector
v, in H (w) and define for every j > [3m /2] — n({):

‘ij( M) = 8, j+rency) Vo-
Since every non-zero element of F? — {0} can be written as (0, 7~')k for
some integer i and some k in K}, we see that we get a unique function o,
in Sy(F?; o,w) such that ®,(0, 7). Then for every integer / > [-m/2],
we have:
l+j+r+n(Y)>1+j+n(Y)=2m-1,
and thus:
Supp(qu) - {'7r’x‘1 € p"'}.
So by (1.30), we get:

/ . N i
0(1) (77 0_/) - q—l+j+r+n(t[/) . UOf 11(/(7Tl—j—r—-n(4¢) . u)w(u) du
T Ur

=38, q" - Vol(Uy).

Now, since 4 is orthogonal to 0¢,’ we have for every j > [3m/2] —

n(y):
J

a O a 0
6, -2 g%
la|< g™/ <h(0 a‘l)’ ‘1’1(0 a-1)>|a| d*a

! !
21 h(‘lT 0 ),0 (77‘ 0 ) .
Iz[g/z]q < o ') %\lo

Consequently we get:

q2j+r<¢(77j W(ij), Vo> - Vol(U;) = 0,

o
f

0

for every j > [3m/2] — n(¥).

Hence: h(g 0 ) =0, ifla < g"¥3m2,
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We now turn to the case when w = 1.
Choose for every j > 3m/2 — n(y), a function ® € S (F*0,1)
such that:

q" " -y, ifl=j
O (7)) ={ g1y i = 41
0, otherwise.

Once again v, 1s some fixed non-zero vector in H(1).

<h , 0<I>,> = ( implies:

a/ 0 ,_ a/*l 0 Y
<h(0 w-f)’v°>q ~<h( 0 w“f*l)’U°> ql

for every j > 3m/2 — n(y).

Then we must have:

w0 ) e s m
h(O '”_/-) q Uy V.]> 2 n(‘r’/)

Since 4 is invariant under the right action of By, we get:

h(g a(fl) = |al?v,, if |a| < g"®~¥"/2,

This proves Lemma 1.29 and hence parts (a) and (b) of Theorem 1.27
in the non-archimedean case.

F=R

For each integer n, let o, denote the irreducible module of SO(2)
given by: k, — e, where

_ [cos@ ~sin0)
0 .

sind cos @

It suffices to show that each °V,(a,) is finite-dimensional. This will
follow from the following explicit bound:

LeEMMA 1.31.
max{(), ﬂ_—3~}, ifn=1(2)

dim Vi (0,) <
Hlo) =

7’
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Proof. Choose for every | € Z*, a function ®, in S(F?;¢,) by:
/
®,(0,x) = Pe-™, where P,= Y cx ¥t m = |n,
j=0

such that ¢, # 0. Since R — {0} = Y - K' with Y = {(0, x)|x € R*},
every @ in S(F?; g,) is determined by its restriction to Y.
For @, to be in Sy(g,), we need:

!
Y cj,f x 2ty = (),
j=0 R
which is automatic if m is odd. When m is even, choose { ¢,,} such that

y cj,-ﬂ‘/f x/HmID 2e-x g*x = (),
5
+

O0<j<!

ie, Xy, <,c;m'T(j+ (m+1)/2) = 0. We can do this for every / > 0.
Set 8, = 0, , and let a € R*. Then we obtain:

0,(3 aql) = |a|2‘/;!¢1>,[(0,a(1 + xz)l/z)kx]xﬁ(azx)dx

where
x(1+x2)7V? (1 - x2)V?
1+ 352)—1/2 x(1 + xz)_l/2

X

€ SO(2).

Thus 0,(a 9 ) equals:
a

/
.E f 2+ x2)1+m/2 Tt )(1()_c|-+ l))m/z‘l’(a x) dx,

where + denotes sgn(#), which becomes:
lale=™" Y c,,f (x + ia)" 7 (x Fia) e ™ y(ax) dx,
0<j=<!/
as x - a'x.
Let

o@=- T ¢, L X/

0<j<! p=0 ¢g=0

+
" j)('*")q Prmgmr2i-r-ag i g(V27a),

where H

Ptaq
we obtain:

is the (p + ¢)th Hermite polynomial (see Magnus [9]). Then

a 0 “2md?
6’;(0 a_1)=la|e 2770, (a).
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Let d, be the coefficient of the leading term a™*?/ in Q,. Then

m+1l

j[PZO qZO( )(m ; l)(+ )q " mzp+q(‘/2—;)p+q

=C//(ii)m Z Bk/(i‘/—‘g_‘”)k,
k=0

where
min(/, k)

=L (i)

p

Clearly, for every /, there exists a k such that B,, # 0. And ¢, # 0 by
assumption. Thus d, # 0, for otherwise Y7 would be algebraic! Therefore,
the degree Q, is precisely m + 21.

Let ¢ €%V (0,). Then ¢ L {6,}, and we have

— O 0 A (A -27a? -2 gx
O‘qu’(o a_l)Q,(a)lale la| 2 d*a

= fn é(a)Q)(a)e > da,

a 0 .
as(a>={¢(o ) ifa=0
0

ifa=0

where

and Q)(a) = a ?Q,(a). Note that Q; is a polynomial of degree m + 2/ —
2if m + 21 > 2.
Let Z,, be the closure in L2(R) of the span of the union of { a*e "%

ke€elZ, k—m=12)} and
>0 ifm:evenorm=1,}

’ ~2ma?
{Q,(a)e />0 if m:oddand > 3

Let Z denote the ortho-complement of Z, in L*(R).
Then

max{0,m — 3/2) ifm=1(2)
: 4
dimeZ, < 3 it m=0(2).

Claim. ¢ € L*(R), for all $ €°V(s,).
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We are done modulo this claim because then { ¢|¢ €°V(0,)} C Z;}
and ¢ — ¢ is injective.

To prove the claim, observe that since ¢ is K-finite, there exists
f € C*(G) such that ¢ = ¢ * f V. Hence

Jb(a)=(¢*fv)(g aql)=f0¢((g aql)g)f(g)dg

Loy D))

. a 0 al 0

Jl6 )l rowan

There exists a compact set & in N\ G = AK such that the inner integral
vanishes unless g € Q. So

sa) = [of(o 2 )e)itar)ag,

a

where

fg(y)=fkf(((1) )lc)g)xlz(xy)dx-

There exists a positive function 4 in S(R) such that | fgl < h, for g € Q.
This implies

b 0 _
sl h@ [ [o{(% 0 Je]| pramar
b 0
<n(@) [|o(% 0o,
where w is a compact set in A
=n@)-jap |2 % )] r2a < h(@)-jar

This proves the claim.

Incidentally we have also shown the regularity mod N of functions in
V(o,).

F=C
In this case the unitary irreducibles of K* = SU(2) are given by:
0, K' > AutH,, mel,,

m
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where H,, = {homogeneous polynomials of degree m in Clu, v]}, with u,
v: indeterminates over C.
The characters w, of

are given by:
0 e—i0

It can be seen that H,(w,) # 0iff |n| < m and m = |n|(mod 2).
Explicitly, H,(w,) is the C-span of u™ - v™2, where

i0
(e 0 )*—)e’"”, forn € Z.

m — |n|
7

_m+in|
m, = 3
We will be done if we show:

and m, =

LEMMA 1.32.
(a) dim Vi (0,,w,) <m+ 1, forallme Z , n € L.
(b) The functions in °V(s,,) are regular on G* mod N.

The proof of this lemma is very similar to that of Lemma 1.31 (the
real case), and will be omitted.
It remains to prove part (c) of Theorem 1.27.

DEFINITION 1.33. V. = { K-finite vectors in the discrete spectrum of
LN\ G',n)}.

Since we have shown that °V, is an admissible subspace of
L*(N\ G, n), we have:

(134) OVK = Vdisc‘

In what follows we will show the reverse inclusion.

Let (7, H,) be an irreducible unitary representation of G'. Let H, x
denote the space of K-finite vectors in H_. Then we get an admissible
representation of G (resp. (Lie G', K')) on H, , when F is p-adic (resp.
archimedean).

DEFINITION 1.35. An irreducible, square-integrable G'-module (7, H,)
has a Whittaker model relative to n iff Hom y(H, ,Vy..) # {0}, where

G, if F is p-adic
(LieG', K'), if F is archimedean.
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For a definition of intertwining operators between (Lie G', K')-mod-
ules, see Wallach [[15]).

DEFINITION 1.36.

Y (n) = Irreducible, inequivalent, square-integrable G'-modules
K which have Whittaker models relative to 7 | -

REMARK 1.37. It is known that the right regular representation L?(G)
is a multiple of (the multiplicity-free representation) L>(N \ G, ). This is
a theorem of B. Blackadar, a proof of which can be found in [6]. From this
theorem it can be deduced that V. embeds in the discrete spectrum of
L*(G"). Thus we have the following decomposition:

I/:iisc = @ .

TEX(n)
Let (=, H,) be in X(n). Then, since V
embeds in V. in a unigue manner.

is multiplicity-free, H, x

isc

isc

DEFINITION 1.38. Let (7, H,) be in X(7).

(a) W(m) = the unique component of V. isomorphic to H, .

(b) A Whittaker vector (relative to m) associated to (7, H,) is an
element of W( 7).

Since we have the decomposition:
(139) l7disc = @ %(W)’

(w, H,)€X(n)

we need only to show that (=) is in °Vy for all (7, H,) in ¥(7). This
will be achieved by the following:

ProOPOSITION 1.40. Let (m, H,) be in ¥(m). Then every Whittaker
vector W (relative to ) associated to w is regular on G' mod N, and
satisfies: WV = 0.

Proof.
F: p-adic
Every discrete series representation of G' is either supercuspidal or
special (cf. [4], [7] for definition). The proposition is a standard fact (cf.
[7]) for any supercuspidal = in X(n). Assume that = is special. Then we
know from Godement ([4]) that every Whittaker vector W associated to =
satisfies:
W(a 0)={0’ ?f[a|>>1
0 a! la]?, if |a] < 1.

Hence W is regular mod N.
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Suppose WV =+ 0. Then the p(G')-span X of W" is admissible, and
every f in X is a function on G! satisfying:

f(ng) =f(g), forallnin N and g in G'.

For each f in X, let f| denote the restriction of f to A'. In other
words, f| o is the function on A’ satisfying:

fla(a) =f(a), foreveryain A
Let C®(A') denote the space of locally constant functions on A

Note that since each f in X is K -finite, f| 4 is locally constant on A'. So
we get a map:

r: X » C*(A') with r(f) = f] .

Let X, denote the image of X under r, and let p, denote the natural
action of A' on X,, given by:

pn(a)fla(b) =f(ba), forall a,bin A

It is clear that (py, Xy) is a smooth A'-module.

Claim. X, is an admissible 4'-module.

Indeed, we may choose (cf. Deligne [2], for example) a neighborhood
basis (K})),,»1 of 1 in G such that

(i) each K} has an Iwahori factorization: K1 = N, - AL - N, where
N,=NNnKL A =4'nK,,and N,= NN K}; and

(i) (4%),,50 is a neighborhood basis of 1 in A' (consisting of
compact subgroups). The claim will be proved if we show that X{ is
finite-dimensional, for every m > 0.

But for every m, the restriction map r: X — X, gives rise to maps:

ri X% - X{=, and r: XA X,
Suppose f in X is fixed under 4} N, . Then the function f, defined by:

g~ (VoIN,)" [ (o(n)f)(8) Dn

m

belongs to X*=. Furthermore,

r(fo)(a) = (VoIN,)" [ (o(n)f)(a)dn = f(a), forallain A
Nm
Thus the image of X%~ in X, is identical to that of X“»n.
Now let Z be any finite-dimensional subspace of X7, and let Z’ be
any finite dimensional subspace of X mapping onto Z. Then we can find
an open compact subgroup O in N,, such that Z’ ¢ X*-°. Choose a, in
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A" such that aj'N,,a, C O. Thenif fisin Z’ and n isin N,, we have:

p(n)p(ay)f = p(as)p(aginay)f = p(ay)f.

Thus p(ay)Z’ € X*™. And r(p(ay)Z’ = py(a,)Z is contained in the
image of XX» (by the earlier remark). So dim Z = dimp,(a,)Z <
dim X%~ This shows that every finite-dimensional subspace of X{~ has
dimension bounded by dim X%». Then X{~ itself is finite-dimensional.
This proves the claim.
Now the claim implies in particular that W"| , is A!-finite. So there
exist a finite number of characters p, of 4! such that
N
WN(; a(?‘l) =) ap(a), N<o,a€C.
i=1

But W": regular implies:

WN(g 91) —0, if o] < 1.
a

This forces each a; to be zero, and W = 0. o

F: archimedean

When F = C, there is nothing to prove due to the absence of discrete
series. So assume F = R. The regularity of Whittaker vectors W of
square-integrable representations follow from [4], [S]. It remains to show
that WV = 0.

Let X denote the (LieG!, K!)-span of WP". Then (p, X) is an
admissible (Lie G}, K*)-module. As in the p-adic case, consider the restric-
tion map r: f — f| 4 from X into the space of smooth functions on A'.
Let X, denote Im(r). Then it is stable under the action of (Lie 4*, A%).
Note that

p(n)f(a) = f(an) = f(ana”'a) = f(a),

for every a in A' and n in N. So p(n)f — f is in Ker(r) for all f in X
and for all » in N. On the other hand, if n = exp(7T) with T in Lie(N),
then

p(n)f=plexpT)f=p(1+ T)f=f+o(T)f.

Thus p(n)f = f = p(T)f.

Conversely, for any T in LieN, p(T)f=r(T — 1)f — f. Hence
p(Lie N)X = Span{p(n)f — f}. By an earlier remark, we have
p(Lie N) X c Ker(r). So dim X, < dim( X/p(Lie N) X).
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Let U(Lie N) be the univerdal enveloping algebra of (the complexifi-
cation of) Lie N. Then (cf. [1]) the (Lie G*, K')-module X is finitely
generated as an U(Lie N)-module. Since

U(LieN) = C + p(LieN)U(LieN),
we get dim(X/p(LieN)X) < oo. Thus X, is finite-dimensional, and
hence an admissible (Lie A%, 4% )-module.

We can then find a finite set {puglk =1,..., N} of characters of
Lie A', and scalars { b, } such that

vfa 0 _ loga 0
v (0 a”! 1sstka“k( 0 —loga)'

As the p,’s are unitary, there exist real numbers {7, } such that
loga 0 .
K =at.

0 —loga

On the other hand, we know, since W is regular, that

WN(S 91) < const. |a|, for |a| < 1.
a

This yields
< const. |a|, for |a] < 1.

|Z a”k
k

Then for every j € {1,2,..., N}

b+ Y b

k#j

< const. |a|.

As we let |a| — 0, this forces b, to be zero. This is true for every j. Hence
W N( a 0

0 att

So W is identically zero, and we are done.

) =0, forall a.

REMARK 1.41. A' acts on the characters of N via its conjugation
action on N. Let S denote the set of equivalence classes of characters of N
under this action. Then this set S is finite. Let {n,,7,,...,7,} be a set of
representatives for the elements of $ in N. Then it is a standard fact that
every discrete series representation m of G' admits a Whittaker model
relative to some n, 1 < j < r. [4]

We conclude this section with a few remarks on the case of G =
GL(2, F).
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DEFINITION 1.42.
(a) For every @ in S(F?) and ¢ in S(F*), set:
f(8) =f(2,9)(g) = fo(g) - ¢(detg), forallginG
(b) S(N\ G) = {f(®,9)|® € S(F?), $ € S(F*)}
(©) So(N\ G) = { f(2,9)|® € Sy(F?), ¢ € S(F*)}.
It may be verified that:
(1.43) For every f in S;(N\ G) and g in G,

0(g) = [ 1(wng)i(n) dn

is convergent and defines a K-finite function in L?>(N \ G, 7).
Clearly we have:

(1.44) 0f(d>,¢)(g) = 0,(g) -(detg),
forall ® € S,(F?), ¢ € S(F*)and g € G.
The following result can be easily established using Th. 1.27:

PROPOSITION 1.45. Suppose h is a K-finite function in L*(N\ G,n)
which is orthogonal to {8,|f € Sy(N\ G)}. Then for every t in F*, the
function:

lly Ol vee

is in the discrete part of L*(N\ G',n,), where m, denotes the character:
(51) = m(tx) of N.

2. The main duality. For any quasi-character p = (p,, p,) of A4,
and for h in L?(N\ G), the formally define the y-Mellin transform of A

by:
(20)  L(h,p;8) = [ h(ag)8(a)p(a)d’a  (vgeG).
This expression can be seen to be convergent when p is a unitary

character and 4 isin S(N \ G) or in (8(Sy(N \ G)))".
The result we are after is the following;:

THEOREM 2.1. Forallfin Sy(N\ G), pin A and g in G,

-2
L(f,p;g) =3¢ (pnt)| - L(6},1; 8),

where ( for any quasi-character \ of F*)
L(a-X1)

g(N) =¢e(A,¢,dx) - L)

with a(x) = |x|.
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Here &(\,y,dx) and L(M\) are respectively the e- and L-factors
attached to N (and y and dx) by J. Tate (cf.[13], [14].

COROLLARY 2.2 ( Preliminary scalar product formula).
—————— -2
(6,,6,) =5 j dk [ L(6% ps K)L(OY. w: K) - |¢(vip3')| .
forallf,hin Sy(N \ G).

To see that the theorem implies the corollary, note that if f,, f, are in
L*(N\ G), then by using of the Plancherel formula for 4, we have:

<f1,f2>=fm L(fy, 15 k)L (fy, s k) dp dk,

where dp is the dual Haar measure on 4. Hence

(0,0, =(7.01)= [ ak [ L(7.w k)L(OL, s k) dn.

Now we will begin with the proof of the theorem.
Let B denote the skew-symmetric bilinear form on F? given by
B(u,v) = ad — be, if u = (a,b) and v = (¢, d). For @ in S(F?), set:

(23) ®(0) = [, ®(u)¥(B(u,0)) du.

The map ® ~ & can be seen to be an automorphism of S(F?) commut-

ing with the right action of G*. It also induces, for each ¢ in K', an
automorphism of S(F?,¢) onto itself. Furthermore, if ® is in S(F?), it
can be shown for every L in % with Haar measure dz that [, ®(z)dz =0
iff [, ®(z)dz = 0. Hence this symplectic Fourier transform maps S,( F?)
(resp. Sy( F?,0)) onto itself.

DEFINITION 2.4. For @ in Sy(F?) and y in F*, set:

*(y) =/;:(I>(y,x)dx.

Let F be p-adic. Then ®* clearly vanishes if |y| > 1. Also, since @
is locally constant and since [ ®(0, x) dx = 0, we have:
o*(y)=0 if |y|< 1.

Now assume that F is archimedean. Then ®*( y) vanishes rapidly as
|y| = oo. Moreover, proceeding along the lines of proof of Proposition
1.11, we can show that:

D*(y) <|y|%, as|y|-0,
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where

cg=1 and cc=3.

DEFINITION 2.5. For @ in S,(F?), set:

yI'®*(y), ify+0

h =
+(7) =1y, ify=0.

From the above remarks about the asymptotics of ®, it can be seen
that 4, is actually an integrable function on F.

For any open subset U of F, let S(U) denote the space of functions
on U which are restrictions to U of functions in S(F). Furthermore, let U,
denote, for every & > 0, the open subset of F given by: { y € F||y| > &}.

DEFINITION 2.6.
Sy(F) = {h € L}(F)|hl,. € S(U,), Ve > 0}.

Then for every ® in Sy(F?), hg is in S;(F). Note that when F is
p-adic, hg is actually in S(F).

For every h in LY(F), let h denote the usual Fourier transform
relative to (¥, dx).

PROPOSITION 2.7. Let f= f(®,¢) be in Sy(N\ G) (see Definition
1.4.2) with ® € Sy(F?) and ¢ € S(F*). Then

0/(2 )= o(ab) 16" (ha(a) + (ho)" ().

Given any f= f(®,¢) in Sy(N\ G), let f~ denote the function
f(®,®V), where ¢V (1) = |t| - (™) for t in F*.

COROLLARY 2.8. For every fin Sy(N \ G) and g in G, we have:
0/(g) =6/ (gdet - g7*).

The corollary easily follows from the proposition when g is a diag-
onal matrix. We may write any element of G as nhk with n in N, h in 4
and k in K. So it suffices to show that the truth of the corollary for g
implies it for gk as well for k in K. We may take @ to be in Sy(F?,0)
for some o in K'. Then, noting that 6(gk) equals o(k™")6/(g), we
obtain the desired result.
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We also have the following

COROLLARY 2.9. f(g)=f "(gdetg™), for all fin S(N\ G) and g
in G.

Indeed we have
<f’0f/\£> =(6,,6,-) = (0. 17)-
This, together with Corollary 2.8, yields the formula.

Proof of Proposition 2.7. We have to show that
va 0O
0f (0 b)
equals:

-1 -
o) (161" [ 9 (a )y [ @(r, )
F F
-1 - 2
Hol ™ [ v @)l [ @(y,x>dx].
F F
From the definition of Bf, we get

HfN(g g)=¢(ab)defo(I>(ay,b+bxy)xp(y)dy.

Since @ is in S(F?) we can find a function ®, which is integrable on F?
such that

®(u,v)=®(0,v) + ud,(u,v) forall (u,v)in F2.

Thus
N{ a 0 — .
oM ) =elab)-(1+ ),
where
1= [ dx[ ®(0,6+ bxy)¥(y) dy,
and

J = / dxf ay®,(ay,b + bxy)y(y) dy.
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We write [ for (.. Then

=15 [ %f@(o,b+y)tp(b xly)dy, asy - b xly
=|b|_1f %fQ(O,b-Fy)zP(xy)dy, as x — b7lx!

=15 [ $-b0) S [ 60 b asy—y—b
=16 o) & [ ()

1o f ¢(by) o[ @0y x) ax,
by simply mterchangmg the labels x and y.

Next we claim that J is absolutely convergent. For this it is enough to
show that

def
I*= [ a9 (y)dy [ @,(ay, b + bxy) dx

is absolutely convergent. This is indeed so because

=[b|~lf ay:,b(y)%f ®,(ay,b + x)dx, asx —> blylx

=161 [ W(a W)y /) dy [ @y, %) dx,

which is absolutely convergent. So by Fubini’s theorem J = J*, and we
obtain:

=161 [ $(a) % [ 30y, 0)

=15 [ W(a) L [ [0(.%) - 00, 2)] dx

=|b[_1f :,b(a‘ly)f ®(y,x)dx, sinceftl)(O,x)dx=0. O

For every character pu of A4, let p” denote the character

(5 5)=+s o)
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PROPOSITION 2.10. For every fin So(N\ G) and p = (1, 1,) in A,
2
L(6Y,p; g) = (pps') [ [L(f,m;8) + L(f ™, p"; g - detg1)].

Theorem 2.1 can be easily seen to follow from this proposition and
Corollary 2.9.

Replacing f by p(g)f, we see that we will be done once we show that
the proposition holds when g = e.

For 4 in S)(F) and » a quasi-character of F*, set:

(2.11) Z(h,v) =f h(x)r(x)d*x.

F*

This is a local zeta integral as defined by J. Tate ([13]). We have the
following functional equation:

(2.12) Z(h,v'-a)=¢€(»)Z(h,v),

where a(x) = |x|for x in F*.
A simple calculation, using Proposition 2.7, yields:

(2.13) L(6),use) = Z(¢, ;- «/?) Z(hg, pop?)

+Z(¢’H1 : a—l/z)z(gcin#zﬂfl)~

By using the functional equation (2.12) and the definition of h, we see
that

Z(hg,poni') = &(p3'ma) [ ®(a, x)u3'ui(a) d*adx,
F*XF

which equals

[8’(u1u51a)
81(”1“31)

[ 80 5)mp3(b)]bla*b.

From this it can be deduced that

¢ (pps'a)

y ~Zq5,,ua’1/2~Ziz, .
E(Muu_zl) ( 1 ) ( @ Mol )

(2.14) L(f,p;e) = [

Similarly, we get

¢ (paps'e)

P = : Z(‘P,P‘za—l/z) : Z(iléaﬂzﬂfl)'
€ (P«U“?. )

(2.15) L(f~.p";e) = [
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The proposition, and hence the theorem, follow from (2.13), (2.14),
and (2.15), once we note (cf. [13]) that when » is a character (of module
one) of F*,

[¢'(v) /€ (va)] =|e’(v)|2. o

3. The scalar product formula. For any ® in S(F?), not necessarily
in Sy( F?), and quasicharacter p = (p,, p,) of 4, set (as in [7]):

(3.0) bo(n;g)

= m(detg)ldetglfp* @[(0,1)glmp3'(1)lt|d*, Vg EG.

Then bg(1) belongs to the space of the smoothly induced representation
Ind(G, B; n), and every function in this space is of this form. The
associated Whittaker vector is:

(3.1) Walp:8) = [ bo(wswnghn(n)dn (g€ G).
For any £ in L?(N \ G, 1), formally set:
(3.2) V(e Wow) = [ £(8)Waln: 08) ds,

where 8§ = (7} ¢

It may be seen that, when £ = 6, for some f in S(N \ G) and when
Wy () belongs to a unitary principal series representation, this expression
makes sense. Furthermore it equals, in the sense of analytic continuation:

(3.3) p(ww™) [ bo(; K)L(EY, s k) dk.

DEFINITION 3.4. For every o in K, let I, denote the set of pairs (i, /)
of integers such that 1 < i, j < dimo, and write A = {(0, ,)|0 € K }.

THEOREM 3.5. There exists a family {®, € S(F?)|l € A} such that,
for all f, hin SO(N\ G),

<0f’ f b, W, P«) (011’ch,(#))'lsl(hﬂ_zl)’—zd#-

Proof. Let (o, H,) be a unitary irreducible of K', and let p be a
character of A. Then, for B in L?>(N\ G), we can formally define an
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operator:
(3.6)  L(B,pio)= [[ Bak)u(a)d(a) ™ d*adk.

This expression converges whenever B is in S(N\ G) or in

(0(Sp(N\ G)™.
Let L(B,u;0)* be the ajoint of L(B,u;0). Then, for all f,4 in
S,(N \ G), the preliminary scalar product formula (Corollary 2.2) yields:

3.7) (6,.6,) = Zf sp|L(8)1; 0) "L (6, s o) e (i'a) | i,

where sp denotes tr/dego.

For each character p of 4, let p, denote the restriction to 4. Recall
that the eigenspace H_(p,) is at most one-dimensional (cf. [3]). Let
P(o, p,) be the corresponding projector. Then

(3.8) P(o,pno)L(B,p;0) = L(B,u;0).

When F is p-adic, let x denote the characteristic function of the unit
group U, divided by the volume of Uy. For ¢ in F*, set:

p(z)-x(1), if F: p-adic
(3.9) X, (1) = ( (1) -exp(-m1?), i F=R
p(t) - exp(-2wet), if F=C.

By construction [r. x,(f)n"'(¢)|t|d*t = 1. Set
(3.10) 2,[(0.1)k] = x,(1)a (k™) P (o, by).
This defines an operator-valued function ®, in S(F?). Furthermore,
b, (B3 8) = fF ®,(0,1)pY(2) d*t = P(o, ).
Thus we get, using (3.8)
(3.11) L(Bmso) = [ B(g)bo(i"; g) dg.
MG

From (3.7) and (3.11) we get:

(12 (o.0)=5 £ [an [[ (62@87&)-|e(wi'na) )

2 ek (N\G)?

5p|ba ("3 8)* - by (i"; 8')] dg dg’.
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Finally, choosing a basis { e;} of each H,, set

(3.13) @, ;= (dim H,)™ - (®e,, De;).
Then
(3.24)  sp| by, (1*; 8)*bo,(1*; 8)* b (1*; &')]

= X by (nsi8)be (15 8)-

1<i, j<dim H,

Now the theorem follows from (3.2), (3.7), (3.12) and (3.14). O

Note added in proof. The main results of this paper admit an extension
to GL, by an analogous but not so explicit a method ([12]). By employing
different (and much more powerful) principles involving the weak inequal-
ity and Maass-Selberg relations, Professor Harish Chandra obtained a
complete spectral decomposition in 1982 valid for all real reductive
groups. A sketch of proof is in his unpublished paper, “On the theory of
the Whittaker integral.”
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