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AN EVALUATION OF THE CONDITIONAL
YEH-WIENER INTEGRAL

KUN S00 CHANG, JAE MOON AHN AND Joo Sup CHANG

Yeh obtained the conditional Wiener integral of

exp{ — VI x(u)] du}
given x(t) where x is in Wiener space C[0, ] and V is a function on R
satisfying certain conditions. In this paper we extend Yeh’s result to the
conditional Yeh-Wiener integral of exp{— [} [3 V[x(u, v)] dudv}
given x(s,t) where x is in Yeh-Wiener space C,(Q) and V is a
nonnegative continuous function on R satisfying the condition

-} dm, () < o

w

fo V(w)- exp{ 2s

1. Introduction. Yeh recently derived inversion formulae for condi-
tional expectations [5] and for conditional Wiener integrals [6]. He also
evaluated some conditional Wiener integrals using these inversion for-
mulae. In [2] and [3], they introduced the conditional Yeh-Wiener integral
and extended some of Yeh'’s results for the conditional Wiener integrals to
the conditional Yeh-Wiener integrals.

Here the probability space is the Yeh-Wiener measure space on the
Yeh-Wiener space C,(Q) of the real valued continuous functions x
defined on Q = [0, s] X [0, ¢] for some fixed positive real numbers s and ¢
such that x(0,v) = x(4,0) =0 for all 0 < u < s and 0 < v < 1. In this
paper we shall always denote Q as a fixed above rectangle. Let (C,(Q),
%,m ) be the Yeh-Wiener measure space. For a complete discussion of
Yeh-Wiener measure space, see [7].

A real valued functional F on C,(Q) is said to be Yeh-Wiener
measurable if it is 4 measurable. Its integral with respect to m , if it exists,
is called its Yeh-Wiener integral which is denoted by E”( F). In this case
we write
(1.1) E*(F) =j F(x) dm (x).

G(Q) ’
We say that F is Yeh-Wiener integrable or m -integrable when the
Yeh-Wiener integral of F, EY(F), exists and is finite. The Yeh-Wiener
measurability and Yeh-Wiener integrability of a complex valued func-
tional on C,(Q) are defined in terms of its real and imaginary parts.
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Let X and Y be the R"-valued and real valued Yeh-Wiener measura-
ble functions on C,(Q), respectively, with E’(]Y]) < oo. Let Py be the
probability distribution determined by X. By the conditional Yeh-Wiener
integral of Y given X we mean the conditional expectation E”(Y | X)
which is given as a function on the value space of X. Throughout this
paper we shall be exclusively concerned with X and Y given by X(x) =
x(s,t) and Y(x) = exp{ — [, V[x(u,v)]dudv} for x € C,(Q) in which V/
is a nonnegative continuous function on R! satisfying the condition

(1.2) -[Rl V(w)-exp{—gs—i} dm,(w) <

where m is the Lebesgue measure on R'.

The techniques of this paper are closely related to those of paper [6]
of Yeh, but for the evaluation of the conditional Yeh-Wiener integral we
use slightly different techniques. In Theorem 2.1 we evaluate the condi-
tional Yeh-Wiener integral of Y(x) given X(x) which is the extension of
Yeh’s result [6; Theorem 5)]. The proof of Theorem 2.1 is simpler than that
of Yeh. To do this we will use the following Proposition which comes
from [3; Theorem 3.5].

PROPOSITION 1.1. Let X and Y be measurable transformations of
(Cy(Q), %) into (R', B(R")) with E’(|Y]) < co. Assume that P, is abso-
lutely continuous with respect to m; on (R, B(R")) and E*(e'**Y) is a
m -integrable function of u on R'. Then there exists a version of
E’[Y | X|(dPy/dm,) such that for £ € R,

(13) BV IXIO G0 = 5 [ 9B (e ) dm, (1)

2. The conditional Yeh-Wiener integral of
t A
exp{ — Vix(u,v dudv}
p{~ [ [ VIx(uo)
given x(s, t).

THEOREM 2.1. For some fixed positive real numbers s and t, let
(2.1) X,n(x)=x(s,t) and

Y, (x)= exp{——/: E Vix(u,v)] dudv}

for x € C,(Q) where V is a nonnegative continuous function on R* satisfy-
ing the condition

(2.2) L V(w)exp{— ;”—;} dm, (w) <
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for every s and t in (0, 00). Then the conditional Yeh-Wiener integral of Y,
given by X ,, is

(23) E’[Y 0| X00](§)

st
-1 ‘fg fns\/u— w)(t — v)

(§ —up —uy + u11)2 &
x {exp(— 2(s —u)(t —v) M EE)}

s,t)

X { V(uu)Ey[Y(u,u)|X](u1p Uy, Uy)

'_Ey[Z(u 0 L(u, v)‘X](ull’ Uy, “21)} dPy(uyy, uyy, uz1)} dm(u,v)
where x(s,t) = { € R,
@4 Zuyx) = [ VIx@nldr [ Vix(g,v)ldg,

(2~5) X(x) = (X(u,v)(x) (u, z)(x) (s, v)(x))

for x € C,(Q), and
(2.6)  dPy(uyy, upy,uy) = {27 ud(s — u)(t —v)}

2 2
L VI (u, — uy) _ (uy — uu)
Xexp{ 2uv 2u(t - v) 2(s — u)v dm p (uyy, Uy, Uy).

REMARK. The existence of V on (2.2) follows if V satisfies the order
of growth condition

V(w) = O(exp{w?7?}) asw—> o0
for some & € (0,2). Under (2.2), if we define

S

for (s,t) € (0,00)? then ¢ is a nonnegative continuous function on
(0, 0)? and furthermore

(2.7) ¢((s,1))

lim ¢(s,¢) = V(o) for(o,7) € [0,00)° —(0, 0)’.

(s,8)—>(0,7)
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Let us define

(2.8) ¢(o,7)= lim ¢(s,1)

(s,1)—>(0,7)

for (6, 7) € [0, ) — (0, ) so that ¢ is continuous on [0, o0)?.

LEMMA21. ForO<u<sand 0 <v <t,

v w(x(s,t)—x(s,0)—x(u,t)+x(u,0)) | — _ (S — u)(t — U) 2}
(29) E’[e ] exp{ 3 W

for x € C,(Q) andw € R".

The lemma can be followed from the fact that the left-hand side of
(2.9) is the characteristic function of the random variable x(s, t) — x(s, v)
— x(u,t) + x(u,v) whose probability distribution is the normal distri-
bution with mean 0 and variance (s — u)(t — v).

Proof of Theorem 2.1. We can easily obtain that X, ,, and Y, are
measurable transformations of (C,(Q), %) into (R', Z(R")), with E*(|Y)
< oo0. Now

8220 [exp{-j: fou Vix(q,r)] dqdr}}
= exp{—/ov fou Vix(q,r)] dqdr}

X{/j Vix(u,r)] dr-fou Vix(q,v)] dg — V[x(u,U)]},
thus we have by (2.1)
(211) Y, (x)=1+ fQ<exp(~Lv fO“ Vix(q,r)] dqd”)}

X{‘/OU V{x(u,r)] drj: Vix(q,v)] dg — V[x(u,v)]} dm,(u,v).

To show that E’[e™*wY,, ,]is a m -integrable function of w in R,
let

(2.12)  E¥[e™¥ony, | = E?[e™ 0] = J(s.1) + Jy(s.1)

where
(2’13) Jl(s’t)

= E-V[e””””’fg Vix(u,v)]

Xexp{—fov j(;u Vix(q,r)] dqdr} dmL(u,v)]
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and

(2.14) Jy(s,1)

= Ey[eiwx(s,t)/Q {[)v Vix(u,r)] dr/ou V{x(q,v)] dq}

Xexp{—fov fou Vix(q,r)] dqdr} dmL(u,v)].

Then we can have
1
V2wt

by the basic Yeh-Wiener integration formula and the formula

(2.16) le exp{ — (ag? + bg)} dm (£) = \/7? exp{%}

for a > 0 and real or imaginary b. Thus

. 27
iwx(s,t) — =
(2.17) le |E?[e™*0] | dm(w) V o < o

To interchange the order of the Yeh-Wiener integral and the integral
with respect to dm,(u, v) on Q in (2.13), note that

eV [ x(u,v)] exp{—[)v /0“ Vix(q,r)] dqdr}

for ((u,v), x) € Q X C,(Q) and note that by (2.7) and the continuity of ¢
on [0, )2,

‘[QE-V[V(x(u,v))] dm,(u,v) =L¢(u,v)dmL(u,v) < .

(2.15) E*[em 0] =

'/l;l exwge_g2/2srdmL(§) — e-(st/2)w2

< V{x(u,v)]

By the Fubini Theorem we have
(2.18) J,(s,1)

= fQ Ey[eiw"(s")V[x(u, v)]

Xexp{—fov ‘/(;u Vix(q,r)] dqdr}]dmL(u,v).

Since

{x(s,1) — x(s,0) = x(u,t) + x(u,v), {x(s,v), x(u,1),x(q,r)}}
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is an independent system of random variables on (C,(Q), %, m ) for every
(g,r) € [0, u] X [0, v], we can have by Lemma 2.1,

219)  Ji(s,1) =erxp{— (s = ”)2(’ - U)wz}

X EY[eiw<x<s,v>+x(uﬁ)*x("’”))V [x(u,0)]

Xexp{— /v fu Vix(q,r)] dqdr}] dm;(u,v).
o Yo

Let X be a three dimensional random vector on (C,(Q), %, m ) given by

(2.20) X(x) = (Xl(x), X,(x), X3(x))

where X; = X, ), X, = X, . and X; = X . Let Y} = Y, ,. Then the
regular conditional distribution of Y; given X, P(Y;|X), exists since Y;
is a real valued random variable. With fixed w € R' consider a complex
valued function f on R® X R! defined by

(2.21) f((§1’§2’$3)"'7) = e &BrEWP(E))y

for ¢ = (£,,¢,,&,;) € R? and 5 € R. By Proposition 2 and Proposition 1
in [5], we have

(222) E> [eiw(x(s,u)+x(u,t)—x(u,v))V [x(u, I))]

Xexp{—j: fo Vix(g,r)] dqdr}]
= [ { [, e ove)np (61 X)(dn. )] dpy(e)
= jRB e™ &Y (£ )EX(Y, | X)(£) dP(£)

= fR’ eMat =Y (y VEY (Y | X)(uyy, gy, uy)

dPx(“u, Uyp, “21)

where

(2.23)  dPy(uyy, Uy, tyy) = {(277)3u202(s —u)(t - v)}

-1/2

2

“121 (uy, — uu)z (uy — uyy)
Xexp{ — - - dm  (uyy, gy, Uy ).

2w 2u(t—v) 2(s —u)v
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By (2.19) and (2.22) we can obtain

(2.24) Jy(s,1) = j;g exp{— (s = ué(t —v) w2}

X [f eiw(un‘*‘"u‘“u)V(uu)
R

X Ey(Yl | X)(“m Uy, ”21) dPX(“ua Uy, u21)] dmL(“s U)-

To show that J,(s, t) is integrable, observe that
l V(up) E7(Y; | X)(uyy, gy, 4y ) ™02 Fia g~ (s=wr=o)/9w? |

= V(“u)Ey( Y, IX)(“u’ Uy “21)e~«s_u)(t_v)/2)w2

for ((uy1, ty5, t5),(u,v)) € R’ X Q. Let m; be a function from R to R!
defined by m,(u,;, 45, 4y) = uy;. Then X; = o X. Thus by Proposition
3 in [5] and (2.7) we have

(2.25) fm V(up) EX(Yy | X)(uyy, thyy, ) dPy (g, uyy, 1)
— E[(Vo X)) < B [V(x(u,0)] = 6(u,0).

Now
f ¢ (u,v) e CE=/DV gy (y ) = Ke=G1/DW
Qo
where
st o (u,v)eCrHu=w/2% gy (4, 0) < 0o
Q
by the continuity of ¢ on [0, c0)2. Thus J,(s, ¢) is integrable since
2.26 Ji(s,t)|dm,(w) < K[ e /2% gm (w) < 0.
(226) [ A5, 0)[dm(w) < K[, (%)
To interchange the order of the integrals in (2.14) note that
e'w"‘s"){f Vix(u,r)] drf Vix(gq,v)] dq}
0 0
X ex {— ’ qu ,r ddr}
p fo fo [x(g,7)] dg
sf Vix(u,r)] dr-f Vix(q,v)] dq
0 0
for x € C,(Q) and
f Ey[f Vix(u,r)]dr f Vix(q,v)] dq] dm;(u,v) < Mst < o
o 0 0
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for some M > 0 since V o x is a continuous function. Thus from (2.14) we
obtain

@) 5en=[ exp - roulle - ”)wz}

X E” [eiw(x(s,v)+x(u,t)—x(u,0))

X{fov Vix(u,r)] drfou V[x(q,v)] dq}
Xexp<—fov fOu V[x(q,r)]dqdr}]dmL(u,v)

by the Fubini Theorem and the same way as in (2.19). Let X be given as
in (2.20) and let ¥, = Y, - Note that E”(|Y;|) < co. Let

Z,(x) = Zauo () = [ VIx(u.r)]dr [ V]x(g.0)] dg

for x € C,(Q). Then it is obvious that Z, is Yeh-Wiener measurable and
Yeh-Wiener integrable on C,(Q). Put F, = Z,Y,. Then F, is a real valued
random variable on (C,(Q), %, m ) with E’(|F})) < co. For fixed w € R
consider a complex valued function g on R® X R! defined by

g((gl’ gz, 53), 71) = eiw(gs‘*ﬁz‘fl)n

for ¢ = (£, &,,&,) € R and n € R'. Applying Proposition 2 and Proposi-
tion 1 in [5] to the real and imaginary parts of g we have by (2.1),

(2.28) Ey[e’w("“‘”)+"(“”)""‘”’””{fov Vix(u,r)] drfou Vix(q,v)] dq}
Xexp{—fov ‘[)u V{x(q,r)] dqdr}]
= [ [ e e onp £ 10)(dn. )} dpy(e)

= fR3 et WOEY(F | X )(uy), thyy, Uyy) dPy 1y, tyy, uy)

where dP,(u,,, u;,, U5 ) is given as in (2.23). By (2.27) and (2.28) we have
(229) J(s.0)= [ {exp(— (s = u)(z = v) WZ)}
0 2

X {fw eMat T WOEY(F | X )y, ty, uy) dPy(uyy, uyy, “21)}

dm,(u,v).
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To show that J,(s, ¢) is integrable, observe that
|Ey(F1 | X)(uyg, gy, U, ) e n T =)= (s—u)i=v)/2w?
— — — 2
< EV(F | X) (g, thy, ) e~ 7000/ 2w

for ((u1, tgs, U5),(u,v)) € R’ X Q. Since the conditional Yeh-Wiener
integral is P,-integrable, we have

N = fks EV(Fy | X)(uyy, g, ) dPy (g, gy, y) < o0.
Thus

f Ne~G=w(t=0)/2% gy (y y) = NLe~(s1/2%?

Qo
where

LE[ e(sv+ut—uv/2)w2dmL(u’U) < o0.
Qo

Hence J, (s, ) is integrable since
2.30 L(s,t)|dm,(w) < NL[ e /2% gm (w) < oo.
(230) [ |(s,0)|dm(w) < NL 1)

Therefore by (2.12), (2.17), (2.26) and (2.30), we have that
E’[e™¥wY ] is a m -integrable function of w on R' and thus, by
Proposition 1.1, there exists a version of
PX(:.:)
d

d
EY[Y(N)| X(w)] dm,

such that

Px..,

d
(2.31) B [¥ ] X (§) 7,22 ()

_ _2%./1;1 e_iway[eiWX(”)Y(s,z)] dml_(w)

1 A )
= _ﬁjl;l e—twi’{ Ey[elwx(s,t)] — JI(S, t) + J2(S, t)} dmL(w)

by (2.12). To evaluate the above integral first note that

_1_ —-iwdy| iwx(s,t) — 1 {_,gi}
(2.32) 2vrfnle E[e0] dm,(w) = == exp| — 57
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by (2.15) and (2.16). And also note that

1 —iw¢
(2.33) Efme 7,(s,t) dm,(w)

- %fg {fnﬁ V() EX(Y; | X)(uyy, 1z, uy)

X / e~ iwE—un —up+uy)
Rl

X g~ (=mt=0)/m dmL(W)] dPy(uyy, uy,, “21)} dm(u,v)
by (2.24) and the Fubini Theorem. By (2.16) we can have

(234) 51;7_ f e—iw(f—“n_“1z+“11)*((5“14)("0)/2)“’2 dmL(w)
R

— 1 _ (- Uy —Up + uu)z}
(s — u)(i - 0) e"p{ 2s—w)t—v) |
Substituting (2.34) in (2.33) we obtain
(2.35) -2}; /Rl e~ (s, 1) dm, (w)

1

= uy)E’(Y, Uy, Ugps Uy
[, e s

_ 2
Xexp{ - 4 ;(:2_1_ u)‘azjuu)u) } dPy(uyy, uy,, un)} dm(u,v).

Finally we can note that

(236) 5= [, € s, 1) dm, ()

1
R2a(s — u)(t — v)

=fQ {/R3 Ey[Fl |X](u11, u12>u21)

_ 2
XCXP{ - u ;(:zi u)'z1tz_+vu)u) } dPy(uyy, ty, “21)} dm(u,v)

by (2.29), the Fubini Theorem and (2.34). Hence by (2.31), (2.32), (2.35)



THE CONDITIONAL YEH-WIENER INTEGRAL 117

and (2.36) we have

PX(: 0

d
237) B[ Y] X ()2 (6)

- 2arst exp{—%}
_fQ Uw {(V(up) E? [ Y | X gy, uyy, uy)

1

_E)’[F1 |X](u11, Uyn, uzl)} \/277(5' _ u)(t _ U)

2
XCXP{ - « ;‘(:zi;)lzltzjvu)u) } dPy(uyy, 15, u21)] dm,(u,v).

Since

PX(:.I)
dm,

(§) = ‘/2;7 eXP{— g;}

we can have the desired result (2.3) from (2.37).
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