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VECTOR-VALUED SINGULAR INTEGRAL
OPERATORS ON L?-SPACES WITH MIXED
NORMS AND APPLICATIONS

DIiCESAR LASS FERNANDEZ

We establish L7 and LP(/2) estimates for singular integral opera-
tors with variable operator-valued product kernels. Application to the
strong maximal function, double Hilbert transform, Littlewood-Paley
inequalities and Fourier multipliers for L”-spaces with mixed norm are
given.

Introduction. A classical theorem due to Hardy and Littlewood and
the improvement given by Fefferman-Stein [6] assert that the maximal
function

Mf(x) = sup 11" [ 1£(u)] du

is bounded on L? 1 < p < o, and has a vectorial extension M( )=
(Mf;) bounded in L?(l7), 1 <p,q < c0. On the other hand, another
classical theorem, due to M. Riesz, which asserts that the Hilbert trans-
form

= f(y)
Hf(x) = p.v. f“w prgmpe dy

is bounded on L”, 1 <p < oo, was improved by Burkholder [5] for
L?-function with values in Banach spaces with the so called UMD
property. In particular, the Hilbert transform has a vectorial extension
H(f)) = (Hf;) bounded in L”(I7), 1 <p,q < co. Recently Rubio de
Francia-Ruiz-Torrea [13] and [14] have shown that the maximal operator
and the Hilbert transform are operators of same kind: vector-valued
singular integral operators. Actually, they improved a theorem on vector-
valued convolution operators due to Benedek-Calderon-Panzone [2].

Let us now consider the rectangular (strong) maximal function

Mf(x, y) = s;g)u X Jl_lj; [I | f(u,0) | dudv
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and the double Hilbert transform

Hf(x,y) f f fx—uy - U)dudv

(x—u)(y—v)

By iteration, we see at once that rectangular maximal function and the
double Hilbert transform are bounded on L?(R?),1 < p < co. But, this is
not the case if we replace the usual L? spaces by the L'(L°) spaces with
mixed norm of Benedek-Panzone [1]. The boundedness now does not
follow from a simple iteration. The L'( L*)-norm estimate for the strong
maximal function was stated by Stockert [17], but a very nice proof was
given by E. Hernandez [9]; on the other hand, for the double Hilbert
transform it goes back to M. Cotlar.

Our concern here is to establish a theory of vector singular integral
operators with variable product kernels. This will be done in the mold of
Rubio de Francia-Ruiz-Torrea [13] and [14], and in such a way to be
possible to handle with it the scalar strong maximal function and double
Hilbert transform as well as its sequential extensions. As applications we
also obtain an inequality of Littlewood-Paley type for L’( L*)-spaces and
derive a multiplier theorem of Marcinkiewicz-Lizorkin type in a simple
and natural way.

1. Vector-valued singular integral operators with product kernels.
We begin by recalling the Rubio de Francia-Ruiz-Torrea theorem on
vector-valued singular integral operators (see [13]).

1.1. THEOREM. Suppose E and F denote Banach spaces. For A =
{(x,y)ER"XR", x=y}, let ke L} (R" XR"— A,L(E,F)) be an
operator-valued kernel which satisfies

(1) f l&k(x,y) = k(x,y)||e.rydx < C,
Iy =x|=2]y" -yl

and

@ f ' , ||k(x,y) - k(x”J’)”L(E,F)dy <C.
ly—x'122|x—x'|

Let T be a linear bounded operator from L'(R", E) into L'(R", F), for
some r with1l < r < o0, such that

(3) T(x) = [ k(e 2)1(0) &,

for all f € LX(R", E) (the linear space of all E-valued measurable functions
which are essentially bounded and have compact support) and x & suppf.
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Then, for all p with1 < p < oo, we have

(4) ITfler@e.ry < Cl fllere.ey,  f€ LE(RE).
Moreover, for all g with1l < q < oo, we also have

(5) NTFler@ oy < CIF |oqeney,  F=(f;) € L2(R",19(E)).

We shall rely on the above theorem to give a version of it for product
kernels k(x,u, y,v) = k,(y,v)k,(x,u) and the L? = L*(L*") spaces
with mixed norms of Benedek-Panzone [1], from where we take notations.
The proof we shall give follows an idea by Benedek-Calderon-Panzone [2].

1.2. THEOREM. Suppose E, F and G denote Banach spaces. Let us
consider operator-valued kernels k, and k, in I} (R™ X R" — A, L(E, F))
and L) (R" X R* — A, L(F,G)), respectively, which satisfy

(1) _(_ N &, (z,w) _kj(z’wl)“Lde <c, j=12,

z

and

@ [

|2/ —w|=2|z/ —z
where L, = L(E,F) and L, = L(F,G). Let T) and T be linear bounded
operators from LP(R", E) into L?(R™, F) and from L?(R" X R", E) into
L?(R™ X R",G), for all p with1 < p < o0, respectively. Suppose also that
T, and T satisfy

Illkl(z,w)-—kj(z’,w)“LjdwgCj, j=1,2,

(3) Tf(x) = [ ) f(w) du

forallf € L*(R", E) and x & supp f, and

(4) Tf(x,9) = [ [ kol 0)ki(x,u)f(u,0) dudo
.

forallf € L*(R" X R", E) and (x, y) & suppf. Then, forall P = ( p,, p,)
with 1 < p,, p, < o, the linear operator T can be extended to all
LP(R™ X R", E) into L°(R™ X R", G) such that

(5) ITf|r @ xre 0y < Cll f |2 ),

forall f € L°(R" X R", E).

Proof. Step 1. Let f be in M(R™*" E), the set of all E-valued
measurable functions on R”*”. For each y € R” and each f &
M(R"*" E) we associate the functions f= /, € M(R", E) defined
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by af = f,(-) = f(-, y). Thus, we shall have L?(R"*" E) =
LP(R", L?(R™, E)), LP(R’”+", E)= L~R", L"(R", E)), P=(pyP,)
and

l7f ler@e, L. £y = || £ || L2 ).
Moreover, if f € L?(R™*", E) we shall have f, € L¥(R", E).
Step 2. For all f€ M(R™"*", E) and \ > 0, we define H, f by
(Hyf)(x, y) = xa(x)f(x, »),

where x, is the characteristic function of the set {|x| <A}. Now, if
y € R", we define K,(y) € L(L?(R", E), L?(R",G)) by

[Kx(y,0)h](u) = xaky(p, 0)[Ti(xrh)] (u).
Then, if || - || denotes the operator norm on L(L?(R™ E), L?(R", F)),
since the singular integral operator 7 f is bounded from L?”(R™, E) into
LP(R™, F), it follows that

1 Kx(,0) 1= sup{l|Kn(3, 0)hlr(oy; Ihllerce < 1)
= SUP{||k2(y’U)T1(X>\h) ”LP(G); [ 2)|zecey < 1}
<|k,(y,v) "L(F,G)sup{”Tl(XAh)"L”(G); Alleece) < 1}
= ||k2(y, U)”L(F,G)SUP{C”XA}' lzeceys 1AllLecey < 1}

< Cllky(y,0) |6y

which shows that K,(y,v) € L} (R", L(L?(E), L?(G)). Moreover, we
have

/ 1K\(3.0) = Kn(3.0) |
ly—0v|>2|v—"0|
<G g ke0) —ka(r )y < GGy
y—v|>2|lv—v
and
f “Kx(yav)“KA(y’,v)”du
lo—=y'1>2]y =yl
<G[ k(o) =k (yi)|d < CC,.
o=y 1>2y—»|

Now, for F € L*(R", L?(R™, E)), we get

TE(y) = [ Ka(y,0) F(v) do.
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Since 7H,TH, f = T)wf, due to hypothesis (4) we get
“ Tynf “L”(R"‘L"(R"‘,G)) = “ WH}\THAf“LP(R",LP(R"’,G))
= “H}\TH)\f“LP(R”'xR":G)
<|ITH,fllorrr+n.6) < ClHy f |l r@ren. )
< | fller@wesn gy = Claf Lo, Lrwen £y

Consequently, setting p = p;, A = LP(R™, E) and B = L”(R",G), we
have

HT)\F”L“(R",B) < C|Flinwe, ),

for all F given by F = «f, f€ L*(R” X R, E). Since L*(R""", E) =
L*(R", L*(R™, E)) is dense in L¥(R", L?(R™, E)) = L¥(R", A), in the
norm of L?(R", A), we have 1.1(4) for all F € L?(R, 4). Now, the Rubio
de Francia-Ruiz-Torrea theorem yields

IT\F | Lr2@e. ) < CIF |[Lr2e. ),
forall Fe€ L”~(R",A)and 1 < p, < .

Step 3. We shall have
“H}\TH)\f”LP(R"”",G) = “WH)\TH)\f“L"Z(R",L"I(R’",G))
= H T>\7Tf”LPZ(R",L"I(R’",G))
< Cllafler@ Lo ey = Cll f||r@esn. £y

Finally, since H, f = f, for A large enough, we get
I17f || @mn 6y < lim | H\TH, f || e+ )

A— 0

< C|l fller@esn £y,

for all f € L®(R™*", E) and consequently for all f € L(R"*", E).
The proof is complete.

1.3. Let us recall that /2( X), Q = (¢4, 9,), denotes the linear space of
all X-valued double sequences (C; ) such that

(1) ”(Cij) ”/Q(X) = ”(CU)

@) 2/ V4
/‘72(/‘“(X))={Z{Z:)CU|X} } < 0.
J i
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1.4. COROLLARY. Suppose E, F and G denote Banach spaces and let us
consider operator-valued kernels k, and k, as in Theorem 1.2. We define the
kernels k,(x) € L(I°(E),[9(F)), and k,(y) € L(I%(F),[%(G)) by

(M) ka(x)(a,), = (k(x)ay),

and

2) ka(0)(b,),; = (ka(2)B,)). -

We define, for f = (f,;) € L®(R™,12(E)),

(3) T(0) = 1i(fy) = [ R, 0)(f,, () du

and for f € L*(R™*", |9(E))

@ TN =10f) = [ [ Fal,0)k(x )£ (u,0)) duds.

We shall assume that, for all p with 1 < p < o, the operators T, and T
are bounded from LP(R™, I2(E)) into L?(R™ I9(F)) and from
L?(R™*" I2(E)) into LP(R™"*",12(G)), respectively. Then, for all P =
(p1, Py) with1 < p,, p, < oo, the linear operators T can be extended to all
LP(R™*" I9(E)).

Moreover, we shall have

(5) TS || Lrenn ooy < Cl| f || ren+n 2 -

Proof. Since, for v = 1,2,

ku(z,W) - ’}y(z,wl) “L(/Q(E).IQ(F» = ukv(z’w) —k,(z,w) "L(E,F)’

and

| l}u(z’w) - 7(.,(2',“’) NL(/Q(F),IQ(G)) Sl k.,(Z,W) - kv(Z'aW) “L(F.G)’

it follows that the hypotheses of Theorem 1.2 are fulfilled with the kernels
k, and k, and the spaces E, F and G replaced by the kernels k, and k,
and the spaces I(E), I2(F) and [9(G), respectively. Hence, the corollary
follows as desired.

1.5. REMArRk. When k,(z,w) =k, (z —w), »=1,2, we have the
singular integral operators of convolution type. This particular type of
singular integral operators was studied, also in the product case, by the
author in [8].
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2. The double Hilbert transform.

2.1. Our concern here is to obtain L and L”(/9) estimates for the
double Hilbert transform which is defined by

© [ f(u,v)
1 = dudv.
(1) Hxu) = [ [ ot Ty e
This is an integral singular operator of convolution type and the mixed
LP-estimate goes back to M. Cotlar. The mixed LF(/9)-estimate seems
new.

2.2. THEOREM. The double Hilbert transform given by 2.1(1) is an
integral singular operator bounded in the spaces LY(R?*), where P = ( p;, p,)
withl < p,, p, < oo, i.e.

) [ Hf > < Cpll £l
forall f € LP(R?) = LP(L™).

Proof. Step 1. The kernels k(z,w) =1/(z — w) satisfy conditions
1.2(1)—(2).

Step 2. The integral singular operator T; associated with the kernel k,
is bounded in L?(R),1 < p < o0.

Step 3. The integral given by 2.1(1) is well defined for all f € L*(R?)
and (x, y) & suppf.

Step 4. By iteration we see that H is bounded in L?(R?),1 < p < co.
Hence, the conditions of Theorem 1.2 are satisfied and the assertion
follows.

2.3. COROLLARY. In the conditions of Theorem 2.2, for all F = (f,;) €
L7(19),1 < Q = (4;,9,) < o0, we have

(1) “(Hfu) ”L”(IQ) = C”(fu) ”L”(IQ)'

Proof. 1t follows from Corollary 1.3.

3. The rectangular maximal function of F. Z¢’s type. The following
version of a theorem due to F. Z6 [19] will be needed to obtain the
maximal inequality which we are looking for.
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3.1. THEOREM. Suppose ¢ € L'(R™) and ¢ € L'(R"). For s > 0 and
t >0, let us set o,(x)=s"@(s"'x) and Y,(y) =t""Y(t"'y). We shall
also suppose that

1) [ suple(u-x)-glx)|dx<C, ucR
|x|>4jul s>0

and

@ [ swlwe-y)-v0)|d <G,  veR.
[yI>4|v] >0

Now, for f € L¥(R™*"), we get

(3) M, f=sup{|¢, @, * fl; s> 0, 1> 0}.

Then, for all P = (p,, p,) with1 < p;, p, < oo, we have

(4) ” Mq»#f ”L" s C“f“L",

for all f € LP(R™*™).

Proof. Step 1. If f€ L' N L™, the mappings (s,1) = ¥,@, * f(x, y)
are uniformly continuous. Indeed since the mapping (s,t) — ¢, is
continuous from R?, into L'(R?) we have

oo * f(x,¥) = Yoo * [, ) < f =l = drmoll

Therefore, it is enough to prove (4) taking the supremumon Q, X Q..

Step 2. Fixing an enumeration of the positive rationals, let us denote
by Q, the set of rationals with indices in {1,..., j}. For ¢ and d in N, let
us set

(5) M, f = sup{|¥, 9, * f|; (s,1) € Q. X Q,}.

If I* and [ stand for the complex euclidean spaces C/ and C'*/,
respectively, equipped with the sup-norm, the non-linear operator M.,
can be viewed as a vector-valued linear operator

(6) feLP(R™™) = Noyf = {¥,9,* f }sneoxo, € LR, 1T).
The kernel k., of this operator is a product of the two kernels:

ki(x) € L(C,I*) = I, x € R”,
and

ki(y)e L(I®,1%), yeR,
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given by
ki(x)a={o(x)a;s€Q,}
and
K;(»)(b) = {¥.(y)b; 1€ Q0,1 <j<c}.
Hence

koy(x,y)=ki(p)ki(x)z = {$,(y)o(x)z; s € Q., t € Q,}.
On the other hand, we have

I kL(x)] = |Slu—pl [&L(x)z |-

= sup sup |g,(x)z|= sup [g,(x)]
lz|=1 s€Q, s€Q,

and

[ l= s k504,

= sup sup |¢(¥)a,|= sup |[¢,(y)]
el =1 t€Qy teQ,

Therefore k! and k2 are locally integrable. Moreover

[ kA= x) = ki) |
|x|>4]u|

= [0 Pl = ) = )] e

z

= [0 3P sl (u = x) =g (x)|z]dr < €,
xX|>4lu s

z

and

[ ki =y) - k() @y
[y1>4|v|

- sup [[k3(0 = ») = k3 (»)](a)]|- &

IyI>4lo] (a,)

= sup sup [, (v — 1) = y,(y)|]a;| dy

IyI>4lol (a) ¢,

= sup [¥,(v—y) =¥, (»)|dy < C,.

yl=4jol ¢

265
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Step 3. Due to Z¢’s result, for all p with 1 < p < oo, we have

IMeaf ez, <[ Moy fllip, <|MeMyfl, < CH 17,7 1., L
< | 1Mo f g, < CUN et = €SN,
where L? , L? and L/ have obvious meaning.

Step 4. Since the operator M_,f = k_, * f satisfies the hypotheses of
Theorem 1.2 it follows that
(7) I M. of | Lr@msn iy < Cll f |2+

for all f€ L®(R™*"). But M_,f has also a sense for all f&€ L7(R™*")
and it is not hard to see that the extension M,, of M,, to all L*(R™*")
coincides with M_,. Thus (7) holds for all f € L(R™*"). Finally, letting
|(¢, d)] = oo, the monotone convergence theorem yields (4).

The proof is complete.

3.2. THEOREM. Let @, and {, be as in Theorem 3.1. For f = (f,;) in
Le(R™* " [2), where Q = (q,,q,) is given with 1 < q,, q, < oo, let us
consider the vectorial rectangular maximal function

(1) MlP\P(fij)ij = (waif)ij

where M, f, is the maximal function given by 2.1(3). Then, if P = (py, p,)
is given with 1 < p,, p, < o, we have

(2) ”Mw(fij) ”L”(R’"“",IQ) = C”(fu) ”L”(R’"”,IQ)’
forallf = (f;;) € LFR™*",19).

Proof. As before, let us replace the maximal function M, g by M_,g
and let us consider the vectorial linear operator

Tu: (f;) € LER™",19)
= Tu(f) = (v x 1) ), € L=(R77, 19(1)).

The kernel of this operator is a product kernel k(x,y) = k,(y)k(x),
where

ki(x): (a;;) €12 > ki(a;,) = (9,(x)a,;) € 12(1%)
and

ky(y): (b,,) € 12(12) = ky(y)(by)s) = (¥,(¥)byy,) € 19(1%).
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If || - || denotes the norm on L(19, [9(I%)), we shall have
[ k= x) = k(x) | dx
1x|>4u|

- / sup  ||([os(u = x) = @,(x)]a,;) “19<1:.°> dx

Ix1> 41| |(a,)lle=1

< sup |, (u — x) — @,(x)]dx < Cy,
|x|>4{u|l seQ,

and if || - || denotes the norm on L(/2(I%®), 19(I%)), we also have

[ ki =y) - K3 v
[y|>4|v]|

=< sup ”([ll/t(v_y) —"Pt(y)]bijs) IIQ(/g‘j{)dy
V1= 410] (b e ey =1

= sup ”‘Pz(v -y)=¥.(y) “ sup (bijS)IQ(l?)dy
[y1>4lo| teQ, fioll=1

< sup |¢,(v —y) = ¢,(y) |y < C,.
I>4jv| e @,

Now, it remains to prove that, for all p with 1 < p < oo, we have

(3) Tcd(ft_/) ”LP(IQ(I°°)) = C”(fu) ”L”(IQ)’

where C is a constant independent of ¢, d and p. Let us consider the
partial operators M, and T, given by

#1.1,) = (M) = [ swp |, 1|
s€Q, .

J

and

~

Td(fji) = (Td ij) = (fij*y ‘l’t)
We shall have
Tl'd < Tndfij'

1y =
Thus, due to Z6’s result (and Fubini’s theorem) we see that M, and 7, are
bounded operators from L2, (I2) into L?,(I2) and from L2, (I(12)) into
L){’y(l,Qj), respectively. Consequently, if (f;) € L7(12) we shall have (g, )
€ L7(19), where

gij = Mcfij = SS:Qp |(ps*xf’-/ I
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Hence

” T:d(fl/) LP(19(1°)) = “(TdM(fl/)

< Cl|(Mm.f,)

LP(12(1))

LP(19) = C”(f:/)

LP((2)°
The proof is complete.
4. The rectangular maximal function. We are now ready to state

inequalities for the rectangular maximal functions of Hardy-Littlewood
and of Fefferman-Stein type for L” spaces with mixed norms.

4.1. THEOREM. Suppose f € L (R"") and let us consider the rectan-

loc

gular maximal function Mf defined by

(1) Mf(x,y)=slu5)u><11”/1fllf(x—u,y—u)ydudv,

where I and J are (hyper)-cubes centered at the origin of R" and R,
respectively. Then, if f € LY (R™*"), where P = (p,, p,) with1 < p,, p, <
o0, Mf(x, y) is finite for a.e. (x, y) € R"*". Moreover, there is a constant
C > 0 such that

(2) MA@y < ClLf fleree
forall f € LP(R™*™).

Proof. Let I, and J; be the unit cubes on R” and R”, and let us
consider the dilated cubes I, and I, with side length s and ¢, respectively.
Now, let ¢ € CX(R™) and ¢ € C*(R") such that ¢(x) = ¢(y) =1, for
x € I, and y € J, respectively. Then

-1
|1, X J| X1x5, < 9¥,

and
-1
Mf(x, p) =sup [ | 7(x = u,y = 0) |11, X S| Xy (0, 0) dudo
st 'R RY
SMqaxpf(x>y)

Now, from Theorem 3.1, the maximal inequality (2) follows at once.

4.2. THEOREM. Suppose f = (f;,) € L, (R™"",19), where Q = (q;,q,)

is given with 1 < q,,q, < oo. The vectorial rectangular maximal function is
given by

(1) M(f,),, = (Mf,),,
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where Mf, is the rectangular maximal function. Then, there is a constant
C > 0 such that for all P = ( py, p,) with1 <p,,p, < 0 andf=(f;) €
LPR™* " [2) we have

(2) ”M(fu)u ||LP(R’"+".IQ) = C“(fu) ”LP(R'"*",/Q)'

Proof. 1t follows at once from Theorem 2.2 as in the proof of
Theorem 3.1.

4.3. REMARK. The inequality 4.1(2) in the case m = n = 1 was stated
by Stockert [17]. But the inequality 4.2(2) seems new and it was proved by
the author in [8]. (However see Schmeisser [15] and the references quoted
there.)

5. Application to the Littlewood-Paley theorem.

5.1. PROPOSITION. For f € S(R?) and I and J numerical intervals, the
(iterated) partial sum operator is defined by

(1) (Slxjf)A(S’t)=X1(S)X1(f)f(s’t)
and we have
(2) ISrssfllze < Clf My 1 <P ={(py,p;) < oo,

for all f € S(R?), with C independent of f. Moreover, S, , can be extended
to all L*(R?).

Proof. If I = J = (0, 0), then

(3) Slxjf= (1/4)(f+ iHf + iHy — an)

where H,,f, Hy, f and H,,f are the partial and double Hilbert transform.
In this case we have obviously (2). The general case follows by modifica-
tions of (3) as in the one-dimensional case.

As the partial and double Hilbert transform have an /%-extension,
Theorem 5.1 has the following extension.

5.2. THEOREM. Let (I, X J}); ;N be a double sequence of intervals in
R? and (f,;) be a double sequence of functions in S(R*,19). Then

(1) ”(SI'XJJ "f) LP(12) S C“(fij)“LP(/Qy 1<P,0<oo,

where C is independent of (I, X J;) and (f,;). Moreover, the operator
S(f,) = (Si,x5,fij) can be extended continuously to all L*(R).




270 DICESAR LASS FERNANDEZ

We shall reverse inequality 5.2(1) for Q = (2,2) and the family of
dyadic intervals, i.e. we shall obtain the Littlewood-Paley inequalities for
mixed norms. We shall need some preliminaries.

5.3. LEMMA. Let @ € S(R) be given with $(0) =0 and §(t) =1 if
t € [1/2,1]. Setting ¢,(x) = 2/9(2'x), j € Z, we have

(1) _Zz &0 < ¢;
(2) T lo()[ = clxl
L\ 172 ,
® [Zlnt-n-al] <chi/sf, itz 2l

Proof. See [13] or [14].

5.4. THEOREM. Let @ and { be given as in Lemma 5.3. Then
1) 1@, # 1) e, < €U N
for allf € LP(R?), with1 < P = (p,, p,) < .

Proof. We consider the operator
(2) T: fe S(R) —> Tf = (p,+f),, € M(R*,I*).
We have to show that T is bounded from L” into LP(/?).

Step 1. T is well defined. Indeed, by 5.3(1), we have

[ [XZlotxflaxay =X X [ [ 140 f[ dxdy

. . A 2 2 2
=X X[ [R,0e()f(s, 0] dsdr<cf [1f(s,0)] dsatr.
J i
ie,wehaveX |V, * f(x, )|’ < oo, ae.,and Tf(x, y) € [*(Z?).
Step 3. Tf is measurable. Since /*(Z?) is separable it is enough to

show that Tf is weakly measurable. But for all a = (a;;) € I*(Z?) we
have

(Tf(x,7),a) = La,o8,+f(x.7)

which is obviously measurable.
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Step 4. T has a bounded extension from L? into L?(/?) because (3)
holds.

Step 5. The kernel k, defined by

ko(x): A€ C - ky(x)=(g(x)\), €1*Z)

is well defined, belongs to L} (R — {0}, L(C,/?) and verifies
Hormander’s condition.

Step 6. The kernel k,, defined by

k¢()’) = (ai)i € lz(Z) - k\p(J’)(ai)z = (4’/()’)“:‘),-/ = 12(Z2)
is well defined by 5.3(2). On the other hand, the mapping
(xa y) - Z Zatjq)i(x)lpj(y)
J i

is measurable for all @ = (a,)) €/ %(Z?). Thus, k, is measurable, belongs
to L' (R — {0}, L(/*(Z),[*(Z?)), and satisfies Hormander’s condition.

Step 7. The above results clearly also hold for the cut operators 7,,,
and the respective kernels kg’ and kj. Thus, since T,,.f= (¢,9,*f;
1 <i<m,1<j<n)isasequencein /> we have

T,,.f(x,y) =f f kj(y —v)ki(x — u)f(u,v) dudv.

Step 8. The operators 7,, are bounded from LP?(R?) into
L*?(R?, [*(Z?)), with operator norms bounded by a constant independent
of m and n.

Step 9. From Theorem 1.2 and Corollary 1.4 we obtain
(3) 1T f ery < €U S Nler,

with the constant C independent of m and n.

Step 10. The monotone convergence theorem applied to (3) yields (1),
as desired.

5.5. REMARK. For a related result, but with a different proof, of
Theorem 5.4 see Bordin-Fernandez [3].
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5.6. Let A, be the set of all dyadic intervalsin R, andlet A = A} X A,
be the set of dyadic bi-dimensional intervals.

5.7. THEOREM. If f € LP(R*),1 < P = (p,, p,) < o0, then

,]1/2
¥ |s,f|]

TeA

< Gl fller

LP

1) cpll fllzr <

where ¢, and C, are independent of f.

Proof. Let ¢ € S(R?) and let ¢ and ¢ be as in Lemma 5.2. Since
&,(s) = §(2's) and ¥ (1) = Y(2/t), we have ¢,(s) = 1if s € [2'7},2] and
,(¢) = 1if r € [2/77,2/]. Hence

(2) S;f= Sllxlzf= Sllxlz((pi‘l/_/* )
Now, Theorems 5.2 and 5.4 yield

(3) [ » ls,fﬁ]m

IeA

< ClIf |l

LP

Finally, to reverse (3) we use polarization and duality as in the well known
cases (see [16], [14] and [18]).

6. Multiplier theorems.

6.1. DEFINITION. A scalar valued measurable function ¢, defined in
R X R, is said to be of bounded V-variation if there exists a positive
constant M and consequences (C,,; k€ Z, m€N), (a;,; K€L,
m € N) and (b,,,; kK € Z, m € N), which satisfy

(1) lim Z CrmX (= 00,a,,) X (— 0.5y = P> a.c.

m=o rez

and

(2) Y|Cnl < M, forall m.
k

We shall write V() for the infimum of such constants M.

6.2. THEOREM. Let (9,,,) be a (double-)sequence of uniformly bounded
V-variations, i.e.

(1) V(®,,) <M, forallmandn.
For g € S(R?), let T,,,,, denote the operator defined by

(2) (T,08)" = P
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Then, if (f,,) is a sequence in S(R?), we have
(3) ”(Tmnfmn) "LP(IQ) < C”(fmn) "LP(IQ)'

Proof. Let us suppose f,,, =0, for m and/or n large. Let us set

N = (m, n), and let

hun = ZCkmNXlk,,,N (IkmN = (—00,a;,,) X(_oo’bkmj))
k

be a function which satisfies 6.1(1)—(2) and 4, — @y, as m — oco. Next,

define (S, yfy) "= h, nfv. We claim that

(4) ”(SmeN) “L”(IQ) < C“(fN) ”L”(IQ)~
In fact, by Holder’s inequality

a1

(5) | NfN (XIkmeN)

”

R g
< M%lckle l(X{kmeN)v

hence, recalling 5.2(1) and hypothesis (1), we have

[z[zn i ]/}/

-

ql] a/a |V %
| J Lisk

”(SmeN)”L"(IQ) = (N = (i>j))

LP

<C Z {EICkmNII XIkmeN)

LP

v ‘h]‘h/‘h]l/‘h

41] a/q |V

A
Q
-

1/q, 2
Zk|(XIkmNICkmn| qlfN)
L i

LP

< | T ZIComl 1]
J

L‘Ltk

LP

1 qz/ql}l/‘h

<cC ?Z(;lckm,«llm"‘)_

L

LP

< Cl(fx) ”L’(/Q)-

Finally, by an application of the Lebesgue dominated theorem and

Fatou’s lemma, from (4) we get (3) as desired.

The following lemma is well known (see [5, Th. 4.2-3 and 5] and will

play a major role in the multiplier theorem we shall state.
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6.3. LEMMA. Let m be a bounded measurable function which has
continuous derivatives of order (a, 8), a = 0,1 and B = 0,1, away from the
axis, and satisfies
(1) |x*yEDBm(x, y)| < M, x#0,y#0.

Then, the V-variation of the restriction of m to the dyadic intervals are
uniformly bounded, i.e.

) V(xxm) <N,

for all dyadic intervals K = I X J in R®.

Finally, as a consequence of the foregoing results we obtain a multi-
plier theorem of Lizorkin type.

6.4. THEOREM. Let m be a scalar-valued function in R* given as in
Lemma 6.3. Let T, be the multiplier operator defined on ¢ € S(R?) by

(1) (T9)" = m.
Then, T, has an extension to all L*(R*) such that
() 1T, Nl < Cllfllee,

for all f € LP(R?), where the constant C depends on p only.

Proof. By the Littlewood-Paley inequalities, Theorem 6.2 and Lemma
6.3 we shall have

" ) 1/2
”Tmf”LP < C Z |SK(Tmf)| }

| KeA, P
- a2

=ql| X |[(xxmxef)"|
LKEAZ LP
- |2

2\ V

<l © 1xeh) |] < Clflur-

‘_KGAz LP
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