
PACIFIC JOURNAL OF MATHEMATICS
Vol. 131, No. 1, 1988

ARITHMETIC PROPERTIES OF THIN SETS

KATHRYN E. HARE

We prove that A(p) sets do not contain parallelepipeds of arbi-
trarily large dimension. This fact is used to show that all A(p) sets
satisfy the arithmetic properties which were previously known only for
A(p) sets with p > 2. We also obtain new arithmetic properties of
A(p) sets.

1. Introduction. Let G denote a compact abelian group and G = Γ its
necessarily discrete, abelian, dual group. When E is a subset of Γ, an
integrable function f on G will be called an E-function provided its
Fourier transform, /, vanishes on the complement of E. Similarly, an
i?-function / will be called an E-polynomial if the support of its Fourier
transform is finite.

A subset E of Γ is said to be a A(p) set, p > 0, if for some
0 < r < p there is a constant c(p, r, E) so that

(1) ll/ll, * C ( / M ,20||/||Γ

for all is-polynomials /. An easy application of Holder's inequality shows
that if p < q and E is a A(q) set, then E is a A(p) set. For standard
results on A(p) sets see [11] and [7].

A number of authors (cf. [11], [7], [2], [10] and [1]) have shown that
A(p) sets with p > 2 satisfy certain arithmetic properties. In [9] Miheev
was able to extend some of these properties to all A(p) sets in Z. In §2 we
will show that generalizations of the properties attributed to A(p) sets
with p > 2 in the papers cited above are satisfied by all A(p) sets, p > 0,
in all discrete abelian groups.

One of the important open questions in the study of A(p) sets is
whether there are any A(p) sets, with p < 4, that are not already Λ(4).
The technique used most often to show that a given set is not a A(p) set,
for some particular value of p, is to show that the set fails to satisfy an
arithmetic property which A(p) sets are known to fulfill. As a conse-
quence of our results, it is impossible to find a A(p) set with p < 2 which
does not satisfy all the arithmetic properties of a Λ(2) set which are
currently known.

The proofs of these results depend upon the following theorem.
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144 KATHRYN E. HARE

DEFINITION 1.1. A subset P of Γ is called a parallelepiped of

dimension N if P = ΠjL1{χ I, ψ,}, where χ,, ψ£ e Γ for / = 1,.. ., N, and

| P | = 2N.

THEOREM 1.2. IfE c Γ w α Λ(/?) se/, /? > 0, then there is an integer

N such that E does not contain any parallelepipeds of dimension N.

We prove this result in §3. The conclusion of this theorem was

previously known for Λ(l) sets [4], and for all A(p) sets in Z (for p = 2

in [8] and for p > 0 in [9].) In §4 random sequences are considered to

show that parallelepipeds are not sufficient to characterize Λ(4) sets.

2. Arithmetic properties.

DEFINITION 2.1. A subset P of Γ is called a pseudo-parallelepiped of

dimension N if P = ΠfLi{ X,, ψ, }> where χn ψ, e Γ for / = 1,.. . , N.

REMARK. Parallelepipeds and pseudo-parallelepipeds are generaliza-

tions of arithmetic progressions, for any arithmetic progression of length

2N is a parallelepiped of dimension N.

Our results on the arithmetic properties of A(p) sets will be seen to

follow from Theorem 1.2 and

PROPOSITION 2.2. For each positive integer n, there are constants c(n)

and 0 < ε(n) < 1, so that ifEczT does not contain any parallelepipeds of

dimension n, then whenever Pr is a pseudo-parallelepiped of dimension r

E Π Pr\< c(n)2rε(n\

REMARK. This proposition is proved in [9] for E c Z and Pr a

parallelepiped of dimension r. With appropriate modifications the same

proof yields Proposition 2.2.

Combining Theorem 1.2 and Proposition 2.2 we immediately obtain

COROLLARY 2.3. Let E c Γ be a Λ.(p) set for some p > 0. There are

constants c and 0 < ε < 1 so that whenever Pr is a pseudo-parallelepiped of

dimension r

\E Π Pr\< c2rε.
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The arithmetic progression of length N9 {χ\p,...9χ\pN}9is contained

in the pseudo-parallelepiped χψ YlfL^ι{l, ψ2'} of dimension M pro-

vided 2M > N. By choosing M with 2M~ι < N < 2M we have

COROLLARY 2.4 (see [11, 3.5], [2], or [1] forp > 2, [9] for E c Z). Let

E c Γ be a A(p) set. There are constants c and 0 < ε < 1 such that if A is

any arithmetic progression of length N then

\EΠA\< 2cNε.

In particular, if E is a Λ(p) set in Z, then any interval of length N

contains at most 2cNε points of E. Thus E has density zero. Moreover, if

E = {nk}, then ΣnkΦ0(l/\nk\) < oc, so the set of prime numbers is not a

Λ(p) set for any p > 0 [9].

DEFINITION 2.5 [7, 6.2]. For positive integers d and N, χl9..., χ d G Γ

and 1 < r < oo, let

Let

y sup
ι<j<d

REMARK. These sets may also be viewed as generalized arithmetic

progressions. Indeed, if Γ = Z and K Z then

Ar(N,b)= {-Nb9...9-b,Q9b9...,Nb}

is an arithmetic progression of length 2N 4- 1 for any r.

COROLLARY 2.6 (see [7, 6.3-6.4], [1] for p > 2 and r < oo). Let

E c Γ be a A(p) set. There are constants c and 0 < ε < 1 such that

\Ar(N,Xl,...,Xd)nE\<c(2N+l)dε

for all χ 1 ? . . . , χd e Γ, N e Z + and 1 < r < oo.

Proof. Observe that

d

Ar(N9χ1,...9χd)<zA00(N9χ1,...9χil) = Π ^ o o ( ^ X ι ) -
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Since A^(N, χ,) is an arithmetic progression of length at most (2JV + 1),
the set Πf=1 A^N, χ,) is contained in a pseudo-parallelepiped of dimen-
sion Md, where 2M > 2N + 1 > 2M~ι. Now apply Proposition 2.2. D

DEFINITION 2.7 ([11, 1.6]). For E c Z and n G Z, let r 2 (£, n) be the
number of ordered pairs (mv m2) & E X E with mλ 4- m2 = ft.

COROLLARY 2.8 (see [10] for p > 2 and [11, 4.5] /or /? = 4). //

E <z Z+ is a A(p) set there is some q < oo α«d constant c so that if
\/q+\/q' = \ then E satisfies

N

Σ < cNι/qf

/or all positive integers N.

Proof. If (m1? m2) G E X £ satisfies rax + ra2 = « then certainly ml9

m2 G (0, w]. Thus

r 2 ( E , n ) <\{0,n] Γ ) E \ < c n ε

for some constants c and 0 < ε < 1.
lΐ q= 2/(1 - ε) then

Σ r2(£,π) < cNε+ι/q < cNι/qf. D

DEFINITION. 2.9. Let M be a positive integer. We will say that A c Γ
is a weak-M-test set if |^4~x | <

REMARKS. 1. If 4̂ = {xψ^.^χψ^} is an arithmetic progression of
length JV, then ^l^l"1 = {ψ*: -iV + 1 < k < N - 1}, hence A is a weak-
2-test set.

2. In [2] A is called a to/ se/ 0/ order M if l^^vT1! < M|>4|. Since
"1! < \A2A'ι\ any test set of order M is a weak-M-test set.

PROPOSITION 2.10 (see [2] for p > 2 and A a test set of order M). Let
£ c Γ be a A(p) set. There are constants c and 0 < ε < 1 so that
whenever M is a positive integer and A is a weak-M-test set, then

\E ΠA\< c\A\\
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Proof. Let t = \E Π A\ and choose n > 1 so that E contains
no parallelepipeds of dimension n + 1. We will assume that / >
4(M\A\)ι~ι/2" and derive a contradiction.

Let E' = E Π A.
For each i = 1,..., d choose a maximal collection CXi of ordered sets

{α,β} satisfying α, β e E' and aβ'1 = χiy and which are pairwise
disjoint (as unordered sets). Let C\ = \Jf=1ClJ.

Suppose {a,β} <£ Q for α, β e £ ' with α # j 8 . Since aβ~ι = χ, for
some i and {α,β} £ Cu it must be that one of {χ,α} or {/?,χ} e CU

for some χ e £ ' . Thus

and hence

max Clg- > v ^ , f

If / < 4 then t < 4(M\A\)ι~ι/2" for any n > 1, thus / > 4 and we
obtain the inequality

C i , == max C i , ^

Let JOJ denote the set of left hand terms of Cλi. Observe that if
Ψiv . Ψ ^ A with ψ.#ψ 7 . for z#y, then {ψy ,ψ y χ^}, 7 = 1,...,/:,
are distinct pairs in Clf/i, and so by the disjointness condition all the terms
of {ψx,..., ψ*} {1, χ^1} are distinct.

Further, if |CUJ > 1 then C l z i contains two distinct pairs, {aJ9βj}9

j = 1,2. Since α̂ -jSy"1 = χ/χ these four elements of E form a parallelepiped
of dimension 2, namely {«i?«2} ' {^X^1}- Hence if E contains no
parallelepipeds of dimension 2 then t < (4M\A\)1/2 proving the proposi-
tion for n — 1.

We proceed inductively to obtain for k = 2,..., m - 1, k < n, sets
CΛΪ/A and Z>£ satisfying:

(i) C f̂. consists of pairwise disjoint two element sets {a,β} with
aβ~ι = Xι/a, β ^ Dk_λ',

(ii) Dk consists of the left hand terms of Ck y

(iii) |CA,,.J = 1^1 > ί2*/(4Λf μD 2*- 1; and
(iv) If {Ψi,..., ψr} are distinct members of Dk then all the terms of

the set {ψ l 9..., ψr} Πy=1 (1, χ^1} belong to E and are distinct.
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In particular, (iv) implies that if ψ1? ψ2 are distinct members of Dk,

then E contains the fc + 1 dimensional parallelepiped {ψ1? ψ2} '

For / = 1,. . . , d, let Cm z be a maximal set of pairwise disjoint two

element sets {α, β} with α, /i e Dm_λ and aβ~ι = χr In the same manner

as before we see that

= max

3M\A\

and since we are assuming

\(4M\A\f
- 1

(4M\A\f
we have

m-'"' (4MMIΓ" 1

Let Dm be the left hand terms of Cm , and suppose ψ 1 ? . . . , ψ r are

distinct terms of Dm. Then {ψ , ψ.χ^1} are pairwise disjoint sets in Cm t ,

so B = {ψ l 5 . . . , ψ r, ΨXX71,..., Ψ^Γ 1} is a collection of distinct terms of

A H - I % (^v) Λe terms of
m m — \

-B-n
are distinct members of E. This completes the induction step.

Since E contains no parallelepipeds of dimension n + 1, \Dn\ must be

at most one. This contradicts our initial assumption. D

The union problem for A(p) sets with p < 2 is open. However we do

have

PROPOSITION 2.11 (see [9] for E c Z). Let Eλ and E2 be A(p) sets.

Then Eγ U E2 does not contain parallelpipeds of arbitrarily large dimension.

Proof. Choose constants c and 0 < e < 1 so that whenever Pn is a

parallelpiped of dimension w, |JF7. Π Pw | < clnε for / = 1,2. Then

for n sufficiently large. D
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Observe that all these results hold for sets which do not contain

parallelepipeds of arbitrarily large dimension. In [6] we discuss additional

properties of such sets.

3. Proof of Main Theorem. We turn now to proving Theorem 1.2.

Since any A(p) set with p > 1 is a A(s) set for any s < 1, we may

without loss of generality assume p < 1.

We will show in fact that N depends only on c(p, p/2, E), as defined

by (1). Since a translate of a A(p) set is a A(p) set with the same

constant, it suffices to show that A(p) sets do not contain parallelepipeds

of the form P = Π j l x ί ^ χ , } , | P | = 2M, for M > N.

The proof will result by establishing a number of lemmas. The main

idea in the proof of the principal result in [9] is used in Lemma 3.4.

Let us say that {χ 1 ?..., χ^} c Γ is quasi-dissociate if

N

implies ε, = 0 for all i = 1,. . ., N.

LEMMA 3.1. Fix a positive integer No and let Nλ = 3N° 4- 1. Any subset

of Γ of cardinality Nλ contains a quasi-dissociate subset of cardinality No.

Proof. This is essentially an application of the Pigeon Hole Principle.

Consider the subset {X/Jfi! c Γ. Choose Ψ i ^ { X i , χ 2 } so that
ψx Φ 1. If Ax = {Ψ51: εx = 0, ± 1} then \Aλ\ < 3 so it is possible to choose

Now proceed inductively. Assume ψ l 9 . . . , ψn have been chosen. Let

Since \An\ < 3" we may choose ψ Λ + 1 e {x^lV w i Λ ψM + 1 ί An.

We may choose { ψ , } ^ c ( x j ^ i in this way since iVx = 3̂ ° + 1.

Now suppose Π ^ ψf' = 1 with ειr = 0, ± 1, / = 1,.. . , Λ ô. Let k be

the largest integer with εk Φ 0. We cannot have k = 1 for then ψ^1 = 1

and hence ψx = 1. If A: > 1 then without loss of generality, εk = 1, so

ψA: = n f r / Ψ7ε' But this implies ψ^ G Ak_v contradicting its selection.

Thus ε; = 0 for all / = 1,2,..., No and hence {ψ.:} ^λ is a quasi-dissociate

set. •
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Let us say that the parallelepiped PN = ΠfL^l , χ f } is

(i) of order 2 if χ? = 1 for i = 1,..., TV;

(ii) dissociate if ΠflxX/1 = 1 with ε, = 0, ± 1 , ± 2 , implies ε, = 0 for

all i = 1, . . . , TV; and

(iii) quasi-dissociate if Π ^ χ ^ = 1 with εf = 0, ± 1 implies εz = 0 for

all i = 1, . . . , TV.

With this notation an immediate corollary of the previous lemma is

COROLLARY 3.2. // E contains P = Π f i i l ^ χ , } , a parallelepiped of

dimension Nλ = 3̂ ° + 1, //ie/i 2? contains a quasi-dissociate, Ή^-dimensional

parallelepiped.

Next we will prove

LEMMA 3.3. i>ί E be a A(p) set, 0 < /? < 1, w/YA constant

c( /?, /?/2, £ ) . There is an integer Nx depending on c( p, p/2, E) such that E

does not contain any parallelepipeds of order 2 with dimension greater than

Nv

Proof. Choose an integer No so that

and set Nx = 3>N° + 1. By Corollary 3.2 if E contains a parallelepiped of

order 2 with dimension Nx then E contains a quasi-dissociate parallele-

piped of order 2 with dimension No, say Π ^ ^ l , χ7-}. Being quasi-dissoci-

ate and of order 2 the set {χι}^ι is probabilistically independent. Hence

/ No \ l/p

Π |i + xΔ π/
Similarly

Λ^o \ VP

Π|1+X,Γ2 =2^
'=i /

Thus if/(*) = Π^xίl + χ,(*)), then / e Trig£(G) and

contradicting the fact that E is a Λ( /?) set with constant c( /?, j?/2, E). Ώ
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LEMMA 3.4. Let E be a A(p) set, 0 < p < 1, with constant
c(p, p/2, E). There is an integer N depending on c(p, p/2, E) such that E
does not contain any dissociate parallelepipeds of dimension N.

Proof. It is shown in [9] that for any fixed r e (0,1) with r/(l - r)3

</>2/256,

l -r

Choose N so that AN > c(p, p/2, E)BN, and suppose E contains the
dissociate parallelepiped Π£Li{l, χf }. Let R be the least solution of
r = 2R/(1 + R2).

Let / = Πjlxίl + RXi). Then / e Trig£(G), and

An application of MacLaurin's formula shows that for any a e (0,1)

(1 + x)a = 1 + ax - + Rem(x)

where |Rem(jc)| < (r/(l - r))3 provided x e [-r, r] and r G (0,1).
Now -r < r((xfx + χ.(x))/2) < r so applying MacLaurin's formula

to (2) with a = /?/2 we obtain

p —

2 ( X , + X ,
l / P

= (1 + R2)
2\N/2 /π 1 -

(p/2)(l-p/2)r2 I r

1 -r

, />
2 2

i/p

because of the dissociateness assumption.
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Similarly

Thus

11/11, > (1 + R2)N/2A» > (1 + RY/2C(P,P/2,E)B»

>c(p,p/2,E)\\f\\p/2

contradicting the fact that E is a A(p) set with constant
c(p,p/2,E). D

LEMMA 3.5. For each positive integer No there is an integer N2 = N2(N0)

so that if P = T\*ϊι{l9Xi} is a parallelepiped of dimension N2 with the

property that for each i = 1,2,..., N2 the set {j^= i' χ2j = xj} is empty,

then P contains a dissociate parallelepiped of dimension No.

Proof. This is another application of the Pigeon Hole Principle similar

to Lemma 3.1. D

LEMMA 3.6. For each positive integer No there is an integer N = N(N0)

so that if E contains a parallelepiped of dimension TV, then a translate of E

contains either a dissociate parallelepiped or a parallelepiped of order 2, with

dimension No.

Proof. Fix No. Put N = 2N0N2 with N2 = iV2( JV0) as in Lemma 3.5.

Assume that a translate of E contains i> = Π j i 1 { l , χ l }, a parallelepiped

of dimension N.

We will say that χ/, ~ χ y if χ
2 = χ2

r Let 5f- be the equivalence class

containing χ7. We consider two cases.

Case 1. For some / e {1,2,..., N], \S,\ > 2N0. Without loss of

generality i = l and {Xi,X29. ?X2yv0}
 c Sl9 i.e., χ\ = χ\ for k =

1,2,..., 2N0. Then χλχlι = φk satisfies φ\ = 1 for k = 1,.. . , 2N0.

Certainly Π7

Λi1{χ1φ2y_1, Xi<p2j}
 c P a n d hence is a parallelepiped of

dimension No contained in E. A further translate of E contains the
Λ^-dimensional parallelepiped Π j ^ J l , φ 2 yφ 2y-i} of order two.

Case 2. Otherwise 1̂ 1 < 2N0 for all / = 1,2,..., N. In this case there

must be at least N2 distinct equivalence classes, say Sl9..., SN. Lemma 3.5

may be applied to Π ^ ^ l , x,} to obtain a dissociate parallelepiped of

dimension No in the original translate of E. D

Proof of Theorem 1.2. Put together Lemmas 3.3, 3.4 and 3.6. D
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4. Random sequences. If E does not contain any parallelepipeds of
dimension 2 then a modification of [11, 4.5] can be used to show that E is
a Λ(4) set. Parallelepipeds are not sufficient to characterize A(p) sets
however. In this section we will use a method of Erdόs and Renyi [3] to
show that for each p > 8/3 there is a set E(p) which does not contain
parallelepipeds of arbitrarily large dimension and yet is not aA(p) set.

Let 0 < a < 1 and let {£n}£Li be a sequence of independent random
variables such that P(ξn = l)=pn = \/na and P(ξn = 0) = 1 - pn. Let
{vk) denote the values of n (in increasing order) with ζn = 1. Thus pn is
the probability that n is contained in {vk}.

If {vk} contains a parallelepiped of dimension d then there are
integers n, ra, kl9..., k2d-i, such that {vk) contains

Ξ= [knkt + n,ki + m.k^ m

where

W i t h o u t l o s s o f g e n e r a l i t y w e m a y a s s u m e l < k i < k i + n < k i + m <
k^m + n, so {k v . . . , k2d-2, n, m) c Z+. Since {ξn}™=1 are inde-
p e n d e n t r a n d o m v a r i a b l e s t h e p r o b a b i l i t y t h a t {vk} c o n t a i n s
X(kv ..., k2d-i, n, m) is

P(X(kl9...,k2<-29n9m)cz {vk})

* , . ( * , . + n)(k, + m)(k, + m + n)J

Thus if Σή,m,£, k2lι-2 denotes the sum over those positive integers
n, m,kλ,..., k2<ι-i such that | AΓ'(Λc:1,..., k2d-i, n,m)\ = 2d, then

P(X(k1,...,k7/l-2,n,m)<z {vk})

2J-2

π !

Let t = 2d~2. By using the inequality

* l k \n
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for 0 < σ < 1, we obtain

n,m

(l-σ)rα

k
Σ k

If we choose /, a and σ so that (1 - σ)at > 1 and 2(1 + σ)α > 1,

then S < oo. An application of the Borel-Cantelli Lemma shows that in

this case {vk} contains only finitely many d dimensional parallelepipeds

a.s.

If a > 1/4 and / > l/2(α - 1/4) we see that the inequalities

(1 — σ)at > 1 and 2(1 + σ)α > 1, can be simultaneously satisfied for any

σ G (0,1) with

Since

^ / \2 ^> a 2(1 -a) '

by the Strong Law of Large Numbers

lim '"" k = 1 a.s.
k—> oo K

Thus

lim k = 1 a.s.
yt-*oo (1 — a)k

and so there is a c > 0 such that for all TV sufficiently large,

\>cNχ-« a.s.

PROPOSITION 4.1. For each p > 8/3 there is an integer d =

a set E = E(d, p) which contains no parallelepipeds of dimension d but is

not a A(p) set.

Proof. For p > 8/3, say p = 8/(3 - 4ε) with ε > 0, let a = 1/4 +

ε/2 and let J be any integer satisfying / = 2d~2 > 1/ε. Choose {J^} as

described above so that {vk} contains only finitely many parallelepipeds

of dimension d and
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Let E be the set {vk} with the finitely many integers which form
parallelepipeds of dimension d deleted. If E was a A(p) set then by [11,
3.5]

\E Γ)[l,N]\< cN2/p.

But E and {vk} have the same asymptotic density and 2/ρ < 3/4 — ε/2,
thus E cannot be a A(p) set. D

Thus the notion of parallelepipeds is not strong enough to char-
acterize A(p) sets for p > 8/3. The question as to whether or not
parallelepipeds characterize A(p) sets for p < 8/3 remains open.
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