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ARITHMETIC PROPERTIES OF THIN SETS

KATHRYN E. HARE

We prove that A(p) sets do not contain parallelepipeds of arbi-
trarily large dimension. This fact is used to show that all A(p) sets
satisfy the arithmetic properties which were previously known only for
A(p) sets with p > 2. We also obtain new arithmetic properties of
A(p) sets.

1. Introduction. Let G denote a compact abelian group and G = T its
necessarily discrete, abelian, dual group. When E is a subset of I', an
integrable function f on G will be called an E-function provided its
Fourier transform, f, vanishes on the complement of E. Similarly, an
E-function f will be called an E-polynomial if the support of its Fourier
transform is finite.

A subset E of I' is said to be a A(p) set, p > 0, if for some
0 < r < p thereis a constant ¢( p, r, E) so that

(1) Il < c(p,r, E)IfI.

for all E-polynomials f. An easy application of Holder’s inequality shows
that if p < q and E is a A(q) set, then E is a A(p) set. For standard
results on A( p) sets see [11] and [7].

A number of authors (cf. [11], [7], [2], [10] and [1]) have shown that
A(p) sets with p > 2 satisfy certain arithmetic properties. In [9] Miheev
was able to extend some of these properties to all A( p) setsin Z. In §2 we
will show that generalizations of the properties attributed to A(p) sets
with p > 2 in the papers cited above are satisfied by all A( p) sets, p > 0,
in all discrete abelian groups.

One of the important open questions in the study of A(p) sets is
whether there are any A( p) sets, with p < 4, that are not already A(4).
The technique used most often to show that a given set is not a A( p) set,
for some particular value of p, is to show that the set fails to satisfy an
arithmetic property which A( p) sets are known to fulfill. As a conse-
quence of our results, it is impossible to find a A( p) set with p < 2 which
does not satisfy all the arithmetic properties of a A(2) set which are
currently known.

The proofs of these results depend upon the following theorem.
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DErFINITION 1.1. A subset P of T is called a parallelepiped of
dimension N if P =TIN {x,¥,}, where x,¢,€ T fori=1,..., N, and
|P| =2V,

THEOREM 1.2. If E C I' is a A(p) set, p > O, then there is an integer
N such that E does not contain any parallelepipeds of dimension N.

We prove this result in §3. The conclusion of this theorem was
previously known for A(1) sets [4], and for all A(p) setsin Z (for p = 2
in [8] and for p > 0 in [9].) In §4 random sequences are considered to
show that parallelepipeds are not sufficient to characterize A(4) sets.

2. Arithmetic properties.

DEFINITION 2.1. A subset P of T is called a pseudo-parallelepiped of
dimension N if P =TIY {x,,¢,}, where x,,¢,€ T fori=1,..., N.

REMARK. Parallelepipeds and pseudo-parallelepipeds are generaliza-
tions of arithmetic progressions, for any arithmetic progression of length
2V is a parallelepiped of dimension N.

Our results on the arithmetic properties of A( p) sets will be seen to
follow from Theorem 1.2 and

PROPOSITION 2.2. For each positive integer n, there are constants c(n)
and 0 < g(n) <1, so that if E C T does not contain any parallelepipeds of
dimension n, then whenever P, is a pseudo-parallelepiped of dimension r

|[ENP|<c(n)2rm,

REMARK. This proposition is proved in [9] for EC Z and P, a
parallelepiped of dimension r. With appropriate modifications the same
proof yields Proposition 2.2.

Combining Theorem 1.2 and Proposition 2.2 we immediately obtain

COROLLARY 2.3. Let E C T be a A( p) set for some p > 0. There are
constants ¢ and 0 < & < 1 so that whenever P, is a pseudo-parallelepiped of
dimension r

[ENP|< 2.
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The arithmetic progression of length N, {xy,..., x¥"}, is contained
in the pseudo-parallelepiped xy - I17;{1,¢*} of dimension M pro-
vided 2™ > N. By choosing M with 2¥~1 < N < 2™ we have

COROLLARY 2.4 (see [11, 3.5],[2], or [1] forp > 2,[9] for E C Z). Let
E C T bea A(p) set. There are constants c and 0 < & < 1 such that if A is
any arithmetic progression of length N then

IE N A] < 2¢N°.

In particular, if £ is a A(p) set in Z, then any interval of length N
contains at most 2¢N°¢ points of E. Thus E has density zero. Moreover, if
E={n.},thenX, ,o(1/|n)) < oo, so the set of prime numbers is not a
A(p) set for any p > 0[9].

DEFINITION 2.5 [7, 6.2]. For positive integers d and N, x,...,x, €T
and 1 < r < o0, let

d d
Ar(NaXIa---st)={].—.[X’]J: E‘nji SN’}
Jj=1 j=1
Let

d
AW = | T s < ).
Jj=1 l1<j<d

REMARK. These sets may also be viewed as generalized arithmetic
progressions. Indeed, if I' = Z and b € Z then

A,(N,b) = {-Nb,...,-b,0,b,..., Nb)

is an arithmetic progression of length 2N + 1 for any r.

COROLLARY 2.6 (see [7, 6.3-6.4], [1] for p > 2 and r < 0). Let
E C I be a A(p) set. There are constants c and 0 < & < 1 such that

[4,(N,x1,...,xs) NE|<c(2N + 1)d8
forall x,,....,.x,€T,NeEZ and1 <r < 0.

Proof. Observe that

d
Ar(N’ xl""’xd) C Aw(N, Xl""’xd) = g Aw(N? XI)‘
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Since 4 (N, x;) is an arithmetic progression of length at most (2N + 1),
the set [1“_, A_ (N, x,) is contained in a pseudo-parallelepiped of dimen-
sion Md, where 2™ > 2N + 1 > 2™~ Now apply Proposition 2.2. O

DEFINITION 2.7 ([11, 1.6]). For E C Z and n € Z, let r,( E, n) be the
number of ordered pairs (m,, m,) € E X E with m; + m, = n.

COROLLARY 2.8 (see [10] for p > 2 and [11, 4.5] for p = 4). If
ECZ" is a A(p) set there is some q < oo and constant ¢ so that if
1/q + 1/q" = 1 then E satisfies

n=1

N 1/q
(Z rz(E,n)q) < NV
for all positive integers N.

Proof. If (m,, m,) € E X E satisfies m; + m, = n then certainly m;,
m, € (0, n]. Thus

rn(E,n) <|(0,n] N E| < cn*

for some constants c and 0 < ¢ < 1.
If g =2/(1 — ¢) then

n=1 1=1

N 1/q N 1/q
( Z Vz(E’n)q) < ( (cns)") < cNetVa < NV O

DEFINITION. 2.9. Let M be a positive integer. We will say that 4 C T’
is a weak-M-test set if |AA™"| < M|A|.

REMARKS. 1. If 4 = {x¢,...,x¢"} is an arithmetic progression of
length N, then AA™' = {¢*: -N +1 < k < N — 1}, hence 4 is a weak-
2-test set.

2. In [2] A is called a test set of order M if |A°A™}| < M|A|. Since
|AA7Y| < |A%47"| any test set of order M is a weak-M-test set.

PROPOSITION 2.10 (see [2] for p > 2 and A a test set of order M). Let
EcCT be a A(p) set. There are constants ¢ and 0 <e <1 so that
whenever M is a positive integer and A is a weak-M-test set, then

[EnA|<c|Al.
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Proof. Let t=|ENA| and choose n>1 so that E contains
no parallelepipeds of dimension n + 1. We will assume that 7>
4(M| A ~1/?" and derive a contradiction.

Let AA™'\ {1} = {x1,---» x4} With x, # x; if i # j. Then d < M|A4|.
Let E' = EN A.

For each i = 1,..., d choose a maximal collection C, ; of ordered sets
{a,B)} satisfying a, B € E’ and af™' = x;, and which are pairwise
disjoint (as unordered sets). Let C; = UL, C, .

Suppose {a, B} & C, for a, B € E’ with a« #+ B. Since af™' = x, for
some i and {a, B} & C,; it must be that one of {x,a} or {B8,x} € C},
for some x € E’. Thus

, t(r—1
|C,|= 3|{{a/3} a,BEE’, a#ﬁ}l (3 )
and hence
t(t—1) t(t—l)
max [Cul> =g 2 3M|A4|

If t <4 then t < 4 M|A])'~'/?" for any n > 1, thus ¢ > 4 and we
obtain the inequality

t2
aM|A|’

Let D, denote the set of left hand terms of C;;. Observe that if
Y1,..., ¥, € D, with ¢, # ¢, for i # j, then {zpj,z[/jx,fll}, j=1,...,k,
are distinct pairs in C; ;, and so by the disjointness condition all the terms
of {¥1,..., ¥, } - {1, x;'} are distinct.

Further, if |C;,| > 1 then C,; contains two distinct pairs, {a;, B;},
Jj =1,2. Since a ij‘l = X;, these four elements of E form a parallelepiped
of dimension 2, namely {a;,«,}{1,x;'}. Hence if E contains no
parallelepipeds of dimension 2 then ¢ < (4M|A|)!/? proving the proposi-
tion for n = 1.

We proceed inductively to obtain for k =2,...,m — 1, k < n, sets
Cy,;, and D, satisfying:

() €y, consists of pairwise disjoint two element sets {a, 8} with
afpt =x,,a, BED,_;;

(ii) D, consists of the left hand terms of C, , ;

(iii) |Cy ;| = 1Dyl = ¥ /(4M|A)*~?; and

@iv) If {x]/l, .., ¥, } are distinct members of D, then all the terms of
the set {¢,..., 1[J,} -TTj_1 {1, x;'} belong to E and are distinct.

Li| = max|t, ;| =
Cul = maxcy |2
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In particular, (iv) implies that if ¢, y, are distinct members of D,,
then E contains the k + 1 dimensional parallelepiped {{,,{,} -

j/'(=1{17X;1}-

For i =1,...,d, let C,, be a maximal set of pairwise disjoint two
element sets { a, 8} with e, 8 € D,,_, and af~! = x,. In the same manner
as before we see that

1
,Cm,im’ = lrglasxd'cmzl = ﬁle-ll(le—ll - 1)

1
>
3M| 4|

I 2
-1 m—1 - 1
(ama)” L (amla)”
and since we are assuming

!

m—1 = 4’
(an]4)™
we have

o
|2 — e
(4M]4])

Let D, be the left hand terms of C,, and suppose ¢,,...,¢, are
distinct terms of D,,. Then { ¢, ¢ Jx,“ml} are pairwise disjoint sets in C,, , |
0 B={y,....,¥,¥1X;s---»¥,X;} is a collection of distinct terms of
D, _,. By (iv) the terms of

m—1
et Tl = 5 TT (1x3)
Jj=1 j=1

are distinct members of E. This completes the induction step.
Since E contains no parallelepipeds of dimension n + 1, |D,| must be
at most one. This contradicts our initial assumption. O

The union problem for A( p) sets with p < 2 is open. However we do
have

PROPOSITION 2.11 (see [9] for E C Z). Let E, and E, be A(p) sets.
Then E, U E, does not contain parallelpipeds of arbitrarily large dimension.

Proof. Choose constants ¢ and 0 < & <1 so that whenever P, is a
parallelpiped of dimension n, |E; N P,| < ¢2"¢ for i = 1,2. Then

l(El U E2) N PIIIS 262"8 < 2" =|Pnl
for n sufficiently large. a
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Observe that all these results hold for sets which do not contain
parallelepipeds of arbitrarily large dimension. In [6] we discuss additional
properties of such sets.

3. Proof of Main Theorem. We turn now to proving Theorem 1.2.

Since any A(p) set with p > 11is a A(s) set for any s < 1, we may
without loss of generality assume p < 1.

We will show in fact that N depends only on ¢( p, p/2, E), as defined
by (1). Since a translate of a A(p) set is a A(p) set with the same
constant, it suffices to show that A( p) sets do not contain parallelepipeds
of the form P =T1I™ ,{1,x,}, |P| = 2", for M > N.

The proof will result by establishing a number of lemmas. The main
idea in the proof of the principal result in [9] is used in Lemma 3.4.

Let us say that { x;,..., x5} C I is quasi-dissociate if

N
[Txi=1 fore=0,+1i=1,...N,
i=1

implies ¢, = O foralli =1,..., N.

LEMMA 3.1. Fix a positive integer N, and let N, = 3™ + 1. Any subset
of T of cardinality N, contains a quasi-dissociate subset of cardinality N,,.

Proof. This is essentially an application of the Pigeon Hole Principle.

Consider the subset {x,}M, c I. Choose ¥; € {x;,Xx,} so that
Y, # LIf A, = {{7: ¢ =0, £1} then |A4,] < 3 so it is possible to choose
¥y € (X,)/o, with ¥, & 4,

Now proceed inductively. Assume ¢, ..., ¢, have been chosen. Let

An= {‘P?’J/ezz IPZH: 8120’ i—]"l:: 1,...,}’1}.

Since |A4,] < 3" we may choose ¥, € {x,}i_{' with ¢, ., & 4,,.

We may choose {,} ™, C {x,}M, in this way since N; = 3™ + 1.

Now suppose [1™, & =1 with ¢, =0, +1,i =1,..., N,. Let k be
the largest integer with ¢, # 0. We cannot have k = 1 for then Y =1
and hence ¢, = 1. If k > 1 then without loss of generality, ¢, =1, so
¥, = ITF2 ¢ 5. But this implies ¢, € 4,_,, contradicting its selection.
Thus e, = O foralli = 1,2,..., N, and hence {{,} M, is a quasi-dissociate
set. o
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Let us say that the parallelepiped P, = [T {1, x,} is
(i) of order 2if x> =1fori=1,...,N;
(i) dissociate if TTV.,; x% = 1 with ¢, = 0, +1, +2, implies ¢, = 0 for
alli=1,...,N;and
(i) quasi-dissociate if [T". | x =1 with &, = 0, +1 implies ¢, = 0 for
alli=1,..., N.

With this notation an immediate corollary of the previous lemma is

COROLLARY 3.2. If E contains P =T1™M {1, x,}, a parallelepiped of

dimension Ny = 3™ + 1, then E contains a quasi-dissociate, Ny-dimensional
parallelepiped.

Next we will prove

LEMMA 33. Let E be a A(p) set, 0 <p <1, with constant
c(p,p/2, E). There is an integer N, depending on c(p, p/2, E) such that E
does not contain any parallelepipeds of order 2 with dimension greater than
M.

Proof. Choose an integer N, so that

oy 20PN
20 = N, c(p,p/2,E)

and set N, = 3™ + 1. By Corollary 3.2 if E contains a parallelepiped of
order 2 with dimension N, then E contains a quasi-dissociate parallele-
piped of order 2 with dimension N, say I'1™,{1, x,}. Being quasi-dissoci-
ate and of order 2 the set { x,}, is probabilistically independent. Hence

1/p

No » 1/p N, i
(/ Ul 11+ x| ) = (]j[1 f 11+ x| ) = 2A=-1/pPNy.
Similarly
No 2/p
(/ 1"[ ll + Xl_lp/Z) = 21=2/p)Ny_
i=1
Thus if f(x) = IT%,(1 + x,(x)), then f € Trig(G) and

11l =207P% > ¢(p, p/2, EN24 "% = ¢(p, p/2, E)| /o2

contradicting the fact that E is a A( p) set with constant ¢(p, p/2, E). O
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LEMMA 34. Let E be a A(p) set, 0 <p <1, with constant
c(p,p/2, E). There is an integer N depending on c(p, p/2, E) such that E
does not contain any dissociate parallelepipeds of dimension N.

Proof. It is shown in [9] that for any fixed r € (0,1) with r/(1 — r)?
< p?/256,
_( (22 =p/2)r*  r V7
4= (1 4 (1 - r)

. (1 _ (p/4)(1 = p/4)r? +( r )3)2/” _3
4 1-r
Choose N so that AN > ¢(p, p/2, E)B", and suppose E contains the
dissociate parallelepiped ITY ,{1,x;}. Let R be the least solution of
r=2R/(1 + R?).
Let f =TIX,(1 + Ry,). Then f € Trigz(G), and

@ W= ([ TRl

N —\\ p/2\1/p
X: T Xi
fg1+r(—2 )) ) .

An application of MacLaurin’s formula shows that for any a € (0, 1)
_ 2
where [Rem(x)| < (r/(1 — r))? provided x € [-r,r] and r € (0, 1).
Now —-r < r((x;x + x,;(x))/2) < r so applying MacLaurin’s formula
to (2) with &« = p/2 we obtain

Il = 0+ &) [ 11

(5] o)

=(1+R)"?

1+x)"=1+ax-

X, +X
2

P [ XiTXi
1+2r(

N
_ (p/2)A =p/2)r* _(_r ¥y
‘(HRZ)M/,E(I_ ; -(+=)
+£r(xi+)7,~)_(p/2)(1~p/2)r2 x|
2"\ 72 2 4

=(1+ RZ)N/ZLN]I(l _ (117/2)(14—17/2)r2 _(1 r r)3)1/P

because of the dissociateness assumption.
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Similarly

N _ 2 r 3\2/p
”f”P/2 <1 +R2 l:[ (P/4)(14 p/4)r +(1 _,»)) )

Thus
1/, = @+ R)Y?4Y > (1 + R2)Y?c(p, p/2, E)BY

2 C(p’p/z’E)“f”P/2
contradicting the fact that E is a A(p) set with constant

c(p,p/2, E). O

LEMMA 3.5. For each positive integer Ny, there is an integer N, = N,(N,)
so that if P =T1"%{1,x,} is a parallelepiped of dimension N, with the
property that for each i = 1,2,..., N, the set { j # i: x? = x?} is empty,
then P contains a dissociate parallelepiped of dimension N,,.

Proof. This is another application of the Pigeon Hole Principle similar
to Lemma 3.1. O

LEMMA 3.6. For each positive integer N, there is an integer N = N(N,)
so that if E contains a parallelepiped of dimension N, then a translate of E
contains either a dissociate parallelepiped or a parallelepiped of order 2, with
dimension N,.

Proof. Fix N,. Put N = 2N,N, with N, = N,(N,) as in Lemma 3.5.
Assume that a translate of E contains P = ITY {1, x,}, a parallelepiped
of dimension N.

We will say that x; ~ x if x7 = x?. Let S, be the equivalence class
containing x,;. We consider two cases.

Case 1. For some i € {1,2,...,N}, |S,| = 2N,. Without loss of
generality i =1 and {X;,X2--->Xan)} € Sp» 1€, xi=xi for k=
1,2,...,2N,. Then x,x;' = ¢, satisfies 7 = 1 for k = 1,...,2N,.

Certainly I_If’gl{ X19P2,-1> X192,} C P and hence is a parallelepiped of
dimension N, contained in E. A further translate of E contains the
N,-dimensional parallelepiped [T2,{1, ¢, j(pz j—1) of order two.

Case 2. Otherwise |S;| < 2N, for all i = 1,2,..., N. In this case there

must be at least N, distinct equivalence classes, say S, ..., Sy. Lemma 3.5
may be applied to I1™2,{1, x,;} to obtain a dissociate parallelepiped of
dimension N, in the original translate of E. O

Proof of Theorem 1.2. Put together Lemmas 3.3, 3.4 and 3.6. a
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4. Random sequences. If E does not contain any parallelepipeds of
dimension 2 then a modification of [11, 4.5] can be used to show that E is
a A(4) set. Parallelepipeds are not sufficient to characterize A(p) sets
however. In this section we will use a method of Erdos and Rényi [3] to
show that for each p > 8/3 there is a set E( p) which does not contain
parallelepipeds of arbitrarily large dimension and yet is not a A( p) set.

Let 0 < a <1 and let {£,}%_, be a sequence of independent random
variables such that P(¢{,=1)=p,=1/n%and P({,=0)=1—p,. Let
{v,} denote the values of n (in increasing order) with £, = 1. Thus p, is
the probability that » is contained in {», }.

If {»,} contains a parallelepiped of dimension d then there are
integers n, m, k,, ..., kya—2, such that { », } contains

X(kl,...,kzll—2,n,m)
= {k, k,+nk,+mk+m+n:i=1,..,29?%)

where

|X(k1,...,k2d-z,n,m)|= 2d.
Without loss of generality we may assume 1 < k, <k, +n<k,+ m<
k,+m+n, so {ky,...,kyu2,n,m}CZ"* Since {£,}7_, are inde-
pendent random variables the probability that {»,} contains
X(kl, ey kzd—z, n, m) is

P(X(kl,...,kzd—z,n,m) C {Vk})

2d—2

- ,Ul (ki(ki + n)(k, +1m)(k,. +m+n) )".

Thus if X’ denotes the sum over those positive integers

n,m,ky,...,kyd-2

n,m, k..., kysuch that | X(ky,..., ky-2,n,m)| = 2% then

= Z, P(X(kl,...,kza-z,n,m)C {Vk})

)y ﬁz(ki(k,.+n)(ki +1m)(k,~+m+"))a

<
n,m,ky,..., ky—2€Z* i=1
1 « 2d—2
=,§n(§(k(k+n)(k+m)(k+m+n)) )

Let ¢ = 2972, By using the inequality

s G
k+n~— \k n
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for 0 < 6 < 1, we obtain

1 \d-ore 1\ 21+ !
s<Zla) TS
If we choose ¢, @ and o so that (1 — o)ar > 1 and 2(1 + 0)a > 1,
then S < o0. An application of the Borel-Cantelli Lemma shows that in
this case {»,} contains only finitely many 4 dimensional parallelepipeds
a.s.
If a>1/4 and ¢t>1/2(a — 1/4) we see that the inequalities
(1 —o)at > 1and 2(1 + o)a > 1, can be simultaneously satisfied for any
o € (0,1) with

L—-1<o<1—~1—.
2a ta

Since

p(l=p) 1
w (p+ - +p,) W onn

by the Strong Law of Large Numbers

. levkpi
klingo 2 =1 as.
Thus
vl—a
lim —%— =1 as.
e (1 — a)k a-s

and so there is a ¢ > 0 such that for all N sufficiently large,

H{r.} N[1,N]|= N as.

PROPOSITION 4.1. For each p > 8/3 there is an integer d = d(p) and
a set E = E(d, p) which contains no parallelepipeds of dimension d but is
not a A(p) set.

Proof. For p > 8/3, say p = 8/(3 — 4¢) with ¢ > 0, let « = 1/4 +
e/2 and let d be any integer satisfying ¢ = 2972 > 1 /e. Choose {»,} as
described above so that {»,} contains only finitely many parallelepipeds
of dimension d and

[{n} N1, N[~ eN>/47e72,
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Let E be the set {»,} with the finitely many integers which form

parallelepipeds of dimension d deleted. If E was a A( p) set then by [11,

3.5]

|EN[1,N]|< cN¥>.

But E and {7, } have the same asymptotic density and 2/p < 3/4 — ¢/2,
thus E cannot be a A( p) set. O

Thus the notion of parallelepipeds is not strong enough to char-

acterize A(p) sets for p > 8/3. The question as to whether or not
parallelepipeds characterize A( p) sets for p < 8 /3 remains open.
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