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FUNDAMENTAL DOMAINS FOR
THE GENERAL LINEAR GROUP

DouGLAs GRENIER

Historically the most familiar fundamental domain for P,/GL,(Z)
has been that of Minkowski. This paper develops a new fundamental
domain more suited to applications in number theory. It is shown that
these domains can be determined explicitly for given n and this is done
for n = 3,4,5,6. A reduction algorithm for an arbitrary element of
P, is also determined.

1. Introduction. Throughout this paper, let P, denote the space of
positive definite, symmetric, real » x n matrices. The identity matrix
will always be denoted by 7 or I,, where necessary to avoid ambiguity.
If G = GL,(R), the general linear group over R, and K is the subgroup
of G of orthogonal matrices, P, can be identified with K\ G as follows:

K\G — P,
Kg—Tgg
where T g denotes the transpose of the matrix g. We can define an
action of the group G on P, by TgYg for g € G and Y € P,. We
will use the notation Y[g] = TgYg. Now, as GL,(Z) is a discrete
subgroup of G, and so acts discontinuously on P,, we can define a
fundamental domain P,/GL,(Z). If T is any discrete subgroup of G,
then a fundamental domain for P, /I is a subset of P, satisfying two

conditions:
(1) The union of the images under the action of I" covers Py, i.e.,

UY(PH/F)ZPn-

yel

(2)If Y and Y[g], g €T, are both in the fundamental domain, then
Y and Y[g] are on the boundary of the fundamental domain or g = 1.
From here on, unless otherwise noted, I" will always be GL,(Z).

Historically, the standard fundamental domain for P,/I" has been
that of Minkowski, [9], here denoted M,,. M, is defined as follows:

M,={Y€P,|Y[a]l>y;ifacZ" gcd(a;...,a,) = I;
Viig1 20fori=1,...,n— 1}
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It may not be readily apparent that this indeed satisfies conditions 1
and 2 above, but for the details the reader is referred to Minkowski’s
original work [9], or to Terras’ discussion in [17].

Fundamental domains are by no means unique, however, and while
study of M, has led to great progress in the geometry of numbers for
example, for certain areas of number theory it may be appropriate
to define an alternative fundamental domain. One motivation was to
explicitly determine the Maass-Selberg relations for Eisenstein series
on SL3(Z). For SL,(Z) these enable one to solve the integral that is
the parabolic term in the Selberg trace formula. To study the corre-
sponding term in a version of the trace formula for SL3(Z) it would be
necessary to integrate the product of two Eisenstein series on a por-
tion of the fundamental domain. The Minkowski domain does not
appear to be well-suited for this. In [18] the problems of Minkowski’s
fundamental domain for this type of work are discussed in detail.
The alternative fundamental domain will be defined in such a way as
to avoid these problems. The other major motivation for studying
a new fundamental domain was to provide a workable reduction al-
gorithm that could be applied to various number theoretic problems.
The fundamental domain defined in this paper will address both of
these issues.

The approach is a generalization of the classical “highest point
method” used to determine the well-known fundamental domain for
the Poincaré upper half-plane. Recall that if H is the upper half-plane,
1.e., the subset of complex numbers z = x+iy with y > 0, a fundamen-
tal domain is givenby D = {z =x+iy € H||x| < 1/2,x2+ y2 > 1}.
This new fundamental domain bears more than a slight resemblance
to the fundamental domain in the case of Siegel upper half-plane,
H,, which is yet another generalization of the highest point method.
Define

H,={Z=X+iY | X Y € R"”" X symmetric, Y € P,}.

The symplectic group Sp, (Z) defined by

Sp,(Z) = {M € Z27<2" | JIM] = J where J = ( 3 8')}
—4n
acts on the space H, by Z — (AZ+B)(CZ+D)~! where M € Sp,(Z) is
written as M = (2 5) and 4, B, C, D are nx n block integer matrices.
Note that for n = 1, Sp,(Z) = SL,(Z), and this generalization reduces

to the classical case. Under this action a fundamental domain for
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H, /Sp,(Z) is given by the subset of Z € H, such that

(1) |det(CZ + D)| > 1 for all C,D with (& 5) € Sp,(Z)

(2) YeM,

(3) X = (xij), lxijl < 3.

E. Gottschling has shown, [3], that for the case n = 2 the necessary
C and D in condition (1) are C = [ and D is one of 15 choices,
explicitly determined, all with entries 0, 1, or C is a rank 1 matrix in
which case if Z = (' 27) then |z], |z5| > 1 and |z; -2z, +22£1| > L.
We will achieve analogous results using somewhat similar reasoning
for the fundamental domain P,/I" for n = 3,4, 5, 6. For more details
on the Siegel modular group, in particular the proof that the set defined
above is actually a fundamental domain for H,/Sp,(Z) see [8].

All of the aforementioned groups and spaces are related. For exam-
ple, if SP, denotes the subspace of P, of those matrices with determi-
nant 1, and SL,(Z) is the special linear group of integral matrices with
determinant 1, the case n = 2 is once again the classical situation, for
SP, and H can be identified by:

H — SpP,

=7 ) ¢
X+iy=1z <0 y) 1o 1)

More generally, H, can be embedded in SP, by

. Y"1 0 I X
X Y=Z7Z—> .
i (o Y)[o IJ

So perhaps study of our fundmental domain for P, may lead to an
increased understanding in all these areas, through these relations.
For the moment, however, the applications seem to be in the theory
of automorphic forms on GL,(Z).

2. Partial Iwasawa co-ordinates. Before we can define the new fun-
damental domain, we must first describe the system of co-ordinates.
For Y € P, what is sometimes called the Iwasawa decomposition is

given by
d, 0 1 Xij
Y =
0 dy 0 1

with d; > 0 and x;; € R. This is the co-ordinate system Minkowski
employed to find his fundamental domain. For the new domain we
will want to look at a generalization of Iwasawa co-ordinates. These
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Y = (V 0 ) [1, X]
0O w0 I
where V € P, W € P, X € R/*¥ and of course j + k = n. Clearly,
there are at least n — 1 different types of partial Iwasawa co-ordinates.
Partial Iwasawa co-ordinates are actually nothing more than a gener-

alization of completing the square. For our purposes, it becomes clear
that the best choice is:

2 =0 w)lo

where v> 0, W € P,_;, x € R L ie, Tx = (x1,...,%-1), X; €R.
As will be seen later, with this choice of co-ordinates we can avoid
having to use a determinant, as v is just a scalar.

We are also going to consider what the group action of GL,(Z) on
P, looks like in terms of these co-ordinates. First, for an element
geT, wiite g = (¢2) forae Z Thc € Z*! and D € 2"~ 1*"~1,
This corresponds to the specific type of partial Iwasawa co-ordinates
being used. Then

(6 w)lo T :Db]
=(v‘;c Tv[T)‘;]-lx-W)[?T Db] .

(Z Tg) (VZ v[TxV]-T-W) (rac 1;])
_ ( via+ Txc]+ Wic] (@a+ Txc)v(Th + TxD) + TcWD)
(b + "™Dx)v(a+ Txc) + TDWe v[Th + TxD]+ W[D] ’

can be expressed as:

The square bracket notation applies to a column vector as well as
to a matrix, that is, for ¢ € Z""!, W[c] = TcWec which of course
is a scalar. Then, since a + Txc is itself scalar, v[a + Txc] =
v(ia + Txc)2. Also, note that the term in the upper left corner must
also be scalar. What we mean by v[7x], 7x now being a row of length
n -1, is v[Tx] = vX where X is the symmetric matrix (x;x;). The
scalar term v[a + Txc] + W][c] will figure most prominently in the
following generalization of the highest point method.

3. The fundamental domain. We are now nearly ready to define the
fundamental domain. The motivation for this definition came from
looking at Y[g] as above and observing that the upper left corner of
Y[glis via+ Txc]+W][c]. If we think of the “height” of Y as v~! then
we want Y in the fundamental domain to have height greater than that
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of any Y[g]. In other words, for Y in the fundamental domain we
want v < v[a+ Txc]+ W]c] for any a and ¢ forming the first column
of a matrix in I'. The complete definition of the fundamental domain
is then as follows.

DEeFINITION. For n > 2, let F, be the set of those Y € P, satisfying:
(1) v < vla+ Txc]+W(clwherea € Z, c € Z" ' and g = (¢ 2)er
(2) We Fn—l
(3)0<x; < x| <Sfori=2,...,n—1

It will be seen that F), is a fundamental domain for P,/ GL,(Z).

Note the similarity between the definition of F, and the definition
of the fundamental domain for the Siegel modular group. Here the
height is given by v~!; in the Siegel case for Z € H,, Z = X + iY,
the height of Z is given by det(Y). The first condition arises from
maximizing the height. Then the second condition is obtained by
looking at g € I of the form g = (%' J) where ¢ € GL,_(Z). This
basically sets up an induction; it is therefore, no accident that most
of the proofs of statements about the fundamental domain rely on
some sort of induction argument. The third condition comes from
looking at the “translation-type” matrices, that is, g € I' of the form
g = ((1) T,” ). These comments will be examined in more depth in the
proof of the theorem in the following section.

We have defined F,, above in an inductive manner, that is, it is
built up using F,_;. In beginning the induction, F; will just be the
positive real numbers. However, it is possible to start at n = 2 using
the following proposition.

PROPOSITION 1.

F2==M2={Y€Pn |0<2y12 <y <y

if 12 =0 then 0 < y; < yp; ¥ = ( yi yw)}.
Yiz2 2
Proof . This can easily be seen by examining the first condition in
the definition. Since n = 2, Y € P, is expressed as

Yz(g 3})[(1) ﬂ vww>0 xeR

Then condition (1) says that v < v(a+xc)? +c?w for all g, ¢ such that
g=(%%) € GLy(Z). Choosinga = 0, ¢ = 1 we see that v < vx2+w or
w > v(1—x2). But condition (3) tells us that 0 < x < § sow > 3v. Itis
then apparent that the only a and ¢ we need considerare a =0, c = 1
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(compare this with the fundamental domain for H, the upper half-
plane). By this we mean that v < v(a + xc)?2 +c2w fora=0,c = 1
implies this for all other choices of @ and c¢. Thus we have

F2={YeP,,|Y=(8 3) [(‘) ’;],vsvx2+w,0§x5§}.

G50 1= wita)-C 3
0 w/l0 1] \wx wl+w/) \yn wm
and so we have 0 < 2y, < y; < »,.

This type of argument will resurface in §6. Even without working
through the proof above, we should have expected that F, = M, is rea-
sonable, for the partial Iwasawa decomposition we are using reduces
in the case n = 2 to the full Iwasawa decomposition which is what
Minkowski used for his fundamental domain. Now we have explicit
inequalities for F5; in §6 we will determine explicit inequalities for
some higher n. However, first we must prove that the set F,, defined
above is in fact a fundamental domain.

But

4. The highest point method. The following Lemma will be needed
in the proof of the Theorem in this section and in later sections as
well.

LemMA L. If Y € Fo, Y = (3 3)[3F] and w; is the ith diagonal
entry in W, then w; > 3v.

Proof. Y € Fy = v <vja+ Txc]+ Wic]forall g = (¢2) eT. Let
a =0, ¢ = e;, the standard unit vector in R*~!, Then a g € I with a
and ¢ forming the first column can be obtained by switching the first
and ith rows in the identity matrix. Then v[a + Txc] = vx?. Since
Wle;l = w;, we have v < vx? + w;, so w; > v(1 — x?). But x? < 1 so
w; > 3y

i=Z 3V

THEOREM 1. (1) F, as defined above is a fundamental domain for
P,/T.

(2) F, has a finite number of boundary inequalities and therefore
is bounded by a finite number of hypersurfaces. The minimal set of
inequalities can be explicitly obtained for given n.

(3) The subset of Y € F, with det(Y) < 1 has finite Euclidean
volume given by

2

1A (%) where A(s) = 1=°T(s){(2s).

j=2
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For F, to be useful for any applications we need (2). The proof of
(3) depends only on the fact that F, is a fundamental domain, and
so is the same proof as for M, given by Siegel [13], or Terras [17],
for example. The statement is included here solely for the sake of
completeness.

Proof. (1) To prove that F, is a fundamental domain we need to
show two things: first, that |J g€l gF, covers P,, and second, that for
Y and Y[g] both in F,,, Y and Y[g] must be on the boundary of F,,, or
g = 1. We have already proved (1) and (2) for » = 2 in Proposition
1, so assume that F,_; is a fundamental domain. Then choose Y € Py:

v 0 1 Tx
Y= (0 W) [o I ] '
For Y[gl. g = (‘C’Tl;’), let v* = v[a+ Txc]+ W]|c], so v* is the upper
left corner of Y[g]. We must show that there are only finitely many a
and ¢ forming the first column of a matrix in GL,(Z) such that given
any positive real number m, v* < m. If A is the smallest eigenvalue
of W, then W{c] > AI[c] since W — AI will also be positive. Then
Wic] > A(cl2 +---+ c,:f_l) and there can be only finitely many ¢ such
that W[c] < m. Once all ¢ have been determined, we must have
v(a+ Txc)? < m — W][c]. For each ¢ there will be only finitely many
a satifying this inequality. Since there are only finitely many a and ¢
so that v* < m we can choose g € I" as to make v* minimal.
Once the minimal v* has been produced with

* Ty *
Yiel= (v O ) [1 x ]
Le] ( o w*)lo 1
we can find D* € GL,_;(Z) such that W*[D*] € F,_, by the induction

hypothesis. Then
1 0
f= erl.
§ (o D*>
Let g, = gg*. Then

Y[g1]=(v0* W*([)D*])[(l) TX;D*].

Write “x*D* = (ay,...,a,_1) and choose b* where Tb* = (B,...,
Bn-1) so that |aj — B;| < § for j = 1,...,n— 1. Finally, if -1 <

o — B1 <0, let
_ 1 Tp* -1 0
82—81<0 I ) <0 I)
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and if 0 < a; — By < 4, let

_ 1 Tp* )
& =81 <O I .
Then, in either case,

T

[&2] ( 0o wm)lo 1
where v, = v*, W, = W*[D*], and u = £(x*D* — b*), the sign de-
termined as to make «; — B, nonnegative. Clearly, conditions (2)

and (3) in the definition of F, hold for Y[g,], so it remains only to
show that v, < v[r + Tut] + Wi[t] ¥r,t with (7 3) € I. If we write

&(; )= (1), then
valr + Tut] + Walt] = vir + Txt 1+ Wit]

and

Vo =v* <y + Txt)]+ Wt = wlr + Tut] + Wilt]
because of how v* was chosen. Thus we have shown that any element
of P, can be written as Y[g], Y € F,, g€T.

To prove the second condition of being a fundamental domain,
again use induction. It has been shown that this condition holds for
n = 2 in Proposition 1, so assume this condition holds for F,,_;. Now
suppose Y and Y[g] are both in F,.

T ~ a Tb
YeF,=v<vla+ ‘xc]l+ W]c] Va c with c D erl.

By taking the inverse:

~ a Tb

Yigle Fy=via+ Ixc]+ Wic]<v ifg= <c s )

That is, if Y[g] is in the fundamental domain then the upper left

corner of Y{[g] is less than or equal to the upper left corner of Y[g][4]

for any 4 €T, including g~!, and Y[g][g~!] = Y. Anyway, the two

inequalities above imply that v = v[a + Txc]+ W[c]. If ¢ # 0, then

this shows that Y and Y[g] are on the boundary of F,, since the

inequalities v < v[a + Txc]+ W]c] define part of the boundary. If
¢ = 0, this reduces to v = v[a] = a®v and so a = 1.

Then g = (%!'2) and det(g) = 1 = det(D) = £1 = D ¢

GLn—l(Z) T Tb
_f{v 0 1 +xD+
Y[g]‘(o W[D]) [o I
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andso Y, Y[g]l € F, = W W[D] € F,,_, and by the induction hypoth-
esis, either W and W[D] are on the boundary of F,,_; or D = +/. If
W and W[D] are on the boundary of F,_;, then so are Y and Y|[g]
on the boundary F,, by definition of F,,. The other case is D = 1.
Then g = (%' 15) and

- 2)le

Y Y[gl€F, :xixibe[z 2]

) 1
with x;, +x; + bl (S [0, —2‘]
But b € Z"~! = either x; = +1, b;=+1,i=2,..., n—1;x =4 b =
1orx; #+4% b;=0.

So, either Y and Y[g] are on the boundary of F, determined by

the x co-ordinates, or all the b; = 0, in which case g = (%' 0)).

If g = (1Y), then Y[gl = (} )[4 ;] and both +x, € [0,1], so
x; =0, and Y and Y[g] are on the boundary. Replacing g with —g
yields the same results. Finally, the only possibilities left are g = +1.
Thus, we have seen that either Y and Y[g] are on the boundary of F),,
or g ==I.

(2) Again the proof is by induction. Proposition 1 gives the proof
for’n = 2. Now assume that there are finitely many boundary in-
equalities for F,,_;. The boundary inequalities in condition (3) in the
definition of F, are clearly finite in number, and by the induction
hypothesis so are those for condition (2). It remains to examine con-
dition (1), v < v[a+ Txc]+ W]c] for all a, ¢ forming the first column
of a matrix g € I'. Now W € F,,_,, so write

I Tyt n—-2
T
By the induction hypothesis the inequalities v/ < v'[a’+ Tx'c’]+ W'[c']
are finite in number. But W([c] = v'[c; + Txc']1+ W'[c'] where T¢’ =
(cz,..., cn—1). We now have a finite number of vectors ¢, and together
with the bounds on the x;, a finite number of a will be forced as well.

To explicitly determine the necessary and sufficient type (1) inequal-
ities, expand v[a + Txc]+ W]c] as follows:

via+ Txc]l+ Wlcl=v(a+ Txc)? +V'(c; + Tx'c")?

4 v (e + x(2e, 1) 4 vl

-1
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where x("=2) is a scalar, and where

-, 2)ls 2]
0 W)|0 I_]’
=5 w)ld
0o w/{o I,,
and so on. Then we arrive at Y = D[T'] where D is a diagonal matrix
with v, v/, ..., v("~1) the diagonal elements and T is an upper triangular
matrix with 1 at each diagonal element and with rows consisting of

the 7x(/) beginning with Tx at the top and working our way down in
sequence. Now, by repeated application of Lemma 1:

k
yK) > (%) v
and thus we arrive at:
via+ Txc]+ Wic]

<vl(a+ Txc)? +3(c1 + Tx'c’)?
n-2 -1
44 (%) (Cnoa +x" e, )2 + (%) an—l} :

If for given a and ¢, v[a+ Txc]+W][c] > v forall Y € F,, the condition
v < v[la+ Txc]+ W]c] for this a and c is superfluous. Thus, we can

n—1
throw out all g, ¢ that make (a + Txc)2+--- + (%) c2_, > 1 for

n—1
all possible x, x', ..., x("=2), The remaining a and ¢ are necessary and
sufficient in condition (1) of the definition of F,.
(3) Again, for the proof of part 3 see [17].
Finally, the proof of the Theorem has been completed, so we now
know that F), actually is a fundamental domain for P,/ GL,(Z).

5. Geometry on the fundamental domain. Recall that one of the mo-
tivations for developing a new fundamental domain as an alternative
to Minkowski’s fundamental domain, was that Minkowski’s funda-
mental domain proved to not have quite the right “shape” for work
on generalizing the Selberg trace formula. In this section we will want
to discuss the “shape” of F,, in particular to develop a notion of the
“cusps” in F,, and to show that as a point approaches a cusp, the
fundamental domain will have a shape more adaptable to generalizing
the trace formula. We will also consider some of the structure of the
fundamental domain, especially how it can be built up inductively.
Included will be various inequalities relating the entries of Y € F,.
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Of great benefit in this section, as well as quite often in later sec-
tions, will be the following Lemma, which can be proved using only
elementary linear algebra.

LEMMA 2. There exists

a Tb)
- , T
g (C D g €

if and only if g.c.d.(a,cy, ¢y, ..., cn1) = 1.

Proof. One direction is trivial: if g.c.d.(a,c;,¢p,...,Ch1) = M >
1, then m | det(g). Now suppose g.c.d.(a,cy,...,cp—1) = 1. If we
consider the set of matrices obtained from elementary row operations
on the identity, and multiply the column vector on the left by these
matrices, we can manipulate the vector until we obtain me; where
m > 0 and e, is the first standard unit vector. Then, if M is the
product of the elementary matrices used, M € I'. We now have

M<a> = me;, (a) = mM le,.
c c

Then g.cd.(a.cy,....cpo1) = 1 = m = 1and (¢) = M~'e; which is
the first column of M~! €T.
The following will also be useful in future calculations.

LEMMA 3. Let Y = (y;,) and for convenience y; = y;,. If Y € Fy,
then

(D <yifori=1,....n
(2) 2yijl < vio yj.

Proof. With Y asin (4.1): Y € F, = v < v[a+ Txc]+ W]c] for all
a, c withg.cd.(a,cy,...,cyp1)=1. Leta=0,c=¢;, i=1,...,n—1.
Then v < vx? + w; = y;,1. Note that v = p;. This proves (1).

To prove (2),leta=0,c =e; —e;. Then

via+ Txcl+ Wicl=v(x; — xj)? +w; = 2w;; + w;
= VX7 + Wi — 200X 4+ Wij) + vXT + w;
= Yit1 — 2Vit1j+1 + Vjs

and so we have

V1=V < Yit1 = 2Vigt j+1 + Vst 2Yirt jr1 S Vip1 + Vi1 — V1
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Then from (1): 2y;y1 j41 < Yig1, Vj+1- Nowleta=0and c =¢; +e¢;.
Similarly we get

V1 < YVigt +2Vig1 jo1 + Vi

2Yit1 j+1 2 V1 = Vie1 — Vjsl

2Yis1 jr1 2 =YVig1, —Vjt1
and finally [2y;;| < y;, y;.

Now we proceed to obtain some information about determinants of

Y € F,. We will use the notation |Y| for the determinant of Y. For
Y € M,, it is known that |Y| < y;---y, < ¢,|Y| for some constant
cn depending only on n. The first inequality actually holds for Y €
P,. For more details on the constant c, see Terras [17]. For the
fundamental domain F,, the analogous statement is much simpler to
state and prove as evidenced by the following Theorem.

THEOREM 2. For Y € F,,,

Y] <1 pn < (3)"07D2

1Yl.

Then we have o
Y] > ()"

Proof . As already mentioned, the inequality |Y| < y; - -y, is true
for all Y € P,. To see this, write Y € P, in the partial Iwasawa

for V€ P,_;, w> 0, x € R*"!. Then proceed by induction:
It is trivial for n = 1, so assume it is true for » — 1. Then

WVI<yi Vu-t,  Yn=VIx]+w
VePn_léV[X]Zo=>Wsyn, IYl:'V'wSylyn
To show y, - yn < (3 ) 7211, again use induction. For n =

2, Y| =y1y - v},
From Lemma 3, 2y, < yi, y». Therefore
Yh <innm
and
Y] > 3yiy2 or yiy < 3|7
Assume the inequality for n — 1.
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If
T
y={(" 0){1 x], WeF,_
(0 w)lo 1 nl
1)(n-2)/
Wi Wy 1<()(n =272 1y
yi=0v, y,~—vx,~_1+w,~_1 fori=2,...,n
YeF,,:vgvsz-+wj for j=2,...,n—-1
2
=w; > v(l -Xx;) :vgl_sz.
Therefore:
2
w; 2 X{ w; 4
iy < x5 +w; < w; +1]< < =-w
yl+l_.l_xi21 = l(l_xiz _l_xiz__:;l

1
The last inequality is because |x;| < 5 =>x}<7
n

YioVn _ Vi Yn _ V2 Yn <(;) “twy e Wpe
17 v|W| Wl —\f IWl

yll.}.,.lyn < (%)n——l (4)(n 1)(n-2)/2 (g)n(n 1)/

To prove the last statement of the Theorem, again we appeal to Lemma
3. We have y; < y;. Since we have just shown

= ()"

the proof follows directly.

COROLLARY. Let Y € SF, where SF, is the fundamental domain for
SP,/T. Recall that SP, = {Y € P, | |Y| = 1}. Then |W|> (3)("=1/2
where the notation is as in (4.1).

Note that this is consistent with the classical Poincaré upper half-
plane theory. Recall the correspondence

H «~ SP,

. Loy [1 o x
x+iy=z-Y=(7 ) [ } .
=2z ( o y/)lo 1
For z€ D, y > V3/2 = (3)"~1/2 when n = 2. Also, since v|W| =1,
the statment in the corollary is equivalent to v < (%)*=1/2,
We now want to consider the notion of cusps of the fundamental
domain. In the standard version of the fundamental domain D for the

Poincaré upper half-plane, there is one cusp in D. This is the point at
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infinity, i.e., the point iy where y — oco. Due to the inductive nature
of the method used to construct F,, we might expect that F, should
have n — 1 cusps, which in fact turned out to be the case. However,
we have to stretch the generalization of what we mean by a cusp. To
illustrate, let us consider the case of n = 3. We will actually be looking
at SF,, the fundamental domain for the matrices of determinant 1 in
P,. If Y € SF;, v|W| = |Y| = 1 so [W| = v~!. Therefore it makes
sense to write

(5.1) Y=<(v, v—l(/)2W> [(1) Tf]

with |W| = 1. This will mean W € SF,. If

= (5 W)l 1]

we run into the cusp of SF, as w — 0. By Lemma 1,
<y 2w or 32w

Therefore w — 0 = v — 0. But v — 0 does not necessarily imply
that w — 0, and yet as v — 0, Y approaches the open boundary of
SF;. This shows that we don’t really have a cusp as in a point, but
rather v = 0, a portion of a hyperplane, serves the same purpose. On
the other hand, as the cusp of SF, is approached, that is w — 0, then
v — 0. Thus, v = 0,w = 0 might be called a “second order cusp,”
since it is a cusp of SFj3, but also of SF,. To generalize, if Y € SF,,
(we use n + 1 instead of n to simplify the notation later) we can write
v 0 1 Tx

s = 0L ] wesn,

SF,,; will then have n cusps, the primary one as v — 0, and other,
higher order cusps, which can be obtained by reducing Y to its full
Iwasawa decompostion by repeating the process above. As mentioned
previously, the fundamental domain F,, is of interest in obtaining an
explicit generalization of the Maass-Selberg relations to SL3(Z). For it
to be useful, however, it must be shown that the fundamental domain
has the right “shape” as it goes toward the primary cusp, v = 0. In
other words, it is necessary to prove the following:

THEOREM 3. There exists an r > 0 such that for v < r the set S
defined by

S={Y €SPy |0<v<r, WeESF,0<x; <%,
Ixj| < % for j=2,...,n}

is contained within SF, ., where the notation is as in (5.2).
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Proof. To see this, first let W' = v=1/"W so W' € F,. Then recall
that if A is the smallest eigenvalue of W', then W'[c] > Al|[c] for all
ceZ". If r=A, thenforY € §,

v<r<Al[c]< W'[c]<v[a+ Txc]+ W'[c] forc # 0 and all x.

Thus, for Y € S, condition (1) in the definition of F, . is satisfied.
Conditions (2) and (3) are clearly satisfied by definition of S. There-
fore S C SF,, 1.

So far, we have discussed some of the boundaries of F,,. The condi-
tions on the x co-ordinates (condition (3) in the definition) determine
2(n — 1) boundaries, 2 for each co-ordinate in the vector x, all of
which are portions of hyperplanes. Condition (2) of the definition of
F,, tells us that there is a copy of F,,_; somewhere in F,,. Asv — 0,
the condition v < v[a + Txc] + W[c] becomes W[c] > 0. Since this
holds for all W € F,_; (indeed for all W € P,_;) we have the copy
of the next lower dimension fundamental domain at the cusp v = 0.
If we repeat this process for the fundamental domain F,_; and so on,
until we reach F,, we obtain a clearer picture of the cusps of F,,. We
see that the fundamental domain F, has cusps that are dependent on
all the lower dimensional fundamental domains. These fundamental
domains are not compact, but it is always possible to compactify by
adding the cusps. Satake obtained a compactification for the funda-
mental domain for the Siegel modular group in [19], which in many
ways appears to be analogous to what would be done for F,. If we
denote the Siegel fundamental domain of degree n by S,, the Sa-
take compactification of S, is obtained by adding the fundamental
domains of lower degree. Satake denotes this as S; and shows that
Sy =8SUS,—1US,—2U---US;US) is a compact closure of S,. Here,
S| is really the same as D = H/SL,(Z) and so .S, is the usual cusp for
D, the point at infinity. It should be possible to do the same for F,
but this is straying a bit far from the original scope of this paper, and
so the details will have to appear later.

6. A more detailed view of the fundamental domain. In this section
we will examine more closely condition (1) in the definition of F,.
Specifically, we will determine explicitly the necessary and sufficient
g €T that are needed in condition (1) for some small values of n.
More accurately, since condition (1) depends only on the first column
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of g, and it is possible that more than one g € I" have the same first
column, we will determine the necessary and sufficient a and c.
As before, for simplicity of notation, let Y € F,,,;. Then

r=(5 o)lo 1

where v> 0, W € F,, etc. Since W € F,, we can write it as:

T
W=("' 0)[1 x'], W'eF,_ |

o w/)|0 I,
Then via+ Txc]+ W[cl=v[a+ Txc]+V'[c; + Tx'c']+ W'[c'] where
Te = (c1,...,cn) and Tc’ = (cy,..., cy). If this process is repeated, we

will eventually get to W("~2) which is an element of F,. Let M =
W (n=2)_ Then

via+ Txc]+ Wic] = v[a + Txc]+-~+M[c""J, MeF,.

n

Applying Lemma 1 we know that m; > (3)"~1v where M = (o Tz,

What can be gathered from this, is that if M [""c;'] > (%)"“ml, then
vla+ Txc]+W][c] > v for all x and W, and there is no boundary here.
So, we begin by finding the ¢,_; and ¢, such that M[“'] < $Htm
and build up ¢ from there.

As the first example, the boundary conditions for Y € F; can be
obtained using this procedure. Y = (§ ,?,) [(1) 2‘ | where W € F, and
Tx = (x1,x,). Condition (1) says that v < v[a + Txc]+ W[c]. From
the above reasoning it can be seen that the necessary ¢ are those with
W(&] < 3wy Now W [S] = clwy + 2c1cowi3 + c3w,. We know from
Proposition 1 that F, = M, and for W € M,, 0 < 2w, < w; < w,.
Therefore

c
w [c;] > wi(c? = Jereal +¢2) = wi((cr] = leal)® + fercal).

It can clearly be seen that for ¢; > 2, for either j = 1 or 2, W[{!] >
2wy, so we need only consider [c;| < 1. In other words, each ¢; could
be 0 or £1. This gives nine possible combinations for the vector c.
As always we discount the possibility ¢ = 0. This leaves eight non-
trivial choices. Recall from the discussion in the previous section that
since if a and ¢ form the first column of a g € I', then so do —a
and —c, only half of the ¢ need to be looked at further here. Then
there were four. These are as follows: ¢ = (}), (9), (7!). (}). Finally
W (1] = w1 +2wi2 +wy > 2wy > #w;. Thus, the vector ¢ = (}) can
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be thrown out as well. This leaves ¢ = ({), (%), (7!). To determine
a, consider the inequality v < v(a + ¢1x; + ¢3x2)? + W]c] once more.
First,

1

w [0} =w;, W [(1)] =w, W [_11] = w; — 2wy + W,

Since 2wy, < wy, W[7'] > wy. Also, wy > wy. Thus, for the choices
of ¢ above, W][c] > w,. Now, Lemma 1 said that w; > %—v. Therefore,
for a such that (a + ¢;x; + c3x3)? > %, the right hand side of the
condition (1) inequality will automatically be greater than v. This

tells us that we can restrict a so that
(@a+caxi+cx)? <t or |at+ex+ax|<i

Forc=()or () a-L1<a+oxi+ax<a+i

If a #0,|a+cix; + caxz| > 1 s0 a must be 0.
Forc=(7}')a-1<a+cx +cx <a+ 4 soacouldbe0or 1.
With the above, condition (1) of the definition of F, can be written

explicitly for n = 3 as follows:

v<via+ Txc]+ Wlc] fora=0; c=<l),(o)

0 1
-1
a=01; c—(l)

for a total of four inequalities. Conditions (2) and (3) are as before.

If
(3 0
0 W» 0 1

this can also be written as F}, in the intersection of the following:
(i) v < vxZ +w
(i) v < vx2 + wiw? + w,
(iii) v < v(x; — x2)% + wi (1 — x3)2 + w,
(1iv) v < v(1 = x; +x2)% + wi(1 = x3)2 +wy
along with the domains defined by conditions (2) and (3).
An equivalent formulation is if v* is the upper left corner of Y[g],
that is v* is the inverse of the height of Y[g], then we must have v < v*
for

010 /O 1 0 010 1 00
g=<1 0 0>, 0 0 1), ( 1 0 O), (—1 1 O)'
0 01 1 00 -1 0 1 1 01
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Of course, this is just one example of a set of g that completely deter-
mine the upper boundary of F3. The first columns are the only things
that cannot be changed.

Before proceeding on to » = 4, 5 and beyond let us consider a gen-
eralization of a statement made above. If Y € F,,;, is it true that
Y[c] > y, for all c € Z", ¢ # 0?7 The answer was yes when n was 2,
above. For any #», if Y has the usual partial Iwasawa decomposition,
then

Y[cl=v[c; + Txc'1+ W[c'] where Tc = (¢}, ¢, ..., Cpn)
and ¢’ = (cy,...,cp).

By the definition of F,,, v < v[a + Txc'] + W[c'] for all a, ¢’ forming
the first column of a matrix in I. From Lemma 2 we see that if
g.c.d.(Tc) = 1 then ¢ can be the first column of some g € I'. In any
case let d = g.c.d.(“c), and let ¢* = dc. Then Y[c] = d?Y[c*] and
g.c.d.(Tc*) = 1. Therefore Y[c] > Y[c*] > v = y;. It follows directly
from this argument and Lemma 1 that W]c] > %v. We have thus

proved the following.

THEOREM 4. If Y € F,, ¥ = (} 5)[} ] then W(c] > 3v for all
ceZ 1 c#0.

To find the appropriate conditions for Fy4, begin by finding all

(1
Cc = (% B
C3

with ¢, and c¢3 such that M [53] is not automatically greater than
16/9m;. Since 16/9 < 2 and c,,c3 € Z the c¢; and c3 will have the
same restrictions as in the case of F3, namely |c;| < 1 and |c;3| < 1,
but ¢, and c3 are not both 1 or —1. It can also easily be seen that
lc1] < 1, since ¢; here acts like the a from the previous example. This
means that there are seven pairs of ¢, and ¢3 and three possible ¢; for
a total of 21 possible ¢c. We discard ¢ = 0 as usual and consider half
the remaining ¢ as before. Of the ten left, it is easily seen that

(3) = ()
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are unnecessary, as the component of 0 reduces the problem to that
of the previous case. This leaves eight choices of c:

o () (3 () () ()

Using the Lemma above, it is seen that |a| < 1 and more explicitly the
fundamental domain Fj is defined by:

v <v[la+ Txc]+ Wic]

for
a=0; c=e,e,e;

-1 -1
a=01; c=( 1), ( O)
0 1
1 1 0
con () () ()
-1 1 1

a total of 16 inequalities, along with the inequalities from conditions
(2) and (3).

By extending this method Y € F5 the necessary and sufficient a and
¢ are found to be:

a=0; Cc=e¢€),6€e36
-1 -1 -1
1 0 0
=0,1; = , ,
4 ¢ 0 ( 1 0
0 0 1
0 0 0 0 0
a=0,%1; c= 1 , 1 , 0 , L , I ,
-1 0 1 1 -
0 1 -1 1

| |
—_ O et e (O bt i
S——— N—

—_——
|
— et (O bt bt (O
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1 1 1 1
a=0,+1,+2; c= I, I, k. -1,
1 -1 -1 -1
-1 1 -1 1
1 1
-1 -1
1]’ 1
-1 1

This method quickly begins to outlive its usefulness when Y € Fj.
There are also too many vectors to list, so we will write them in a
shorthand form, although this will cost a little accuracy. We first want
to find the ¢ where “c = (cy,...,cs5). Unlike the previous case, it is
possible for |c;| > 1. However, this only happens in a few cases for ¢4
or ¢s. More specifically, |c4], |cs| = 1 except for the possibilities where
one has absolute value 2 while the other has absolute value 1, and in
addition c4cs < 0. It is also possible for |c3] = 2 but that happens
only when |c4] = 1 and |¢5| = 1. Finally |c;] < 2 and |¢;] < 3. After
determining ¢, a is found by the same method as before, employing
the Lemma of this section. In short, |cj| < 2 for j = 2,3,4,5 and
|c1] £ 3. Then |a| < 4.

7. The reduction algorithm. In the preceding sections the funda-
mental domain F,, was defined and described. By the way that F, was
defined, there is an especially nice algorithm for moving a Y € P, into
F,. A point (or matrix) in F, is said to be reduced, and the algorithm
is called a reduction algorithm. The reduction algorithm for F, can
easily be written as a computer program that will actually perform the
operations, as will be seen in the following sections, using F3 as an ex-
ample. For the Minkowski domain, or the similar version of Korkine
and ZolotarefT, it can be shown that a positive matrix, or equivalently
a positive definite quadratic form, can theoretically be reduced, (see
[11] for example) but nobody seems to provide an actual method for
so doing. This is one more advantage of F),.

As might be expected, the algorithm is built up inductively. For
n = 2, the algorithm is just the standard highest point method for
the fundamental domain for the upper half-plane. In short, take the
starting point, translate until |x| < 1 that is act on Y by a matrix

of the form ({1)¥, k € Z, then flip if necessary, by using the action

of the matrix (_?(1)). Repeat the process until the point is in the

fundamental domain. It will be seen shortly why this process must
terminate, that is, why repeating this process will eventually yield a
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point in the fundamental domain. For more details on the n = 2 case,
see [17] among many others.

For the general case, assume the algorithm exists for all F; with
j<n. Write Y = (5 3)[4 %] as usual. Then the reduction algorithm
consists of the following steps:

Step 1. Put W € F,_,. The induction hypothesis says that this is
possible, i.e., there is a matrix D € GL,_(Z) such that W[D] € F,_,,
and there is an algorithm for determining D. Then act on Y by g =

(55)- Then )
1= (5 i) o 1)

Let Y' = Y[g] and 7x' = TxD.

Step 2. Use translation-type matrices to make the x co-ordinates
satisfy condition (1) of the Definition, that is 0 < x; < §; |x;| < 3
for j = 2,...,n — 1. These translation-type matrices are of the form
T; where T; has diagonal entries 1 and a 1 in the first row, j + Ist
column, all other entries being 0. Write Tx’ = (x],...,x}_,) and let
r; = [ — x;] where [a] denotes the greatest integer in «. Then let

n—1
g=1[17 ifo<x+rn<}
j=1
and let

n—1
e Tl U U=("1 0) if —1< <0.
g (11;[1 j) 0 I i 7 <X1+n
In either case the matrix Y'[g’] satisfies conditions (2) and (3) of the
Definition. This can be seen by observing that

vig)= (g W?D])[(IJ Tf*]

where x* = x(x' 4 r) with r being the vector with components 7;

and the sign being chosen as to make x; + r; non-negative. Note that

the order in which the product is taken is unimportant, as all the T}

commute, but the matrix U must be multiplied on the right if it occurs.
Step 3. If Y is the matrix obtained after Step 2,

0\ [1 Tx

Yy=|("

(6 w)lo 7]

then W € F,_; and 0 < x; < § and |xj| < § for j =2,...,n— L.
Consider the set of the v[a+ Txc]+W/]c] for all the a and ¢ defining the
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necessary and sufficient inequalities in condition (1) of the Definition.
Choose v* to be the minimal element of that set, and let g* be an
element of GL,(Z) with the first column determined by the a and ¢
from v* = v[a+ Txc]+ W]c]. Replace Y by Y[g*].

Repeat Steps 1, 2, and 3 until Y € F, is obtained. To see that
this process must eventually terminate, recall from the proof of The-
orem 1, that if A is the smallest eigenvalue of Y, then Y[c] > Al[c]
= A(c} +---+¢2_,), and this shows that there can be only finitely
many a and ¢ such that vfa + Txc]+ W[c] < m for some positive
real number m. If m is chosen to be the v from the original Y, then
Step 3 chooses a v* from this finite set with v* < v. If v* = v, then
v < vla+ Txc]+ W]c] for all the a and ¢ considered, and so, by
the Definition, the matrix obtained from Step 3 is in F,,. Otherwise,
v* < v, and so the same argument holds with m = v* and a smaller
set. Thus it is seen that the algorithm terminates.

Those readers with an affinity for computers will see that this al-
gorithm easily lends itself to being programmed. In performing the
algorithm for n, one just appeals recursively to the algorithms for the
lower dimensional fundamental domains. This is seen more explicitly
for n = 3 in the following section.

8. A reduction algorithm for P;. It has been shown (§6) that there
are four necessary and sufficient g for condition (1) of the Definition
in the case n = 3. Let these be written

010 010
s (34 D)s-(59).
0 0 1 1 00

010 1 00
S3=(—1 0 1), S4=<—1 1 0)
1 00 1 0 1
and let

1 1 0 1 0 1 -1 0 O
T, = (0 1 0), I, = (0 1 0), and U=( 0 1 0)
0 0 1 0 01 0 0 1

as defined in Step 2 of the algorithm in the preceding section. Let

1 0 O 1 00 1 0 0
M1=<0 1 1). M2=(0 0 1), M3=(0 -1 0)-
0 0 1 0 -1 0 0 0 1

These last three are of the form (5 ), D € GLy(Z), and are used in
Step 1 of the algorithm.



FUNDAMENTAL DOMAINS 315

The algorithm for placing Y € P; then can be given explicitly. Let
Y be written in the usual partial Iwasawa form:

T
Y=<(‘; V(I)/) [(1) Ix] with W e P, and Tx = (x,x,).

Step 1. Since W € P, it can be written as

(3 5)3 %)
0 w» 0 1

Let r3 = [4 — x3] and M = M. Replace W by W[M]if x3+r; >0
and by W[MM;] if x3 + r; < 0. Then if w; > w1x32 + w, replace W
by W[M,]. Repeat until 0 < x3 < 1 and w; < wix2 +w,. Then Y
satisfies condition (2) of the Definition.

Step 2. Letr; = [} —x;], j=1,2. Let T = T{"T;*. Replace Y by
Y[T]if x;+r, >0, by Y[TU] if x; +r; < 0. Then the new Y satisfies
conditions (2) and (3).

Step 3. Let Sy = I, and let v; be the upper left corner of the
positive matrix Y[S;] for j =0, 1,2, 3,4. Note that vy = v. Suppose
that v, < v; for all j. Then replace Y by Y[S;].

Now return to Step 1 and repeat until Y € F3.

9. Applications. The reduction algorithm of the preceding sections
is the first example of an application of the new fundamental domain.
This in itself shows some of the value of these fundamental domains
since, as was mentioned earlier, there do not seem to be any satisfac-
tory means for reducing an element of P, to any of the other types of
fundamental domains. There are also applications that make use of
this reduction algorithm. In [2], the reduction algorithm for » = 3 was
used to obtain information on Hecke operators for GL3(Z) and on the
density of the images in the fundamental domain of Hecke points, that
is, the points used to define the Hecke operators. It may also be pos-
sible to use this reduction algorithm to investigate Fourier coefficients
for automorphic forms for GL3(Z) as Stark does for SL,(Z) in [16].
Another possible application of the reduction algorithm is mentioned
in [17, Vol. II). There it says that a problem of interest is the search for
a generalization of the theorem that a number is quadratic if and only
if its continued fraction is periodic. The reduction algorithm comes in
because the continued fraction of « can be determined by finding the
element of SL,(Z) that maps the semi-circle joining « and its (alge-
braic) conjugate. A relation between units in real quadratic fields and
hyperbolic elements of SL,(Z) also drops out of this. Minkowski, [9],
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obtained some partial results along the lines of generalizing these ideas
to n > 2, so perhaps with a new fundamental domain further work
of this type can be accomplished. Finally, the reduction algorithm
for positive quadratic forms has applications to various problems in
lattice theory.

Another possibility is to slightly alter the definition of the funda-
mental domain for the Siegel upper half-plane. Recall that one con-
dition in that definition was Y € M,, where M, was Minkowski’s
fundamental domain for P,. However, the definition only depended
on Y being in a fundamental domain for P,, and so it is possible to
replace the condtion Y € M, with Y € F, without changing any of
the proof that the domain as defined in §1 is a fundamental domain
for the Siegel upper half-plane. The advantages of tampering with the
definition in this way would be that both the fundamental domain for
the Siegel upper half-plane and the fundamental domain F,, for P,
were obtained by generalizing the highest point method and so might
be more compatible. For example, it might be possible to further the
results of Gottschling in [3] by taking advantage of the inductive na-
ture of F,,. There are numerous other possibilities in this area since
the F, and the fundamental domain for the Siegel upper half-plane
are so intimately connected.

Some of the most interesting applications of F,, are in the study
of automorphic forms on GL,(Z). Since one of the original factors
for developing the fundamental domain F,, was to make the task of
generalizing the Maass-Selberg relations easier, it is not surprising that
this is perhaps the most obvious application aside from the reduction
algorithm. Some partial results along these lines, especially for n = 3,
but even for any n, have been obtained in [4]. There it is seen that
the definition of F, indeed allows one to make use of the Fourier
expansion in the x co-ordinates of automorphic forms on GL,(Z).
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