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APPROXIMATE INVERSE SYSTEMS OF COMPACTA
AND COVERING DIMENSION

S1BE MARDESIC AND LEONARD R. RUBIN

Approximate inverse systems of metric compacta are introduced
and studied. The bonding maps in these systems commute only up to
certain controlled values. With every such system X = (X;, &, paar, A)
are associated a limit space X and projections p,: X — X,. A compact
Hausdorff space X has covering dimension dim X < » if and only if
it can be obtained as the limit of an approximate inverse system of
compact polyhedra of dimension < n. The analogous statement for
usual inverse systems is known to be false.

1. Introduction. An inverse system of spaces X = (X;, pgar, A), in
the usual sense, consists of a directed set A4, spaces X,, a € A, and
maps Paa: Xo — Xg, a < d', such that py, = id, Pag Para = Daar,
a < a' < a". The (usual) inverse limit of X is the subspace X C [] X,
which consists of all points x = (x,;) € [][ X, such that p,. (X)) = x,
whenever a < a’. Projections p,: X — X, are just the restrictions
Da = mg|X of the projections 7n,: [[ X; — X,

It is well known that the inverse limit of an inverse system of non-
empty compact spaces X, is a non-emepty compact space X. If the
covering dimension dim X, < n, a € A4, then also dim X < ». In par-
ticular, a limit of compact polyhedra P, with dim P, < n is a compact
Hausdorff space with dim X < n.

On the other hand, every compact Hausdorff space X is the limit
of an inverse system of compact polyhedra P, [1]. If X is a compact
metric space and dim X < n, one can obtain X as the limit of an
inverse sequence of compact polyhedra P, with dim P, < n ([2], also
see [4]). However, the analogous statement for compact Hausdorff
spaces is false as shown in 1958 independently by S. Mardesi¢ [4] and
B. A. Pasynkov [6]. These authors produced examples of compact
Hausdorff spaces X with dim X = 1 which cannot be represented as
inverse limits of inverse systems of compact polyhedra of dimension
< 1. Further examples of this type were given by MardeS$i¢ in [3]
and Pasynkov in [7]. Recently, Mardesi¢ and T. Watanabe [5] have
shown that a 1-dimensional compact Hausdorff space considered by
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Pasynkov in [7] is not even a limit of a system of compact ANR’s of
dimension < 1.

In the present paper we define approximate inverse systems of met-
ric compacta and their limits, and we prove that compact Hausdorff
spaces X of dim X < n coincide with limits of approximate inverse
systems of compact polyhedra of dimension < n (see §6, Theorem
5). Our approximate inverse systems differ from the usual inverse
systems in that we do not insist on the commutativity requirement
Daa' Para = Daa, @ < @' < a"; rather we allow the two maps p,a Parar
and p,, to differ, but in a controlled way. In particular, for suffi-
ciently large a’, a” the difference becomes arbitrarily small (see §2,
Definition 1).

2. Approximate inverse systems, basic definitions.

DEFINITION 1. An approximate inverse system X = (X, &5, Paar, A)
of metric compacta consists of the following: an ordered set (4, <)
which is directed and has no maximal element; for each a € A4, a
compact metric space X, with metric d and a real number ¢, > 0; for
each pair a < a’ from A4, a mapping p,.: X, — X,. Moreover the
following three conditions must be satisfied:

(A1) d(palazpazap Daa;) < &a,, a1 < a3 < a3, Pag = id.

(A2) (Va € A)(Vn > 0)(3a’ > a)(Vay > a; > a') d(Paa, Para,» Daa;)
<n

(A3) (Va € A)(¥Yn > 0)(3a’ > a)(Va" > a')(Vx,x' € Xg) d(x,X")
< & = d(Daa(X), Paa"(X")) < 1.

REMARK 1. If o’ satisfies (A2), then any a} > a’ also does. The
same applies to (A3). Therefore, one can find a’ which simultaneously
satisfies (A2) and (A3) (even for a finite collection of a’s and #’s).

REMARK 2. If X = (X,, paa, A) 1s a usual inverse system of metric
compacta, 4 has no maximal element and is cofinite (every element
has only finitely many predecessors), one can define numbers ¢, > 0
so that (Xg, &4, Paar, A) 1s an approximate inverse system.

Indeed, let |a’| denote the number of elements a of A such that
a<a (i.e.,a<a and a # a'). Since A4 is infinite, it suffices to define
numbers &, such that for each x, x' € X,

(1) d(x’xl) <éw
implies

(2) d(Paa'(X), Paa’ (X')) < l/zla’], a<da.
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This can be done by induction on |a|, using uniform continuity of
the maps p,, and the assumption that A4 is cofinite.

With every approximate system X = (X, &4, Paar, A) We associate
its limit X = lim X, which is a subspace of [] X,.

DEFINITION 2. A point x = (x;) € [[,c4 X2 belongs to X = 1limX
provided the following condition is satisfied.

(L) (VaeA)(Vn>0)3d >a)(Va" >d') d(xa, Paa(Xa7)) < 1.
Condition (L) can also be stated as
(L) (Vaed) x,= l}lm Daa (Xg).

We refer to points of X as threads. We also consider maps p,: X —
X4, a € A, which are defined as restrictions
(3) Pa = gl X
of the projections 7,: [[ X; — Xj.

PROPOSITION 1. Let X = (X,, &4, Paa’, A) be an approximate inverse
system. If X is commutative, i.e., Dog' Para’ = Daar, @ < @ < a", then

the limit X = lim X as defined in Definition 2, coincides with the usual
limlt Of X = (Xa, paa/, A).

Proof. Let x = (x;) € lim X, let a; < a; and 7 > 0. Then by (L),
for all sufficiently large a” > a; one has

(4) d(Xa,, Paya»(Xar)) < 0/2.

Let & > 0 be chosen so that d(x, x') < J implies d(Pg,4,(X), Paya,(X')) <
n/2. Then by (L), for all sufficiently large a” > a»,

(5) d(Xay, Para(Xar)) < 0
and therefore
d(Payay(Xa,), Payay Pasa (Xar)) < 1/2.
Since pa,a, Paa” = Pa,av» (4) and (6) imply
(7) d(Paja,(Xa,), Xa,) < 1.

Since n was arbitrary, (7) shows that p, 4,(x4,) = Xg,, S0 that x = (x,)
is a point of the usual limit. The reverse inclusion is obvious.

Remark 2 and Proposition 1 show that our “apsroximate” notions
extend the usual ones.
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ProOPOSITION 2. Let X = (Xg, €4, Paa’, A) be an approximate system
and let ¢}, > 0 be numbers such that €, < e,. Then there is an ordering
<" of A such that A' = (A, <') is directed and a; <' a, implies a; < a.
Moreover, X' = (Xg, €, Daa, A') is also an approximate system and the

limits X =limX and X' =1imX' coincide.

Proposition 2 shows that one can diminish the numbers ¢, below
preassigned levels and still preserve the limit space.

Proof. We put a <' a’ if a < a’ and 4’ satisfies (A2) and (A3) for
n=c¢e,. Weputa<' a ifa<' a’ ora=d. Itis readily seen that <’
is a new ordering of A4 and that A’ = (4, <) is directed. Moreover,
a; <' a, implies a; < a,.

It is also easy to see that X’ is an approximate system and X C X'.
To show this we repeatedly use the following facts. Every a € 4 admits
an a’ € A4 such that a <’ a'. If a; < a,, then there is an a) > a; such
that a; <' a). If a; <' a; and a; < a3, then a; <' as.

Now we will prove the reverse inclusion X' C X. Let x = (x,) € X".
Consider a € 4 and n > 0 and choose @' in accordance with (L) for
X', a and n/5. Note that a <' a’. We will also assume that a’ is so
large that (A2) and (A3) hold for X, a and 7/5.

We claim that @’ also satisfies (L) for X, a and #, so that x € X.
Indeed, let a; > a’. Since x € X', one can choose a” so large that
a S, a//, a, SI a//’ and

(8) d(Xa, Paa"(Xa)) < 1/5,

9) d(paa'pa’a. pa.a”(xa"): Daa' Dara,(Xa,)) < 1/5.

Formula (9) is obtained by first choosing a d > 0 so small that p,, psg,
maps J-near points to n/5 near points, and then applying (L) to X,
a; and J.

Note that

(10) d(Parar(Xar), Da'a, Paya (Xar)) < &g

Therefore by the choice of a’, we obtain respectively from (A3), (A2),
(A2),

(11) d(paa’Pa’a“ (Xa"), Paa' Pa'a, Paya (X)) < n/s,
(12) d(paa’pa’a”(xa”); Daa(Xar)) < 77/5,

(13) d(DPaa,(Xa,)s Paa' Dara,(Xa,)) < /5.
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Clearly, (8), (12), (11), (9) and (13) imply
(14) d(Xa, Paa,(Xa,)) < 1,

which is the desired inequality.
3. The limit space is non-empty.

THEOREM 1. If in an approximate system X = (X,, €4, Daa'» A), all
X, # O, then also X = limX # &.

In order to prove this theorem we first define prethreads of an ap-
proximate inverse system.

DEFINITION 3. Let X be an approximate system. A point x = (x,) €
I1,c4 Xa is called a prethread of X provided for every pair a < a’ one
has

(D d(Xa, Daa'(Xa')) < &4

LEMMA 1. If each X, # &, then the set XP of all prethreads is non-
empty.

Proof. For each pair a < a' we define a set X, C [[,c4 Xs by
putting x = (x;) € Xy whenever (1) holds for the pair (a, a’). Clearly
each X, is a closed subset of [] X,;. Moreover, the set of all prethreads
XP? satisfies

(2) X = ) Xaa-

a<a’

It therefore suffices to prove that the collection {X,,.:a < a'} has the
finite intersection property.

If ay <aj,...,a, < ay, choose a’ > aj,...,a,. Take any xo € Xy
and define x4, € X, and x, € Xy by

(3) xd, = pa,a’(xa’)» l: 1,..' ,n,
(4) xa,’ = pal’a’(-xa’), i= 1, , H.
Fora € A\{ay,...,an,a},...,a,,a'} choose for x, any point in X,.

By (3), (4) and (A1) we have

(5) d(pa,a{(xa{):xa,)sga,, i=1,...,n
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This shows that
(6) x=(Xa)€Xa'a”, i=1,...,l’l,

so that x € Xg0 N+ N Xg,a, # D

LEMMA 2. Let x = (x,) be a prethread. Then
(7) Ya = lial’,n Paa'(Xa’)

exists for each a € A. Moreover, y = (y,) is a thread, that is, y € X =
limX.

Proof. Fix a € A and consider all @’ > a. Then (py.(xy):a' > a) is
a net in X;. We will prove that this is a Cauchy net and therefore the
limit in (7) exists.

For a given n > 0 choose a' > a so that (A2) and (A3) hold. If
a' < a; < a3, then

(8) d(Paa, Paray(Xa,), Paay(Xa;)) < 1.
Since x is a prethread, we also have d(xg,, Da,a,(X4a;)) < €q,, and thus
9) d(Paa,(Xa,), Paa Paray(Xa;)) < 1.
Statements (8) and (9) yield
(10) d(Paa)(Xa,), Paa;(Xa,)) < 2.
Analogously, for @’ < a, < a3 we have
(11) d(Paa;(Xa,)s Paa;(Xa,)) < 2.
Using directedness of A, (10) and (11), we conclude that
(12)  d(Paa,(Xa,), Paa,(Xa,)) < 4n, whenever @’ < a; and @' < a,.

Consequently, (pgq(x,):a' > a) is a Cauchy net.
In order to see that (7) defines a thread y = (y,) € X, it suffices to
notice that the application of lim,, to (8) yields

(13) d(Paa,(Ya,), Ya) < 1, a<a,
which establishes property (L) for y.

Theorem 1 is an immediate consequence of Lemmas 1 and 2.
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4. The limit space is compact.

THEOREM 2. The limit X of an approximate system of compacta is
a compact Hausdorff space.

Proof. Tt suffices to show that X is a closed subset of [] X,. Let
Y = (¥a) € (J] Xa)\X. We will exhibit a neighborhood U of y such
that U N X = &. This will prove that (][] X,;)\X is open.

Since y is not a thread of X, there is an gy € 4 and there isan > 0
such that for every a’ > aj there exists an a” > a’ satisfying

(1) d(Vay» Paga (Var)) > 1.

Choose a’ > ap so that (A2) and (A3) hold for ag and /6. Then
choose a” > a’ so that (1) holds. Finally, define U as the set of all
points x = (x,;) € [[ X, which satisfy

(2) d('xﬂo’ yao) < '7/3,

(3) d(xgr, Yar) < Eqn.
Clearly U is an open set in [[ X, and y € U.

We claim that U N X = &. Assume to the contrary that x = (x,) €
UNX. By (L) applied to x, ag and 7/3, for sufficiently large indexes
a* > a" one has

4) d(Xay, Pagar (Xa»)) < 1/3.
By choosing a* large enough we can also obtain
(5) d(Yar, Para-(Xa-)) < €qr.

Indeed, by (3), there is a 6 > 0 such that the J-neighborhood
N(xg+,0) € N(Yar,€q7). So (L) applied to x, a” and J/2 shows that
d(Xg", Para+(Xg+)) < 0 for a* > a" sufficiently large. However, this im-

plies (5).

By the choice of @’ (property (A3)) and (5), we see that
(6) d(Paya Para(Xa*), Pagar (Var)) < 1/6.
Furthermore, by (A2),

(7) d(Paya” Para(Xa+)s Paya- (Xa+)) < /6.
Now (2), (4), (7) and (6) yield
(8) d(Vay» Paga(Va)) £ 1

which contradicts (1).
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5. Covering dimension of the limit space.

THEOREM 3. Let X = (Xg, &4, Paar, A) be an approximate system of
metric compacta with limit X and let % be an open covering of X.
Then there exist an index a € A and an open covering 7” of X, such
that p7 1\ (7) refines % .

We will first prove a lemma describing a basis for the topology
of X.

LEMMA 3. The collection of all sets of the form p;1(V,), where a € A
and V, C X, is open, is a basis for the topology of X.

Proof. Let y € X and let U be an open neighborhood of y in X.

Then there is a finite collection of indexes a;,...,a, € A and open
sets Vy, € Xg,, ..., Va, € X, such that

(1) yepg Va)n---npg'(Va,) S U

For each i =1,...,n choose an #; > 0 such that

(2) {t € X,,|d(t, ya,) < ni} CVa, i=1,...,n.

Let a’' > ay,...,a, satisfy (A2) and (A3) foreach a;, i = 1,...,n,
and 7;/5 (see Remark 1). Moreover, let a’ satisfy (L) for y, a; and
ni/S, i=1,...,n, so that

(3) d(ya, Paa (Vo)) Smi/5,  i=1,...,n
Let Vy = N(ya, €a). We claim that

(4) v €z Vo) S pg' (Va) NN 05! (Va,).

It suffices to show that x € p_,! (V,), i.e.,

(5) d(Xa, Yar) < &ar,

implies

(6) d(Xa, Ya)<mi, i=1,...,n

Notice that (L) applied to x yields an a” > a’ such that
(7 d(pa,a(Xar), Xa,) < Mi/5, i=1,...,n,

(8) d(Para(Xar), Xar) < €.
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By the choice of a’ we have
9 d(PaaPaa(Xar), Paar(Xar)) SMi/5,  Pi=1,....n
Moreover, (8) and (5) imply (by (A3))
(10)  d(PaaPaa(Xar), Paw (X)) S Mi/S,  i=1,...,n

(11) d(pa,a(Xa'), Paa(Var)) < Nif S, i=1,...,n
Now (7), (9), (10), (11) and (3) imply (6) as desired.

LEMMA 4. For every a € A and n > 0 there is an @' > a such that
for every a" > a' one has

(12) d(Paa” Pa» Pa) S 1.

Proof.. Choose a’ > a so that (A2) and (A3) hold for a and /3. Let
a" > a' and let x € X. By (L), for any sufficiently large a* > a” one
has

(13) d(xa:Paa‘(xa*)) <n/3,

(14) d(Xgn, Dara~(Xa+)) < €qn.

By (14) and the choice of a’,

(15) d(DPaa(Xa), Paa” Para+(Xa+)) < n/3,

(16) d(paa"pa"a‘(xa‘): Daa*(Xg+)) < n/3.
Now, (13), (16) and (15) yield the desired inequality

(17) d(Paa” Par(X), Pa(x)) = d(Paa(Xa), Xa) < 1.

Proof of Theorem 3. There is no loss of generality in assuming that %
consists of n sets of the form Pa_,l(Vi), i=1,...,n, where q; € 4 and
Vi C X, is open (Lemma 3). Choose closed sets F; C X, i=1,...,n,
such that
(18) Ficpl'(v), i=1,....n
and that {F;,..., F,} covers X. Next choose closed sets H; C X,
such that H; C V; and

(19) F; C p;'(H;) € p' (V).
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Finally, choose numbers ; > 0, i = 1, ..., n, such that the 7;-neighbor-
hood of H;
(20) N(H;,ni) € Vi
By Lemma 4, there is an a > ay, ..., a, such that
(21) d(Pa> Paala) <Mi/2, i=1,..., n.
Now consider the sets
(22) Wi=N(H;,ni/2),
(23) G = Pa_,;(Wi)’ i=1,..., n.
We claim that
(24) P (H) C p7 (G Cpl Vi),  i=1,...,n
Indeed if x € p;!(H;), then (21) and (22) imply
(25) Da,aPa(X) € Wi, i=1,..., n.

Now (25) and (23) imply p.(x) € G;, i.e., x € p;'(G;), which estab-
lishes the first inclusion in (24).

In order to establish the second inclusion in (24) consider x €
07 1(Gy). Clearly p,(x) € G; = p; y(W)), and thus

(26) Pa,aba(x) € N(H;, 1;/2).
Using (21), we conclude that
(27) Pa(x) € N(H;,mi) C Vi,

ie., x € p;'(V;) as desired.

Since {Fy,..., F,} is a covering of X, (19) and (24) show that
{p71Gy),..., p;'(Gy,)} is an open covering of X which refines %.
Therefore, 7° = {Gy,..., Gn, X,\pa(X)} is an open covering of X,
which has the desired property that p; ! (%) refines %.

The next theorem is an easy consequence of Theorem 3.

THEOREM 4. Let X = (X,, &4, Paar» A) be an approximate inverse
system of metric compacta with limit X. If dim X, < n for each a € A,
then also dim X < n.

Proof. Let Z be an open covering of X. By Theorem 3, there is
an a € A and an open covering 7° of X, such that p;!(?") refines %.
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Since dim X, < n, there is an open covering 7~ of X,, which refines
7" and is of order < n + 1. Clearly p;!(#") refines % and is of order
< n + 1, which proves that dim X < n.

REMARK 3. Having in mind applications of approximate inverse
systems of compact polyhedra, we have stated our definitions and
proved our theorems for approximate inverse systems of metric com-
pacta. However they generalize in a straightforward way to the case
of approximate systems of compact Hausdorff spaces. The numbers
e, and n must be replaced by open coverings %, 7". Conditions of
the form d(f, g) < ¢ become (f,g) < 7  and mean that the maps
f, g are 7 -near. All our theorems remain true. The obvious changes
in the proofs require use of iterated star-refinements of the given cov-
ers.

6. The expansion theorem.

THEOREM 5. let X be a compact Hausdorff space of covering dimen-
sion dim X < n. Then there exists an approximate inverse system
of compact polyhedra P = (P,, &,, Do, A) such that dim P, < n and
the limit P = lim P is homeomorphic to X. Moreover, card(A4) <
weight(X).

In view of the negative results stated in §1 this expansion theo-
rem demonstrates the significance of this new concept of approximate
systems. It also shows that in general there is no way to modify an
approximate system (keeping its members) so as to transform it into
a commutative system with a homeomorphic limit.

The proof of Theorem 5 is divided into 5 parts.

5.1. Construction of P. By the Tihonov embedding theorem there
is an embedding e: X — Y of X into an infinite cube Y = I* where
7 = weight(X). On the other hand the cube Y is the inverse limit
of an inverse system Y = (Y, ¢44, A) of finite-dimensional cubes Y,
where A is the set of all finite subsets of a set of cardinality 7. Note
that A is cofinite (order by inclusion) and card(4) < weight(X). Let
qd.:Y — Y, be the natural projections and let |a] > O denote the
number of predecessors of a € A. We will define, by induction on
|a|, the following data: for each a € A, a compact polyhedron P,
dimP, < n, maps g, X — P,, h,: P, — Y, and numbers ¢, > 0,
d, > 0 and for each pair a < a’ a map pyy: P, — P,. We require that
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each g,: X — P, be surjective and that the following conditions hold.
(1 d(Paw 8. 8a) S 8a/3"17V, a<d, pu=id,

(2) d(4ae, haga) < 0a/3,

(3) x, X' € Py, d(x,x') < &q = d(ha(x), ha(x')) < da/3,

4) x,x'€Py, d(x,x')< ey = d(Daz(X), Pawr (X)) < £4/3171,

5) » v eYy, d(y, y,) < dg = d(qua(y), Qaa’(y’)) < 5a/3|a'|—|a|.
The construction of such data is possible due to the following lemma,
proved in [4] (as Lemma 2).

LEMMA 5. Let X be a compact Hausdorff space with dim X < n.
Let Py,..., P, be compact polyhedra, let ¢, > 0,...,& > 0 and let
fi:X— Py,..., fr: X — P, be maps. Then there exist a compact poly-
hedron P, dim P < n, a surjective map g: X — P and maps p;: P —
P, ...,pi: P — P, such that d(f1,p18) < é&1,...,d(fr, pr8) < &.

We now assume that we have already defined P,, g,, A, &4, d, and
Da,q for |a| < m and we assume that |a'| = m + 1. Let ay,...,a; be
all the predecessors of &' (different from a’). We first choose d, so
that (5) is satisfied (uniform continuity). We then apply Lemma 5 to
polyhedra P, ..., Py, Yy, to numbers

8a. 3ak %
3la’|—lai]” """ 3la'l=lal” 3
and to maps &g,,..., &, dre. We obtain a compact polyhedron P =

P,, dim P, < n, a surjection g,: X — Py, a map hy: P,y — Y, and
maps pgq: Py — P,, i =1,...,k, such that (1) and (2) hold. Finally
we choose ¢,/ so that (3) and (4) are satisfied.

5.2. Verification of (A1)-(A3). We will now show that P = (P,, &,

Daa'» A) 1s an approximate system. Indeed, if a < @’ < 4”, then for
every x € X we have by (1)

(6) d(ga(X), Parar 8ar (X)) < Ear,

which by (4) implies

(1) d(Paw8ar(X), Paw Parar 8ar (X)) < €a/319171 < &4 /3.
Also by (1) we have

(8) d(8a(X), Paw 8ar(x)) < 8a/3|a,'_|a, < &q/3,

9) d(8a(X), Pag gar (X)) < 8a/3|a”|_|a| < é&./3.
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Now (7), (8), (9) yield

(10) d(paa’pa’a"ga” (x), Daa &a (X)) < &q.

Since g;+: X — P, is onto, (10) proves (Al).

In order to prove (A2) choose » so large that 3¢,/3" < »n and choose
a' > a such that |a'| > |a| + n. Let a; > a, > a’. Replacing in (7), (8),
(9) ', a" by a,, a,, we see that

(1 1) d(paa,pa,azgaz(x): paazgaz(x)) < 28(/1/3lall—|aI + Ea/3|azl—|al
<3¢, /3" <1,
which establishes (A2).

Finally, for the same choice of a’ and a” > a’, we see that by (4),
X, x' € Py, d(x,x") < g implies

(12) d(Daa(X), Paar (X)) < €q/319"17181 < 9/3,
which establishes (A3).

5.3. The map g: X — P. Let P be the limit of P and let p,: P — P,
be the corresponding projections. We will now define a homeomor-
phism g: X — P.

If x € X, by (1), the points g,(x) € P,, a € A, form a prethread for
P. Let z = (z,) be the thread generated by this prethread (see Lemma
2). Then z, = limy p,y 8o (x). We now define g by putting g(x) = z,
ie.,

(13) (&(x))a = lial',n Paa 8a' (X).

In order to show that g is continuous, it suffices to show that the
map x — (g(x))q = z, is continuous for each a € A4.

Given a point x € X and an n > 0, we choose by the continuity of
&a, a neighborhood U of x in X so small that

(14) x' € U= d(ga(x'), ga(x)) < n/3.
We assert that
(15) x'eU=d(g(x")a, &(x)a) < 1.

Indeed, choose a’ > a so large that &,/3!%1-13l < /3. Then by (1),
a" > a' implies

(16) d(Paa" 8a» 8a) < 8a/3|a”i_|a| <n/3.
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Therefore, for x' € U, we have

(17) d(Paa” 8ar(X), Paa 8ar (X'))
< d(Daa" 8a»(X), 8a(x)) + d(8a(x), &a(x"))
+ d(ga(x'), Paa» 8an(X")) < 1.
Passing to the limit with @” in (17) we obtain (15), as desired.
5.4. g is injective. Consider any two distinct points x, x' € X. We
must show that g(x) # g(x').

Since e: X — Y is an embedding, we have e(x) # e(x’). Therefore,
there is an index a € A4 such that

(18) gae(X) # qae(x’).
Choose a number 7 > 0 such that
(19) d(gase(x), gae(x")) > n> 0.

We claim that for each sufficiently large a’ > a one has
(20) d(Gaaha' 8ar(X) Gaa ha 82 (X)) > /3.
Indeed, for a’ > a we have
(21) d(gqe(x), gae(x")) < d(qae(X), Gaaha 8ar (X))
+ d(Guarha' 84/ (X)), Qua ha 8o (x,))
+ d(Gaaha 8o (X'), qae(x")).
Moreover, by (2) for a’ and (5), we have
(22) d(Quarqa €, daa ha o) < 6a/3'a"_'a|-

Therefore, for all sufficiently large a’ the first and the third term on
the right side of (21) are < n/3. If the same were true for the middle
term, (21) would contradict (19).

Now note that (5) and (20) imply

(23) d(ha 82 (X), ha 8 (x")) > Our
for sufficiently large a’. Furthermore, (3) for @’ and (23) imply
(24) d(ga(x), 8o (X)) > €.

Our next claim is that

(25) d(Para 8a»(X), Para 8a» (x") > ea/3
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for all sufficiently large a’ and all a” > a’. Indeed,

(26) d(ga'(x), 8 (x"))
< d(8a(X), Parar 8a (X)) + A(Parar 8o (X), Parar 8ar(X'))
+d(Para 8o (X'), 8 (x"))-
By (1), the first and the last terms on the right side of (26) are < ¢,/ /3.

If the middle term were also < ¢,//3, (26) would contradict (24).
Passing to the limit with @” in (25), one obtains

(27) d((g(x))a, (8(x"))a’) 2 €ar/3 >0,

for all sufficiently large a’. Consequently (g(x))s # (g(x'))s and thus
g(x) # g(x'), as desired.

5.5. g is surjective. Since X is compact, it suffices to show that
every z € P is in the closure of g(X), i.e., that g(X) meets every
neighborhood U of z. By Lemma 3, we can assume that U is of the
form p;!(V) where a € 4 and V C P, is an open neighborhood of z,.
Clearly there is an # > 0 so small that ¥ € P and d(u,, z;) < n imply
u € p7 (V). Therefore it suffices to produce an x € X such that

(28) d((g(x))a: za) < 1.

Choose a; > a so large that ¢,/31%!1-14l < 5/3. Using (L) for z,
choose @’ > ay, so large that

(29) d(za, Paa(2a)) < 1/3.
Since g,: X — P, is onto, there is an x € X such that
(30) ga(X) = Za'.
For a" > a;, by (1) we have
(31) d(Paa 8ar (%), 8a(X)) < 1/3.
Passing to the limit with a” in (31), one obtains
(32) d((&(x))a &a(x)) < n/3.
Also, by (1), one has
(33) d(8a(x), Paa 8a'(X)) < /3.

Now (32), (33), (30) and (29) yield the desired formula (28).
This completes the proof of Theorem 5.
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