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ON THE SPACE OF LIPSCHITZ HOMEOMORPHISMS
OF A COMPACT POLYHEDRON

KATSURO SAKAI AND RAYMOND Y. WONG

Let X be a positive dimensional compact Euclidean polyhedron.
Let H(X), HUP{X) and HPL(X) be respectively the space of home-
omorphisms, the space of Lipschitz homeomorphisms and the space
of piecewise-linear homeomorphisms of X onto itself. In this pa-
per, we establish a homeomorphism taking the triple (H(X), HUp(X),
H?L(X)) onto the triple (H(X) x s, HUp(X) x Σ, HFL(X) X σ), where
5 = (-1, l)ω, Σ = {(*,) e s\sup\Xi\ < 1} and σ = {(*,) e s\xt = 0
except for finitely many /}. As a consequence we prove that when X
is a PL manifold with dim c Φ 4 and dX = 0, in case dimZ = 5,
(H(X),HUP(X)) is an (s, Σ)-manifold pair if H(X) is an s-manifold.
We also prove that if dim* = 1 or 2, then (H(X),HPL(X)) is an
(5, σ)-manifold pair and (H(X),HUp(X)) is an (s, Σ)-manifold.

0. Introduction. Let X = (X9d) and Y = (Y, p) be metric spaces. A
map / : X —> 7 is said to be Lipschitz (resp. bi-Lipschitz) if there is
some A: > 0 (resp. A: > 1) such that p{f\x),f{x')) < k rf(x?x') (resp.
it"1 rf(jc,jc;) < p{f{x)J{x')) < k - d{x,x')) for all x,x f e X. The
minimum of such k > 0 (resp. /: > 1) is called the Lipschitz (resp.
bi-Lipschitz) constant of / and denoted by liρ(/) (resp. bilip(/)). If
lip(/) < k (resp. bilip(/) < k), f is said to be k-Lipschitz (resp. fc-6/-
Lipschitz). A bi-Lipschitz map is also called a Lipschitz embedding.
A homeomorphism / : X -> Γ is called a Lipschitz homeomorphism
if both / and / - 1 are Lipschitz, namely, / is bi-Lipschitz. Then

biUp(/) = max{Up(AHp(/"1)}-
In this paper, we deal mainly with the cases where X and Y are

positive dimensional Euclidean polyhedra and X is compact. The
space of all (continuous) maps from X to Y is denoted by C(X, Y),
with the topology of C(X, Y) induced by the sup-metric /?(/, g) =
sxxp{p(f(x),g(x))\x e X}. By LIP(X,7) and PL(X,7), we denote
the subspaces of C(X9 Y) consisting of all Lipschitz maps and PL
maps, respectively. By E(X, Y), EU?{X, Y), and E?L(X> Y), we denote
the subspaces of C(X, Y) consisting of all embeddings, all Lipschitz
embeddings and all PL embeddings. Finally by H(X)9 HUp(X) and

), we denote respectively the spaces of all homeomorphisms, all
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Lipschitz homeomorphisms and all PL homeomorphisms of X onto
itself (as subspaces of C(X,X)).

A paracompact (topological) manifold modeled on a given space E
is called an E-manifold. For F c E, an (E, /^-manifold pair is a pair
(M, N) of an is-manifold M and an .F-manifold N which admits an
open cover ίί of M and open embeddings φυ\ U —> E, U e %f, such
that φu(NΓ)U)=Fnφu(U). For GcF cE,an (E,F, C)-manifold
triple can be defined in similar manner. Let Q denote the Hubert cube
[-1, I F , s = (-1,1)0 0, Σ = {(x,) G SΊsupl*;! < 1} and σ = {(*,-) e
s|x/ = 0 except for finitely many /}. By [AnJ s is homeomorphic to (=)
the separable Hubert space /2. Denote /p = {(*/) e /2| sup|/x, | < oc}
and l{ — {(Xj) e /2|x/ = 0 except for finitely many /}. It is well

known that (s,Σ) = (/2,/2

β), (5,α) = (/2,//) and (Q,Q\s) = (Q,Σ)
[An2] . It is also well known that (M,N) is an (s, Σ)-manifold (resp.
(51, σ)-manifold) pair if and only if M is an ^-manifold and TV is a cap
(resp. f.d. cap) set for M, and that {M,N) is a (<2,Σ)-manifold (resp.
(Q, cr)-manifold) pair if and only if M is a Q-manifold and TV is a cap
(resp. f.d. cap) set for M. For the definition of (f.d.) cap sets and
related results, we refer to [Ch]. The same type of characterizations
of (s, Σ, σ)-manifold triples and (£2, Σ, σ)-manifold triples are given in
[SW] and, as an application, we show that (s, Σ, σ) = (/2, /^, //).

In §1, we prove a stability theorem for the triple (H(X)9Hup(X),
7/PL(X)); that is,

(H(X) x s,Hu*(X) x Σ,HFL(X) x σ) = ( / / ( I ) ? / / L I P ( I ) 5 % ( I ) ) ,

where I is a compact polyhedron in R" with positive dimension.
We also establish a similar stability theorem for the triple (E(X, Y),

In §2, it is shown that for a compact PL manifold X in R" with
dimZ φ 4 and dX = 0 in case dimX = 5, (H(X),HUJ>(X)) is an
(s, Σ)-manifold pair if H{X) is an ^-manifold (Theorem 2.3). Since it
is known that when dimZ = 1 or 2, H(X) is an ^-manifold ([An3],
[LM] and [To]), (H(X),HLU>(X)) is an (s, Σ)-manifold pair. In fact,
this is true for any compact polyhedron X in R" with dim X — 1 or 2
(Theorem 2.4).

Let d and df be metrics on X. We say that d and d' are Lips-
chitz equivalent if the identity map id: (X, d) —• (X, d7) is a Lipschitz
homeomorphism.

The authors would like to thank Jouni Luukkainen for carefully
reading the manuscript.
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1. The Σ-stability of HUF(X) and Eup(X, Y). In this section, we
prove the following stability theorems:

1.1. THEOREM. For any positive dimensional compact Euclidean
polyhedron X,

(H(X) x S9HUP(X) x Σ,//PL(X) x σ) = (H(X)9HUP{X),HFL(X)).

1.2. THEOREM. Let X and Y be positive dimensional Euclidean
polyhedra where X is compact IfE?L(X, Y)φ<Z> then

(E(X, Y) x s,ELl?(X, Y) x Σ,£P L(X, Y) x σ)

£ (E(X, Y),EUP(X, Y),EFL(X, 7)).

To prove Theorem 1.1, we first establish several lemmas. The pro-
cedure employed here is a modification of some technique developed
by [K-W] in studying H?L(X). These are put together in a non-trivial
way to obtain the result stated in Theorem 1.1. (The proof of The-
orem 1.2 is entirely analogous to Theorem 1.1 and therefore will be
omitted.)

First, let us recall the definition of Morse's //-length of paths [Mo]
(cf. [Gei]). Let f:[a,b] - ^ I b e a path where a < b e R. For each
« G N , let A n = {(to, tu...9 tn)\a <to<-'<tn<b}. Define

for each ( ί 0 , . . . , t n ) e A n and

The μ-length of / is defined as μ(f) = £Γ=i 2-nμn(f). Then μ:
C([a, b],X) —• [0,oo) is continuous. The following is obvious from
the definition.

(0) Given / e E([a9b]9X)9 f e E([af,b%X), if f([a9b]) c
f{[a?9V])ihe*μ(f)<μ(f).

1.3. LEMMA. There exists a map τ:2s([-l, 1], X) —• (—1,1) having
the following properties:

(1) τ(f) = t if and only ifμ(f\[-l9t]) = μ{f\[U 1]),
(2) τ(/) = 0 iff is linear (affine).

Proof. Define γ:E([-l9 l]9X) x [-1,1] -^ [-1,1] by

) = μ{f)-\μ{f\[-U])-μ{f\[U 1])).
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By similar argument as in [Gei, Corollary 1.6], we can show that γ is
continuous. For each f e ([-1, l],X), let }>(/): [-1, 1] —• [—1,1] be
the map defined by γ(f)(t) = γ(ft). Then γ(f) e //([-1,1]) since
7(/)(0 < y(f)(t) for t < t' and y(/)(±l) = ± 1 . Thus we have a map
γ:E([-l9l]9X) -> #([-1,1]). Finally we define τ:E([-l,l]9X) —
(—1,1) by τ(f) = γ(f)~ι(O). It is obvious τ satisfies properties (1)
and (2) as required.

The following lemma is a consequence of [LV, Lemma 2.22].

1.4. LEMMA. Let f:C-^Ybe a function from a convex set C in a
normed linear space to a metric space Y, A a closed convex subset of
C and B = C\ intc A. If f\A and f\B are Lipschitz then so is f and

Let us consider the norm \\x\\\ = \x\\ + h \xn\ on Rw, which is
Lipschitz equivalent to the Euclidean norm ||JC|| = {x\ + + ^ ) 1 / / 2

Let B" = {x G R w | | |x | | i < 1}. Then B" is a convex polyhedron.
We should remark HPL(B») c HUP(B»9 \\ ||) = Hup(B»9 \\ | | 0 . Let
en = (0,...,0,1) G Rn and α : [ - l , l ] -• 5f be the arc defined by
a(t) = t en. For each / G N, let α/: [-1,1] —• ^l2 be the arc defined by

FIGURE 1

1.5. LEMMA. There exists a map

ξ:(s,Σ,σ)
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such that for each z e s and i € N,
(3) ξ{z)\Bϊ\\B«x = id,

Proof. For each ί e (—1,1), let θ{t) e HpL(B») be such that θ{t)
maps the straight line segment between b € dB" and 0 linearly onto
the one between b and ten, that is,

x + t(l-\\x\\ι)-en

(xι,...,xn-ι,t(l -\xι\- -\Xn\))

θ(t)

FIGURE 2

Then clearly 0: (-1,1) -> H?L(B?) is continuous and 0(0) = id. For
each y e Bn

x and t e (-1,1). Let ζ(y, t) = yn -ί(l -1^1 \yn-ι\)
Let Aj{y € B»\ζ{y,t) > 0} and AJ = {y € PfKO'.O < 0}. We
observe that

θ{tr\y)= ί (yi> >yn-u(i-trιC(y,t)) ifyzAf,

We first want to show bύip(θ(t)) = (1 - | ί | ) - ' : For each JC,JC' €

I, \\χ\U -
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FIGURE 3

which implies lip(0(ί)) < 1 + M For each y,y' e B\, if ζ[y,t)
ζ(y',t')>Othen

\\θ(ί)-ι(y)-θ(t)-ι(y')\U

We observe that Af is convex if / < 0 and AJ is convex if t > 0. Then
by Lemma 1.4, l i p ^ O " 1 ) < (1 - lίl)"1. We have

||0(O(O)-0(O(«?B)||i = l - | ί | iff > 0

and

H ^ O C O J - ^ / K - ^ H ^ l - l ί l if ί < 0 .

Therefore Kv(θ{t)-χ) = (1 - lίl)"1. Since 1 + |ί| < (1 - \t\)~ι,

bilip(β(ί)) = max{lip(0(/)),lip(θ(O)"1} = (1 - \t\)~ι

For each / € N, let φi'.R" —»• R" be the linear (affine) homeomor-
phism defined by φi{x) = w~^i+1\x + 4en) and let Q = Φi(Bf). Then
α, = φj a for each i € N. For each z G s, we define ξ(z) e H(B^) as
follows:

ξ{z)\Ci = φi • θ{zx) • φ~x e ) for / G N,

For each z 6 σ, £(z)|C, = id except for finitely many / € N, which
implies ξ(z) e HVL(B?). Hence ξ(σ) c
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Finally we will show ξ(Σ) c HLW(B") •
For each i e N, let

Ai = {xe B1\2^i+2) -3<xn< 2-( / + 1) 3}.

It follows from Lemma 1.4 that for each z eΣ and i € N, ξ(z)\Aj €
) and

)|C, ) = bilip(0, θ(Zi) • φ~x)

, ) ) = ( 1 - \zx\)~λ < ( \ - )
\

By using Lemma 1.4 inductively, we can verify

and

bilip (^(z)| U ^Λ = (1 -
^ IGN ^

It is clear that if / i s Λ -Lipschitz when restricted to a dense subset
of X, f is itself /c-Lipschitz. Using this and Lemma 1.4, we have
ξ{z) e HUV{B») with bilip(£(z)) = (1 - suplz/l)"1. Thus we have a
map

ξ:(s,Σ,σ) - (H(B«),HU?(B?),HFL(B?)).

From the definition, it is clear that ξ satisfies the desired condi-
tions. D

Proof of Theorem 1.1. Let C be a simplex in X with dimC =
dimΛf = n and β:B^ —> C a linear embedding. We define a map
F:s - tf(ΛΓ) by F(z)\β(B») = β • £(z) £~* and F(z)|JΓ\iί(J?f) = id.
Then for each z £ Σ, F(z) and ^ ( z ) " 1 are (locally) Lipschitz by the
definition and property (3) in Lemma 1.5. Hence F(Σ) c HUF(X)

(clearly F(σ) c HPL(X)). Let g = βa, ft = M G £ P L ([-1,1] ,^) ,
i e N. Then ft(ί) = g(2~(i+2\t + 4)). From (4) and (5), we have

(7)F(z) ft([0,l]) = ft([zf-,l])
for each z € s and / e N.

We define a map T:H(x) -+ s by T(h) = (τ(Λft))|€N. For each
Λ G / / P L ( ^ ) , hgi is linear except for finitely many / G N, which im-
plies T(h) G σ by (2). Hence Γ(ΛΓPL(X)) c σ. We will show that
T(HUp(X)) C Σ. To this end, let h G HUv{X) and Γ(Λ) = z. Then for
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each / € N, τ(hgj) = zh which means μ{hgi\[-\,z{\) = μ{hgi\[Zj, 1])
by (1). Since gj(t) = g{2^i+1\t + 4)), we have by (0)

μ{hg\[2-«+1) • 3,2-{i+2)(zi + r)]) = μ(hg\[2^i+2\zi + 4),2~{i+2) 5]).

Note that hg e £ L i P ( [ - l , 1],X). Let k = bilip(Λ^) > 1. From the
definition of μ-length, it is easy to verify that

< μ(hg\[2-(i+V • 3,2-(/+2>(z;- + 4)])

7=1

and
0 0 1 - Zi

7 = 1 ;

5])

7=1

It follows that l~\\ + z, ) < k(\ - z, ) and k~ι(i - zx)< k{\ + z, ).

This yields |z, | < (A:2)/(A:2 + 1) < 1. Therefore T(h) = z e Σ.

Let H°(X) = Γ->(0), HlΪP(X) = Hur>{X) n Γ-'(0) and H$L(X) =
//PL(X) n Γ-'(0). Then Λ FΓ(Λ) € #°(X) for each Λ € H{X).
In fact, let T(h) = z; that is, τ(hgi) = Zj for each / e N. Then

- l ^ i l ) = μ(ghi\[zit 1]) by (1). From (6) and (7),

h • FT(h) • ft([-l,0]) = hgid-1, Zi\) and

By (0), we have

μ(h • FT(h) • gi\[-l,0]) = μ(hgi\[-l, z, ])

= μ(hg,\[zh 1]) = μ(h • FT{h) • ft|[0,1]).

This means τ{h-FT{h) gi) = Oby (1). Hence T(h FT{h)) = 0, namely
A FΓ(A) € J/°(ΛΓ). Thus we have a map G:#(X) -» //°(X) defined
by G{h) = h • FT{h). Then G{HLlP{X)) c Hξjp(X) and (?(i/PL(X)) c

since FT{HU?(X)) c F(Σ) C HUV{X) and FT(HPh(X)) c
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Now we define maps

P:(H(X),HUP(X),HPL(X))

-> (H°(X) x s,HlΪP(X) x Σ,H$L(X) x σ),

Q: (H°(X) x s,HllP(X) x Σ,H$L(X) x σ)

-+(H(X),HLlP(X),HPL(X))

by P(h) = ((/(Λ), Γ(/z)) and <2(/z, z) = h F(z)~ι, where A e //(X). We
will show that PQ = id and QP = id. Let h e H°(X) and z € s. Then
for each / € N, τ(Λ& ) = 0, which means μ(hgi\[-l,0]) = MA&ifO, 1])
by (1). From (6) and (7),

h-F(z)-l-gi([-l,Zi]) = hgi([-l,0]) and

Λ F(z)-1

 < ? ί ([^l]) = ^([0, l ] ) .

By (0), we have

MA ^ Γ ' ftll-i^/D'MΛftll-i.O])
= M/?£,|[0,1]) = //(Λ F{z)-χ • gi\[zh 1]).

This implies τ(h • F(z)~ι • gt) = zf by (1). Hence T(h • F(z)"1) = z.
It follows that

G{h • F(z)" 1) = h • F{z)-{ • FT{h • F(z)~ι)

= h-F{z)-χ -F{z) = h.

Therefore PQ = id. On the other hand, let h e H(X). Then

QP(h) = Q(G(h), T(h)) = G(h) • FT(h)-1

= h-FT(h)-FT(h)~l =h.

Hence we have QP = id. Consequently

(H°(X) x s,HllP(X) x Σ,//P°L(X) x σ) = (H(X),HUP(X),HPL(X)).

Since (s x s, Σ x Σ, σ x σ) = (s, Σ, σ), we have the desired result. D

A proof for Theorem 1.2 can be given entirely analogous to the
proof of Theorem 1.1 and will be omitted.

Let X be a compactum. Suppose there is a Lipschitz embedding

β:B1 -> X for some n > 1 such that β{B\) is open, where Bn

χ = {x e
R"l I Will < 1}; t n e n t n e arguments in the proof of Theorem 1.1 can
be applied to show

(H(X) x s,HUp(X) x Σ) = (H(X),HLl?(X)).
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Hence we have the following stability theorem:

1.6. THEOREM. Let X be a metric compactum. If X has an open
set which is Lipschitz homeomorphic to an open set in W for some
n>\, then

(H(X) x S,HUP{X) x Σ) = (H(X),Hup(X)).

Similarly we have

1.7. THEOREM. Let X be a metric compactum and Y a metric
space. If X has an open set which is Lipschitz homeomorphic to an
open set in R" for some n > 1 and EUp(X, Y) φ 0> then

(E(X9y) x S,EUP(X, Y)xΣ)^ (E(X, Y),EUP(X, Y)).

2. The compact absorption property of HUp(X) for H(X). First we
remark that the Deformation Theorem in [SS] implies the following.

2.2. THEOREM. Let X be a compact Euclidean polyhedron. Then
HUp(X) is locally contractible.

2.2. THEOREM. Let Xbea compact PL manifold in Rm with dim X
φ 4 and dX = 0 in case dimX = 5. Then the closure ofHPL(X) in
HUP(X) is the union of components ofHUγ>(X).

Proof. As it was shown in the proof of [GH, Theorem 1], for each
component H of H(X),H n HpL(X) is either dense in H or empty.
This yields the same property for HpL(X) c HU?(X). By uniform
local contractibility of Hup(X)9 the same arguments as in the proof
of [GH, Theorem 1] also show that the closure of #PL(ΛQ in HUp(X)
is the union of components of Hup(X)

Let X be a compact PL manifold in Rm. Let H*(X) denote the sub-
set of H{X) consisting of those homeomorphisms which are isotopic
to PL homeomorphisms and let H^X) = H*(X) Π HUF{X).

2.3. THEOREM. Let X be compact PL manifold in Rm with dimX
φ 4, and dX = 0 in case dimX = 5. Then (H(X),HLU>{X)) is an
(s,Σ)-manifold pair ifH(X) is an s-manifold.

Proof. Since HPL(X) is a σ-compact ANR ([Ge2] and [Ha])? HFL{X)
x Σ is a Σ-manifold by the result of Toruήczyk [To]. Then by Theorem
1.1, we have a Σ-manifold M with HPL(X) cMc H^X). By [GH,
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Theorem 2], H?L(X) is an f.d. cap set for H*(X). Then for each
ε > 0 and each compact set A c H*(X), we have a map h:A —•
Λf which is ε-close to id. By using a Σ-manifold version of [Sai,
Lemma 2], we can show that M is a cap set for H*(X) (cf. [Sa2, Proof
of Proposition 2.1]. If i/(X) is an s-manifold, so is H*(X) ([GH,
Theorem 1]). By using Arzela-Ascoli's Theorem, it is easy to show
that HU?(X) is σ-compact. Then i/£Ip(X) is σ-compact by Theorem
1.2, hence a Zσ-set in H*(X). By [Ch, Theorem 6.6f|, H(jp(X) is
a cap set for H\X). Hence {H*(X),H£lF(X)) is an (5, Σ)-manifold
pair. Since //LIP W *s dense in H(X) [Su, Corollary 3] and H(X) is
homogeneous, (H(X),HUp(X)) is also an (s, Σ)-manifold pair. D

It is well known that H(X) is an ^-manifold in case άivaX = 1 or 2
([An3], [To]). Hence (H(X),HU?(X)) is an (s, Σ)-manifold pair. But
in these dimensions it was also shown that H(X) is an s-manifold
for any compact polyhedron X ([An3] for n = 1 and [Ja] for n =
2). Furthermore, //PL(X) is a σ-manifold ([Ja]) and dense in H(X)
([Br]). Using uniform local contractibility of HpL(X), the proof of
[GH, Theorem 2] implies that H?L(X) is an f.d. cap set for H{X)9

that is, (H(X)9HpL(X)) is an (s, σ)-manifold pair. Applying the same
arguments as in the proof of Theorem 2.3, (H(X),HUp(X)) is an
(5, Σ)-manifold. We summarize the above remarks as

2.4. THEOREM. Let X be a compact Euclidean polyhedron with
άivaX = 1 or 2. Then (H(X\Hγ\XX)) is an (s9σ)-manifold pair and
(H(X)9HUP(X)) is an (s,Σ)-manifoldpair.

Actually, H?L(X) can be shown to be a σ-manifold for any positive
dimensional compact polyhedron X. We outline a proof of this fact as
follows: H?ιXX) is locally contractible by [Ga]; hence H?^(X) is a σ-
fd-compact ANR by [Ge2] and [Ha]. By [KW], HPL(X) x σ s //PL(X)
(cf. Theorem 1.1). Hence //pL(X) is a σ-manifold by [To].

Moreover it can be shown that H?L(X) is an f.d. cap set for the clo-
sure Hγ\XX) of HγiXX) in H(X). In fact, for each finite-dimensional
compact set A c Hp^(X) and ε > 0, it suffices to construct a map
f:A -> HpL(X) which is ε-close to id (cf. [Sa2, Proposition 2.1]). Us-
ing uniform local contractibility of //PL(X), we can construct such a
map (cf. the proof of [GH, Theorem 2]). Thus we have the following
version of Theorem 2.3.

2.5. THEOREM. Let X be a positive dimensional compact Euclidean
polyhedron. If H(X) is an s-manifold and HJ>L(X) = H*(X) then
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(H*(X),HpL(X)) is an (s,σ)-manifold pair and (H*(X)9HllF(X)) is
an (s,Σ)-manifold pair.

We close the paper by posting the following

2.6. CONJECTURE. Let X be a positive dimensional compact PL
manifold in Rm. Then (H*(X),H{JF(X),HJ>L(X)) is an (s, Σ, σ)-mani-
fold triple. (Note that H*(X) = H(X) in case dimX < 3 [Ra, Bi].)
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