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THE MOD 2 EQUIVARIANT COHOMOLOGY ALGEBRAS
OF CONFIGURATION SPACES

NGuyEN H. V. HunG
Dedicated to my mother

The mod 2 equivariant cohomology algebras of configuration spaces
are determined by means of the Dickson characteristic classes, which
are derived from the modular invariants of the general linear groups
GL(n, Z;) and closely related to the Stiefel-Whitney classes.

Introduction. Let us consider the configuration space F(R?, m) =
{1, oo, xm)ixi€RY, x;#x; if i #j, 1<1i, j<m} asa free
Sm-space, where the action of the symmetric group &, of degree m
is given by permutations of the factors. As is well known, the limit of
the spaces of orbits

F(R>*, m)/&y = lim F(R?, m)/&p,
q

becomes a classifying space of &,,. Meanwhile the limit

H*(F(R?, 00)/6oo; Zp) = lim H*(F(R?, m)/&p; Zp)

m

is equipped with the Hopf algebra structure introduced essentially by
M. Nakaoka [12; §2] for 1 < g < co. Here Z, denotes the prime field
of p elements.

Let

JOdd(q) = {(h()a cee s hn-l) #0; n >0’ hieZ+7 h0+"'+hn——l <4q,
there exists j such that 4; is odd}

for 1 < g < 0o. Then, in [13], [15] for each H = (hy, ..., h,_y) €
Joqd(00) we have introduced the universal Dickson characteristic class

WH € H (6o 22) = lim H* (6} 22)
m
of degree dim(W#) = 3" hs(2" — 2°). Here we use the name of
L. E. Dickson because these classes are related to his modular invariant
theory as seen in [15]. We have proved the following.
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THEOREM A [13; 3.4], [15; 4.10]. A4s algebras we have
H* (63 Zy) = Zo[WH'; H € Jyqa(00)].

A direct consequence of this theorem is the determination of the al-
gebra H*(S,,; Z,) for every m by means of the well-known Steenrod
epimorphism H*(S ; Zp) — H*(6,,; Z;) . Nakaoka [12], of course,
computed H*(S ; Z;) as a Hopf algebra. Our result is a new de-
scription of the generators in the framework of the invariant theory.

The spaces F(R?, m)/S,, have been studied by many authors (cf.
E. Fadell-L. Neuwirth [4], J. P. May [9], G. Segal [19], D. B. Fuks [5],
F. Cohen [2], Huynh Mui [7]) because of their deep relations to the
symmetric groups, the iterated loop spaces and the homotopy of the
spheres. In particular, F. R. Cohen ([2], p. 226-231, 237-243) gave
amap 6: F(R?, 00)/6s — QFS? which induces an isomorphism in
homology as Hopf algebras. Moreover, Huynh Mui in [7; 10.8] has
computed the modules H*(F(R?, m)/S,,; Z,) by use of H. Cartan’s
works on H*(K(Z, q); Z,) and the classical Steenrod decomposition
theorem.

In the present paper, we shall determine the algebras

H*(F(R?, m)/&m; Zp)

for p =2 by means of Theorem A. For p > 2, these algebras will be
studied in a subsequent paper by means of our result on the algebra
H*(64; Zp) (see [16, 16b for our result with p > 2, and 16¢]). So
from now on, the coefficient ring is always assumed to be Z,.

According to Huynh Mii [7; 10.8], the canonical inclusion i(F, q):
F(RY, 00)/6s — F(R®, 00)/6+ 1nduces the epimorphism

I"(F,q): H (6x) = H*(F(R®, 00)/6s) = H*(F(R?, 00)/6).
As we shall see later, for H € J,q4(q)
(B) (F, )W #£0 e H € Joa(a).
Let us simply denote i*(F, ¢)WH by WH .  Now we can state the
main result of this paper as follows.

THEOREM C. As algebras we get for 1 < g < oo

H*(F(R?, 00)/60o)
= oW H € Joga( @)/ (W) s H € Joaa()).
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Here

h(qg, H)=min{h e N; 2"(ho+-- + hp_y) > q}
forH: (ho, cee s hn—l)-

For g = 2, this result was obtained by D. B. Fuks [5] and indepen-
dently by G. Segal (see E. Brieskorn [1]). A result of this sort can also
quickly be derived from [21], as the referee notes at the end of this
introduction. However, it should be noted that the brief form [14]
of this paper appeared exactly at the same time as [21]. Furthermore,
our result which was derived from the invariant theory is much useful,
for instance, in computing the action of the Steenrod algebra on the
cohomology of configuration spaces, because it allows us to avoid the
Nishida relations. (It is shown in [16¢] and our subsequent paper.)

Again, by the Steenrod decomposition theorem we have the
epimorphism H*(F(RY, ©)/6x) — H*(F(RY,m)/G,) (see
Huynh Mui [7; 3.2 and 10.8]). From this we determine the algebras
H*(F(R?, m)/&,,) as an application of Theorem C.

We shall define the wreath product M(q, n) of projective spaces
and imbed it in the space F(R?, 2")/&,». As a consequence M (oo, n)
= llr_x} M(q, n) is a classifying space of the Sylow 2-subgroup &y ,
of thquroup G5+ . Naturally we have the commutative diagram of
restriction homomorphisms

H* (&) — H*(6y ,)

! !

H*(F(R?, 2")/6y) —— H*(M(q, n)).

By means of Dickson’s and Huynh Miui’s invariant theories we shall
prove

THEOREM D. The restriction H*(F(RY, 2")/Gy) — H*(M(q, n))
is a monomorphism.

This is the main step in proving assertion (B) and implying Theorem
C from Theorem A.

The paper is divided into four sections. In §1 we define the manifold
M(q, n) and the embedding i(g, n): M(q,n) — F(R?,2")/Gy.
Section 2 deals with the cohomology of M(q, n) following Steenrod’s
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theory on cohomology of wreath products of finite groups. Particu-
larly, we get a geometrical significance of Huynh Mui’s invariants by
certain submanifolds of M (g, n). We prove Theorem D in §3 and
Theorem C in §4.

The main results of this paper were announced in [14].

It is a pleasure for me to acknowledge here my deep gratitude to
Professor Huynh Miii, from whom I have received an inspiring guid-
ance and a generous help in the proof as well as in the description of
the results. '

A comment on Theorem C.

R. Wellington [21] computes PH,(QIS79). Let x; = Q;[1]*[-2],
i > 0, and define Newton polynomials f; by f; = x;, and for
k>1, fi=kx+X " xifis.

Let I = (iy, ..., i;) be admissible, that is, 1 < i} < i, < --- <
Ix <gq. I issaid to be odd if some i; is odd. Let fr = 0y5(f), with
I = (J, i;). Wellington shows that { fi: I is admissible and odd}
forms a basis for PH,(Q{S9).

Let {f*} be the dual basis of QH*(QES7).

THEOREM. One can lift the elements f; to H*(Q{S?), in such a
way that

H*(Q§S?) = 2,1 f71/(7)°D
where 0(I) is the smallest integer 2™ such that ;2™ >q —1.

Proof. Let &: H.(Q}S?) — H,(QIS9) be the Verschiebung or
squareroot map, as in [21, p. 26]. Then [21], Lemma 3.5 gives
$(x2i) = xi» S(xi) =0 X

If i is odd; and &(ab) = &(a)é(b). Given f7, let y be the sum
of monomials in the y; gotten by multiplying all the subscripts by
2m=1_ Thus ™!y = f;. In his Lemma 3.5, Wellington shows that
there is no z with &"(z) = f;, and the result follows.

1. The wreath products of projective spaces and the configuration
spaces. Let S9, 0 < g < oo, denote the unit sphere in the Euclid
space R9*! with the base point

x=(1,0,...,0).
N——————
g+1

We have the canonical base point preserving embeddings

SOcSlc-.-cS9¢c---.
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Set
(8%, %) = lim (S7, *).

Let the cyclic group E of order 2 act on S§9 by the antipodal map.
We define the projective space P?, 0 < g < oo, by putting

PP=S9/E for0<g<oo, P*®=IlimP.
—
q
The image of the base point * of S% under the canonical projection
S% — PY is taken to be that of PY.
Motivated by the Steenrod theory on cohomology of wreath prod-
ucts of finite groups (see Steenrod [20; VIII.3]), we have

1.1. DerFINITION. (1) Let K be a topological space with the base
point *. Let the group £ act on K x K by permutations of the fac-
tors. Then the quotient space K2 x S7, where E operates diagonally
on K? x S9, is called the wreath product of K by P4 and denoted
by K [P9. The point [(*, %, *)] is considered as the base point of
K [P9.

Obviously, the canonical projection K [P4 — P? is a splitting (i.e.
having a cross section) fibre bundle with fibre K x K.

(i1) Let g be a natural number or co. We define the n-iterated
wreath product M(q, n) of projective spaces by induction as follows.

M(q, 0) = {x}, the space consisting of exactly one point,
M(qg,n)=M(q,n— 1)/]P"7‘l = ]P’q”'/'-'/l?q_' (n times).

Evidently, M(q, n) admits a natural structure of real analytic man-
ifold. It is compact if ¢ is finite. When ¢ < ¢’, we have the nat-
ural embedding M(q, n) C M(q', n) constructed via the inclusion
S9c 89,

We are going to describe M (q, n) by the other way, which seems
to be more useful later. Set

M(q,0)={+}, M(q,n)=Mg,n-1)>x8"

The action of &y , =E [--- [ E (n times), the n-iterated wreath
product of E, on M (g, n) willwbe defined by induction. Let the
group Sy , = 1 act trivially on M (g, 0). Suppose that we are given
the action of Sy, ON A7(q, n — 1), and then that of &y , =
GZHVI,ZfE on ANl(q, n) is defined as follows. Let x, y € 2\7(41, n—1),



256 NGUYEN H. V. HUNG

ze€S% ! then (g, h)(x,y, z) = (gx, hy, z) for (g, h)e(%%n_l , C
62n_1,2fE =Gy 5, t(x,¥y,2z)=(y,x,—z) for ¢ is the generator

of E C &1 , [ E. Notice that this is a free action. Further, we have
M(q. n)=M(g,n)/Sy ;.

To compute the fundamental group of M (g, n), we need

1.2. DEfFINITION. Let G be a group. By the mod 2 wreath product
G [,Z of G by Z we mean the semi-direct product (G x G)XZ, where
the generator of Z acts on G x G by permutation of the factors.

1.3. PROPOSITION. We have isomorphisms
E[---[E (ntimes), q>2,
m(M(g,n) =S Zf,-- [,Z (n times), ¢q=2,
1 qg=1.
Proof. Let ¢ > 1 and K be an arcwise connected space with base
point. Let us consider the homotopy exact sequence of the fibre bundle
K [P —P?:

o P - m(KxK) — m(K [P — (P — mo(K x K)

Il 2 Il IK ll2 |2
= 1 > mK)xm(K) > m(KfP) - E — 1.

Since the fibre bundle K [P? — P4 is splitting, then so is the above
exact sequence. Further, via the split, the group n;(P?) = E operates
on the fibre n,;(E) x n;(E) by permutations of the factors. Hence, we

obtain
- <K/1P’q) - nl(K)/E.

The first part of the proposition follows by induction on n. The
remaining parts are proved by similar argument using the fact that

mEY=z, mE’) =1,
The proof is completed.

1.4. PROPOSITION. M (0o, n) and M (2, n) are respectively classi-
fving spaces of the groups &y 5 and Z [,--- [,Z (n times).

Proof. Note that K x K x.S7 is a covering space over K [ P?. Hence
by use of the homotopy exact sequence for the covering we have

n; (K/]pq) =7;(K x K x 5%
= mi(K) x m;(K) x m;(S9),
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for i > 1. From this, we obtain by induction on »n
ni(M(q,n) = m; (ST x - xmi(§971) (2" — 1 times), for i > 1.

In particular, we have =;(M (oo, n)) = n;(M(2,n)) =0 for i > 1.
From 1.3 and these isomorphisms the proposition follows.
Now is the time to construct the continuous embedding

i(q,n): M(q, n)— F(R?, 2")/&,.
To do this, we first define the embedding
i(q, n): Mg, n) — F(R?, 2")

by induction on #n as follows. Remember that S7-! is always con-
sidered as the unit sphere in R?. We fix a positive constant ¢ < 1/3.
The map i(q, 0): M(q,0) = {x} — F(RY,2% = R? is given by
i(q, 0)(x) = 0. Suppose that the embedding
Z(q s n— 1)

= (g, n=1)1,..., g, n—1)): M(g, n—1) = F(R?, 2" 1)
has been defined, where i(q,n — 1); denotes the jth factor of
i(q, n—1). Then we define

i(g,n)=(i(g,n),...,1q, n)y): M(q, n) — F(RY, 2"
by the formula

. ei(qg, n—1)j(x)+z, j<art,
1.5 N i s Vo = S .
( ) l(q n)](x y Z) {el(q,n—l)j_zn—l(y)—z, ]>2n_1’
for (x,y, z) eﬁ(q, n—1) xﬂ(q, n—1)x89-1 =ﬁ7(q, n). Since
e < 1/3, it is easy to show that

i(q, n);(v) #i(g, n)(v) forj#k, veM(q,n)

Hence, the map i(q, n) is well defined. We have clearly
1.6. LEMMA. i(q, n) is a continuous injection.

Proof. The continuity of i(gq, n) is implied easily from (1.5) by
induction on »n.

To show that i(q, n) is an injection, we note the following simple
property, which can also be proved by induction

(1.7) qu n);(v)=0 forve M(q,n).
j=1



258 NGUYEN H. V. HUNG
Obviously, i(g, 0) is injective. Suppose that so is i(g, n —1). Let
(XK > Yi» 2xk) € M(q, n) for k =1, 2 such that

i(q’ n)(xl » Vi Zl) = 2'(q’ n)(x2 » V2, 22)'
From this and (1.7) we have

2"-—1
1 x
= iﬁzl(q, n)j(xt, y1, z1)
=1
{ zn—l~
= 51 > ig, n)j(x2, y2, 22) = 22
=1

This implies, by (1.5), that

(g, n—1)(x)=1i(g,n—1)(x2), ig,n-1)()=1ig,n-1)).
Using the inductive hypothesis we obtain

X1 =X2, YVi=)2.
The lemma follows.

Let ¢ < o©0. i(q, n) is a continuous injection from the compact
space M(q, n) into the Hausdorff space F(R?, 2"); then it is a home-
omorphism between its domain and its image. Passing to the direct
limit when g — oo, we observe that so is i(co, n).

i(q, n)M(q, n) is not G,-invariant subspace of F(R?, 2"), but
so is the following

6M(q,n)= |J oilg, n)M(q, n) c F(rR?, 2"

0662n
The map ~ —
M(q’ n)/GZ",Z - Gnga i’l)/62" >
[v] —~  [i(g, n)v]
is clearly a homeomorphism. It induces the embedding
(1.8) i(g,n): M(q, n) - F(R?, 2")/Gn.

When ¢ = 2, the subspace i(2, n)M(2, n) of F(R?,2")/&, has
been used in Fuks [5] in another formulation.
We have the commutative diagram

M(q', n) 20 FRY, 27)/6y

(1.9) T T

Mg, n) 128 FRre, 27)/6,
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for g < q', where the vertical arrows are the natural embeddings.
Remember that, for ¢ > 2, n(M(q, n)) = &, , (Proposition
1.3),
n(F(R?, 2")/Gp) = 6y (see [4]).
Via these isomorphisms, we are going to describe the homomorphism
is(q, n): m(M(q, n)) - m(F(R?, 2")/&y), forg>2.

Let us consider &, as the symmetric group on (the point set of) the
vector space Zj of dimension »n over Z,. Let E;, 1 <i < n, denote
the cyclic group of order 2 generated by the translation defined by the
i th unit vector ¢; of Z7. The map ix(q, 0) is clearly the identity on
the group 1. Suppose that ix(q, n — 1) has been known. Then, by
(1.5), the homomorphism

i#(q, n): 62",2 = 62"_',2/E i 62"

is described as follows.
. 2
; @2 i(g,n—-1) 2 (@
l#(q R n)| 6;,,4‘2 : 62,,_, 2 — 62,,_, = 62,. .

i#(qs n)lE: EiEn

So we obtain
ix(q, n): 62",25E1/E2-'-/En C Gy,

Via this injection, &,» , becomes a Sylow 2-subgroup of &,». Fur-
ther, we have the identification

H* (&) H*(&y ,)
(1.10) I ) I
H*(F(R®, 2")/6p) —2  H*(M(co, n)).

As is well known, the restriction Res(&y 5, &,) is a monomorphism.
In §3 we shall prove that so is i*(g, n) for ¢ finite.

Res(&n ,,6pn)
—_—

2. Cohomology of wreath products of projective spaces. Suppose that
the sphere SY is endowed with the following CW-complex structure
q

S7=|J(exUter),
k=0

where
_ 1 k+1 q. vk+1
e ={(x",...,x",0,...,00€8; x > 0},
te, ={xeS?;tx e},
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t is the generator of E. Further, let K be a CW-complex. Then the
product CW-structure on K2 x S7 is stable under the diagonal action
of the group E . This induces a CW-structure on K [P? = K? x S9.
Denote by C.(K) the chain complex of K with integer coefficients.
We have evidently

C. (K/]P’q) = C.(K? x 81 ®p Z = Cu(K)? ®F Cu(S9).

In particular, M(q, n) is equipped with the natural CW-complex
structure. Further we obtain

Cu(M(q, n)) = Cu(M(q, n - 1))* @ Cu(S9).
Note that, for ¢;, g2, ..., gn < g, the complex

j‘lql,...,q’l =Pq'/"'/Pq"

is a subcomplex of M(q, n).
Now we recall the fundamental result

2.1. THEOREM (Steenrod [20; VIII.3.4], May [8]). Let K be a com-
plex, and H.(K) the vector space over Z, with the basis {x;; i€ I},
where I is a set ordered linearly. Set H,(P1~!) = @?;Ol Zye;. Then
H.(K [P97Y) is the vector space over Z, with the basis consisting of
all elements either of the forms (i), (ii) if ¢ = oo, or of the forms (i),
(ii), (iii) if ¢ < oo as follows.

(i) x?®pe;, iel, 0<j<gq,
(i1) Xi, ® Xi, ®F €o, 1 <Ip, I1,b€I,
(1ii) X, ®x,~2 RE (eq_1 + Zeq—l), 1 <iy, t,Ihel.

Using this theorem with M(g, n — 1) instead of K we may define

2.2. DerFINITION. The Steenrod basis St(g, n) of the Z;-module
H.(M(q, n)) is defined by induction on »n as follows. Denote by
St(q, 0) the basis of H.(M(q,0)) = H.({x}) = Z, - 1 consisting
of exactly one vector 1. Suppose that we have had St(g,n — 1) =
{x1, X2, ...}. Then the basis St(g, n) consists of all vectors either
of the forms (i), (ii) if g = oo, or of the forms (i), (ii), (iii) if g < oo
as follows.

(i) x’®pe;, i=1,2,...,0<j<q,

(i1) Xi, ®x,-2 ®E €y, 1 <y,

(iii) Xi, ®X,’2 RF (eq_1 + teq_l) , 1 <1y
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Since the homotopy commutativity of the “multiplication”
(2.3) Pn-1:M(qg,n—1)xM(g,n-1)— M(q,n),
(x,y)—=I(x,y,%)]

it implies that St(g, n) does not depend on the order given in
St(g,n—1).

H.(M(q, n)) contains the “stable” subspace S(q, n) and the “un-
stable” one U(q, n) with respect to increasing dimension q. They
are defined by induction as follows.

Set S(gq, 0) =St(g, 0) = {1}. Suppose we are given S(qg,n—1) =
{¥1,¥2,...}. Then S(q, n) is the subset of St(g, n) consisting of
all elements of the forms (i), (i1) given in Definition 2.2, in which
we put y;, yi , yi, €8S(q, n—1) instead of x;, x; , Xi, respectively.
Set S(q, n) = St(q, n)\S(q, n). Denote by S(q,n), U(q, n) the
vector subspaces of H,(M(q, n)) spanned by S(g, n) and U(qg, n)
respectively. We have

H.(M(q,n))=S(qg,n)®U(q, n).

Let i.(M,q): H(M(q, n)) - H.(M(oco, n)) be the homomor-
phism induced by the canonical embedding i(M, q): M(q, n) —
M(oco, n). From 2.1 we observe that i.(M,q)U(q,n) = 0 and
i«(q, n)|s(q,n) is injective. Further, we have

(2.4) i.(M, q)S(q, n) = Span{x € St(co, n): h(x) < q}.

Here the height function 4: St(co, n) — Z is defined by induction on
n by the formulae
h(l)=0,
h(x} ®F ¢;) = max{h(x;), j},
h(x; ® xi, ® e9) = max{h(x; ), h(x;)},
for x;, Xi > Xi, € St(co,n—1).
From now on, for each cell complex K we denote its chain complex
C.(K) also by K.
According to Steenrod [20; V.5.1] we have the E-equivariant chain
map s N .
dq,l: M(qa 1) _)M(qs 1)®M(qs 1)3
k
dg 1(e) =) (-1)* e @ t'e,_; fork <gq.
i=0
(Recall that M(q, 1) = SP-1))
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We obtain the following well-known result (see Nakaoka [12; 3.3]
in the case of g = 00).

2.5. ProposITION. The diagonal approximation Ay ,: M(q, n) —
M(q, n)® M(q, n) is computed by induction as follows.

k

Ag.i(en) =D (-1)* e, @e_; fork <gq.
i=0
Ag.n= r(Af],n_l ®E dy,1) as seen in the diagram

Mg, n)=M(g, n-12es M@, 1) %  M(g,n)

l éz,/n—l®5dq,1 “.V
M(g,n—1)*®pe M(q, 1)> 5 (M(q,n-1)2® M(q, 1))%
Here t is the chain map twisting two sets of 3 factors.

Proof. According to Nakaoka [12; 3.3] the map dy »: M (00, n) —
M (oo, n)? defined by the inductive formula deo,n = 7(d2 ,_,®dwo, 1)
is an Gy ,-equivariant chain map. Hence

dg,n = doo,nl 57, v M(@, n) = M(q, n)?
is also an &, ,-equivariant chain map satisfying the formula

(2.6) dyon="1(d2 ,_, ®dy).

It is easy to verify that M (g, n) is a regular &, ,-free complex
and d; , is carried by the &, ,-equivariant acyclic diagonal car-
rier C(0) = @ x &, where ¢ denotes a cell of M (g, n) and & is the
closure of o. Thus d; , induces the diagonal approximation A, .
of M(q, n) (see e.g. Steenrod [20; V.4.1]). From (2.6) and the defi-
nition of d, | we get the formulas for computing A, , given in the
proposition. The proof is completed.

We denote by .#(q,n), #+(q,n) the Z;-submodules of
H.(M(q, n)) generated respectively by #(q,n) and £*(q,n),
which are defined by induction as follows.

#(q,0)=St(qg,0),
H(g,n)={x*®pej; xE€H(q,n—1),0<j<q}cCStq,n),
MH*(q, n)=St(qg, n)\L(q, n).

So we get
H*(M(qs n)) ‘:‘%(q’ n) @%_L(q, n)'
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Define by induction for ¢, ..., 9, < ¢

— a2
Mg,,...q, =Mg . .q_ OFEE€q,.

It is easily seen that My ,...q, is the unique cell of highest dimension in
the subcomplex M, .. 4 =P% [ [P of M(q, n). Thus my . 4
is the fundamental class of the submanifold M, .. .q, in the manifold
M(q, n). Obviously we have

%(q9 n) = {mq,,,..,qn; 0 S q15 ..., 49n < q}

By a simple computation based on Proposition 2.5 we obtain easily

2.7. LEMMA. The comultiplication A of the coalgebra H,(M(q, n))
satisfies the formulas

(i) A("lql,...,q")= Z My ,or, ® My s
r+5;=q;
Jor0<gq;, ri, si<q, 1Zi<n.
(ii) A#*t(q,n) C H(M(q,n)®@#*(q, h)
+.#+(q, n)® H.(M(q, n)).

As a consequence, we have the following proposition essentially due
to Steenrod [20], Nakaoka [12].

2.8. ProvposiITION (cf. [6], [12]).
H*(M(q, n)=4#*(q,n)*®#(q,n),

where #*+(q, n)* is an ideal and #(q, n)* is a subalgebra. Here x
denotes the dual defined by the Steenrod basis.

Now we study the structure of the algebra .#(q, n)*. Set

Vas=my, .05 1,0,...0 € H'(M(q,n)), forl<s<n, g=>1.
N e, e’
n—s R}

According to Lemma 2.7 we have in H*(M(q, n))

* = 74 e —ql
(2.9) Myva,=Vii Vans

for g, ..., g, < q. Clearly, the algebra .# (oo, n)* has the following
simple structure

%(OO’ n)* =Z2[7n,15 ey 7’1,"]'
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(Compare with Nakaoka [12; 4.2].) The natural embedding M (q, n)C
M (oo, n) induces the surjection of algebras .# (oo, n)* — .#(q, n)*,
whose kernel is

Span{my . :h(mg,. . q)=max{q,...,4n}>q}
This coincides with the ideal
(—VZ,I’-°~a_VZ,n) of Z2[Vn,1>---:vn,n]-

By the above discussion, we get

2.10. THEOREM. There is an isomorphism of algebras

%((], n)* gZZ[Vn,la 7Vn,n]/(7‘r]1,17 aT/—‘rIz,n)-

For latter use, we recall Huynh Mui’s result on the homomorphism
H*(M (oo, n)) —» H* (P x --- X PY).

Let P°, for k =1, ..., n, be the real projective space of infinite
dimension. It is easily seen that

P° x --- X Py° = BE".

P has been equipped with the CW-complex structure as noted at
the beginning of §2. It has exactly one cell e{‘ in each dimension i,
for 0 < i < co. Further, we have

oo
H.(PP) =Pz, ef.
i=0

Let y, € H*(P®) be the dual element of ef € H.(P{) via the basis
{ek; 0<i<oo}. As it is well known, we get

H*(E") = H* (PP X --- X BY°) = Zaly1, ..., ¥nl
We define the injection i,: E” — &y« , by induction as follows.
iy =idg: E' - &, , =E',
in: E"=E"'XE -6y ,= (‘52,,-:’2/E,
(a,b) — (in1a, in—1a; b),

for acE"!, beE.
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The homomorphism i, induces the homotopy class of the map of
classifying spaces d: P{° x--- xPy® — M(oo, n) which is constructed
also by induction.

dy =1id: P* - M(o0, 1) = P{°,
Gy P® X - X P — M(oo, 1) = M(oo, n—1)/1p,;°°,
\ (aob)H(dn—la9dn—la;b)a

for ae PP x---x P, , b €P;y. So we obtain the identification

n—1>
Res(E", 6, ,)

H*(6y 1) H*(E")
n ) u
H*(M(oc0, n)) —2 H*(PYP x --- X PP).
Under this, we set
Vn,s=d,’;_l7,,,s=Res(E”, 62",2)—I7n,s, I<s<n

The following allows us to compute ¥}, s by induction.

2.11.  PROPOSITION. Let d* = Res(E", E""![E), and let
P:H*(E™ 'Yy —» H*(E""! [E) be the Steenrod map (see [20; VIL.2]).
Then we have

* gk — AJ* * *
dnmql,...,qn_l,o =d Pdn—lmq,,...,qn_l'

Particularly, we get V, s = d*PV,_1 s—1 for 1 < s < n. Meanwhile
V;l ,1=Vn.

Proof. We recall that

2

mq -'-94,,_] sO = mq q -1 ®E eo'

1 EREY’M

Passing it to the dual, from the definition of the map P, we obtain

* _ *
(2°12) mql,...,qn_,,O - qul,---,qn_l‘

On the other hand, we have the commutative diagram
H*(Gp1 ) & H*(Sy,) = H*(Gy-1 ,xE)
la, Res| a |Res
H*(E"Yy L HYE"'[E) - H*(E™).
So we get

* ok _g* *
dymy 4 o=dyPmg

n—

I £ * *
=d*Pd,_my .
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Apply this formula with
(qls"'5qn—1>0)=(0,"'903 1903"'9Q)

-~
N

n—s
to obtain
Vas=d*PV,_y -1 forl<s<n.
At last, we note that

— 2 _ 12
Mo, . 0,1 =mp . o®e =1 Qfe.
N’ N
n n—1
Hence, we have

m?),...,o,l = P(1) ® yn.
~—
n

Since d; is a homomorphism of H*(E)-modules, we obtain

Va1 =dpmi, 0,1 =dp(P(1)®yn) = yn.
N’
n

This completes the proof.

In principle, Proposition 2.11 allows us to determine completely
V,.s as a polynomial of y;, ..., y,. But, it is rather difficult to real-
ize the direct computation. To overcome this difficulty, we need the
following well-known fact. Let G be a finite group and S a subgroup
of G. The Weyl group W;(S) = Ng(S)/Cs(S) of S in G operates
on H*(S) by the adjoint isomorphisms. We have (see e.g. Steenrod
[20; V.7])

Im[Res(S, G): H*(G) — H*(S)] ¢ H*(S)%:\),
In [6; I1.5] Huynh Mii showed that
W=Ws, (E")=GL,,,,
HYEMY =2aly1, ..., yalr.

Here GL, ; denotes the subgroup of GL(n; Z;) consisting of all
lower triangular matrices with 1 in the diagonal entries, and the group
GL(n, 2Z;) acts canonically on Z[y;, ..., ¥nl.

Note that V, s is an invariant under the action of GL, , (since
Va,s € ImRes(E”, &,» ,)) and contains y,_s,; as a factor (according
to 2.11). So we obtain (see Huynh Miui [6; I1.5.4])

(2.14) Va,s = H (Ayn+ -+ As—1Vn-s+2 + Vn—s+1)-
A€z,
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This implies directly that V, ;, ..., V, s are algebraically indepen-
dent (see also [6; 1.3.4]).
2.15. DeFINITION. The injection of modules a: Z[V,, 1, ..., Va, x]

— H*(&y ) is defined by
a(an:'l T V;lq,ln) = m;l yer
From (2.9), o is a homomorphism of graded algebras.

2.16. ProrosITION (Huynh Miui [6; 11.5.2]). We have the exact se-
quence of algebras which is splitting via the homomorphism «
. d*
0 — .+ (c0, n)* 5 H (S 2) S LoV 1, -o- s Va,n] = 0,
where j denotes the natural embedding.

3. The monomorphisms i*(q, n). The purpose of this section is to
prove

3.1. THEOREM. i*(q, n): H*(F(RY, 2")/Gy,) — H*(M(q, n)) is a
monomorphism for g > 1, n>0.
At first, we recall some things about the (Hopf) algebra
H,(F(R?, 00)/6).
For a finite positive integer g, we define the embeddings
m: FRY, m)/&y — F(RY, m+1)/Gp41,

(3.2)
[(x1, oo X))l (x5 oe s Xms X)],

where

1 m
Xk — ;;in

=1

.

1 m
x—E;xi—(R+l,0,...,04), R_m]?x
= q

Here and in what follows, | - | denotes the Euclid metric in R?.
(Compare with Fuks [S5], when g = 2.) Via these embeddings, we set

F(R?, 0)/G = lim F(R?, m)/Sm.

m

Let us consider in this space a product induced by the maps
(3.3) um,n: FR?, m)/Su x FR?, n)/6, = FR?, m+n)/Gmin,

[, ooy X)X (15 o5 V)]
H[('xla"',XM5yl+Z:"'>yn+Z)]s
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where
1 & 1 o
Z=szl—zzyl—(Rl +R2+1303°"’0)9
i=1 Jj=1 q
1 & 1 ¢
.R — —_ . R = _—— il -
1 ml?x Xk mgxz ) 2 m]fx Yk n;yl

(Compare to Fuks [S] when g =2.)

F(R?, 00)/6« equipped with this product is not an H-space. How-
ever, H,(F(RY, 00)/6«) 1s a Hopf algebra (see [10, §5]). The direct
limits when g — oo of the systems of map (3.2), (3.3) belong to the
homotopy classes of maps on classifying spaces induced respectively
by the canonical injections

Gm—=6mr1, Gm X6y — Gpyn.

Hence, H.(F(R?, ©)/6) is a Hopf subalgebra of the Hopf algebra
H,(F(R®, 00)/6x) = H«(6) introduced by Nakaoka in [12, §2].
The structure of this Hopf algebra will be studied in §4.

Besides this, the algebra H.(F(R?, o0)/64) is equipped with the
multiplicity such that

mHy(F(R?, 00)/6c) = Hi(F(RT, m)/Gp, F(R?, m —1)/Gp_1)
(see e.g. Nguyén H. V. Hung [15, §2]). The reader who is not fa-

miliar with the notion of “algebra with multiplicity” can refer to
T. Nakamura [11]. For such an algebra 4 = €,50n4, we set

A(m) = P »4.
n<m
Particularly, we have
H.(F(R?, 00)/6c0)(m) = H(F(R?, m)/Sp).
Let
Nko,...,kn_lGH*(F(RqsOO)/GOO)’ kOs“',kn—l ZO:
be the Nakamura elements [15; §2]. These are of multiplicity 2”.
Then we have (see [15; 2.15]).

3.4. THEOREM (Nakamura [11], May [10], Huynh Mii [7]).
(1) Let ¢ >0 and

n—1
J+(q)= {K=(k0,...,knﬁl);n>0,ko>0,ki€Z+,Zkl’<Q}.
i=0
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Then H.(F(RY, 0)/6x) = Zy[Nx; K € J*(q)] as algebras with mul-
tiplicity. So we have H.(F(R?, m)/6,,) = Z[Nk; K € J*(q)l(m),
for 0 < m < oco. In other words, H.(F(RY, m)/&,,) has the Z,-basis
consisting of all monomials in Z)[Nx; K € J*(q)] of multiplicities
< m. This is called the Nakamura basis.

(i) The homomorphism

i«(F,q): H(F(R?, 00)/6u) = Hi(F(R®, 0)/60)

induced by the canonical embeddings F(R?, m) C F(R®, m), 0 <
m < oo, is an injection. It sends Nk to the element denoted by the
same notation Nk for K € J*(q).

On the other hand, let p, : &,» — O(2") denote the natural repre-
sentation of the symmetric group &,- in the orthogonal group O(2").
As is well known:

H*(0(2") = Zo[W1, ..., W],

where W; denotes the ith universal Stiefel-Whitney class (of dimen-
sion i). We define the (2" — 2°)th Stiefel-Whitney class of p,» by
putting

Wi,s = pyn(Wyn_ys) € H (Gyr), 0<s<n.

Further, we set

Q,.s=Res(6y 5, Gy )W, € H (&y ), 0<s<n.

3.5. PROPOSITION. Let
i(M,q): M(q,n)— M(c, n),
(0o, n): M(co, n) — F(R®,2") /Gy
be the well-known embeddings. Then we have

i"(M, q)i*(c0, n) KerRes(63,-. , &)

= @n,OZZ[—Q—n,Oa cees —Qn,n—l]/I(és CI).

Here 1(Q, q) denotes the ideal of Q, Z[Q, o, --. > Qn n_1] gener-
ated by monomials of degree q .

The proof of this proposition will be given in the end of the section.
Now using this result we prove the main theorem of this section.

Proof of Theorem 3.1. The proof proceeds by induction on n. Ob-
viously, i*(q, 0): H*(R?) — H*({*}) is a monomorphism. Suppose



270 NGUYEN H. V. HUNG

that so is i*(q, n — 1). By means of (2.3), (3.3) and the definition of
i(q, n) we have the homotopy commutative diagram

H=Hyn—1 n-l

F(R?, 2")/G (F(R, 2"71)/6,1)?

Ti(q,n) Tz(q,n—lf

¢=¢n—l 2
M(q, n) — M(q, n— 1)

So we get the commutative diagram in which each row is exact (ac-
cording to 2.1 and 3.4)

0—  Kerg' — H*(F(R?,2")/6y) % H(F(RT, 2""1)/&,,-1)" —0

(3.6) Litaom Lowm Lg,n=1)?
0— Kerg* — H*M(q,n) % HM@g,n-1)?> =0

By the inductive hypothesis,
g, n—1)?=i(g,n-1)®i(q,n-1)

is an injection. According to the 5-lemma, to prove Theorem 3.1, we
need only to show that i*(q, n)|ger - : Keru* — Ker ¢* is a monomor-
phism.

Let us consider the commutative diagram

Res(&2,-1,6,n)

H*(F(R*, 2")/6&yr)
li"(F,q) li“(F,q)2

HF(RY, 2M)/6y)  —“—  HF(R,20)/6p- )2,

H*(F(R®, 2771)/& 1)

where the vertical arrows are induced from the canonical embeddings
F(RY, m) — F(R®, m) for m = 2""! 2" By means of Theorem
3.4 and the definition of the algebra structure on H,(F(RY, 00)/Go0)
we have

KerRes(G%,,_l » &) =Span{Ng ko > 0},

Keru® =Span{N; _ :(ko,...,kno1) €J7(q)}

=i"(F, q)Span{N,jo,‘_"k L ko > 0}

= i*(F, g)KerRes(&2,, , ;).
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From Proposition 3.5 and the commutative diagram

i"(c0,n)

H*(F(R*®, 2")/6,) ——— H*(M(c0, n))
(3.7) lf(p,q) li*(M,Q)

H*(F(RY, 2")/&y) " H*(M(q, n))
it implies that the following is an epimorphism

i*(‘I> n)lKeru*: Ker,u* - —Q—n,OZ2[§n,O’ cee Qn,n—l]/l(éa CI)'

Note that the domain and the image of this epimorphism are isomor-
phic to each other as graded modules of finite type over Z, via the
formal correspondence

n—1
* k kn»l
Ni ok = Qr 0, forkg>0, > k<a.
i=0
Hence, the above epimorphism is an isomorphism. As a consequence,
i*(q, n)| gery: Keru* — Kerg* is a monomorphism. Theorem 3.1 is
proved.

The remaining part of this section is devoted to prove Proposition
3.5.

Let G be a finite group, and E(G) a set of representatives for the
conjugacy classes of maximal elementary abelian 2-subgroups of G.
We recall

3.8. PROPOSITION (Quillen [17]). Let G = &,, or &, ,, the Sylow
2-subgroup of &,,. Then the homomorphism

Res: H*(G) — [[ H*(4)
A€E(G)
given by the restrictions Res(4, G): H*(G) — H*(A) for A € E(G) is
a monomorphism.

In [6; 11.6.2], Huynh Miui has computed the image of Res(4, &)
for m = 2" and 4 = E" by means of Dickson’s invariant theory.
Namely, he has shown that

(3.9) We,, (E") = GL(n, Z,),

ImRes(E", &) = H*(E") or") = z[yy, ..., y, 0L,
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Here the Weyl group Ws,(E") of E" in &, acts on H*(E") by
the adjoint isomorphisms, and GL(n, Z,) acts canonically on

Zolyrs --- 5 Vnl-

The invariant ring of GL(n, Z,) has been determined previously
by Dickson [3] as follows. Let Oy ¢, ..., Ok k-1 be the polynomials
of yi, ..., yr given by the inductive formula

(3.10) Qn,sz("nQn—l,s)‘Vn,n‘i"?nQyzz_],s_l, 0<s<n,

where V; , is defined in (2.14), Oy xr =1 (k > 0) by convention,
and 7, is the following transformation of variable

0 1
(3.11) = | eGL(n, 7).
| 0
Then, Q, 0, ..., Qn,n—1 are GL(n, Zy)-invariants and Dickson has
proved that
(3.12) Zo[yis e s yalOM ) = 29[ 00 0, -y Qi)

Further, according to Quillen, Milgram, Huynh Mui (see [18], [6;
Appendix]) we have

(3.13) RCS(E”, 62")Wn’s=Qn,5, OSS<”.

3.14. LemMma. Let (W, o) denote the ideal of H*(G,) generated
by W, o. Then we have

ReS(GZ",Z, 62”)<(Wn,0)) - ZZ[Vn,l 5 eee s T/—n,n]-

Proof. Suppose that we get
@,,’0 - M*(co, n)* =0,
én,ozvn,l"'vn,n-

Then, combining these with 2.8 and 2.10, we prove the lemma as
follows.

Res(Gy 5, 627)((Wh,0)) = Res(&y 5, Gy) (W, o H*(65r))
C Qo H Sy 3)=0, o(# (0, n)* &# (0, n)*)
= Qn,O ‘ Z2[—1771,1 s e s Vn,n] - Zz[vn’l y ey Vn,n]-

Hence, it suffices to verify (3.15). To this end, following Proposition
3.8 we consider the restrictions of the elements in (3.15) to every
maximal elementary abelian 2-subgroup of &, ,.

(3.15)
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According to Nakamura (see [6; I1.2.7]) such a subgroup is conjugate
in &y , to a certain group 4 being of the following two kinds:

(a) First kind: A4 is a maximal elementary abelian 2-subgroup of
&,

(b)’Second kind: 4 = A' x E,, where A’ is a maximal elementary
abelian 2-subgroup of the diagonal &,.-: , in &2

ta”
First we show that
(3.16) Res(A4, 62n’2)Q,,,0 =0

for every maximal elementary abelian 2-subgroup A which is not con-
jugate to E” in &y ;.

By [6; 11.2.8] and by a simple computation of rank of groups, we
note that such a group A is a subgroup of a certain maximal elemen-
tary abelian 2-subgroup 4; of &,» which is not conjugate to E” in
Sy. By [6; 11.2.3], A4; is conjugate in G, to a subgroup A4; of

6%,,_,. Since Syn-i is a Sylow 2-subgroup of &,.-1 so 4, is conju-
gate in &,, to a subgroup of &2, ,- Thus, 4 is conjugate in &,

to a certain subgroup of ng-. i

In [15; 3.4] we have proved that

Res(65,-1, )Wy 0 =0.
Since the diagram of restrictions

H*(6y) —— H*(6y 5)

! !

* 2 * 2
HY(S2,.) —— H'(&%., ,)

is commutative, we obtain
Res(6%-1 5, 6 5)0n 0 = Res(63-1 ,, 6)Wn 0 =0.
By the above discussion and from the fact that
Q0,0 € ImRes(6y 5, &),

it implies (3.16).
Combine (3.16) with

Res(E", Gy )M (00, n)* =0

as seen in 2.16, we obtain the first equality of (3.15).
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Next we prove that

(3.17) ReS(A,(‘52n,2)Vn,1-~~Vn,n=0,
for 4 asin 3.16. .
From 2.2 and 2.3 we note that m o, 9.1 =V, , does not belong
e’

n
to the image of the homomorphism

H.(&3-1 ;) = Ha(Sy )

induced by the inclusion &3, 5, €6y 5. So we have
Res(63,-1 5, 6y )V 5,1 =0.

This implies (3.17) in the case where A4 is of the first kind.

Let A = A' x E, be of the second kind and not conjugate to E” in
Sy ,. So A’ is not conjugate to E”~! in &, ,. We prove (3.17)
by induction on n. For n = 1, the problem is trivial because there
exists no such subgroup 4 in &, , = E. Suppose n > 1 and (3.17)
is true for n — 1. Let us regard the commutative diagram

* * d’= *
H(Gp1 ,) ——  H* 6y ,) =% H* 6y ,x Ey)

[ e e
H () —L H <A’/En) A=Res, Hr (4 x E,),
where P’s denote the Steenrod maps. As seen in (2.12), we have
Var=PVu_1.r-1), l<r<n.
Using the diagram and the inductive hypothesis, we obtain
Res(4, &y 2)Vn,1 Vi
=Res(A4, Sy )Vt - PVuoi 1+ Vaci,n-1))
=Res(4, &y )V, 1)d*"PRes(4', Syt ))Vipoi,1-- Voot n1)
= 0.
This completes the proof of (3.17).

V.
V.

At last, we prove
(3.18) Res(E", &y 3)0, 0 =Res(E", &y ))Vy 1+ Vi
In the other words, we must show that

Qn,0= Vn,l"'Vn,n-
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We set V, = n,V, , for 1 < r < n. From (2.14) we note that V,
depends only on y,, ..., y,. By means of (3.10) we get

Qn,O = Qn—l,OV;1 = Vl V.
This implies
Qn,O = ann,O = Vn,l V;l,l’l-
Combining (3.16), (3.17) and (3.18) we have the second equality of
(3.15). The proof of the lemma is completed.
Proof of Proposition 3.5. According to [15; 3.4 and 3.8] we get
KerRes(65,-1, 651) = (Wa,0) = Wn 0Za[Wn 05 - » Wn no1l.
It implies from (3.14) that

i*(ooa n)((Wn,O)) = @n,OZ2[—Qn,O’ R an,n~l]
C Z2[7n,1 5 eee s Vn,n]-

On the other hand, by Theorem 2.10, we obtain

i*(Ms Q)ZZ[V}?,I 5 ey 7n,n]

=2Vt ees Vo / (Voo Vi)
By Proposition 2.16, the homomorphism
d;ﬂ%(oo,n)*: Z2['_17}1,1 seees T/—n,n] - ZZ[Vn,l yoees Vaonl
is an isomorphism. Further, we have
dy(Vn,r)=Vo,r (1<r<nm), di(Qy ) =0Qns (0<s<n).

From the above discussion, Proposition 3.5 is proved by the following.

3.19. LEMMA. Let
pr: ZZ[VVI,17 L] Vn,n] —"ZZ[VVI,I 3 Vn,n]/(V;,q’l 5>t I/nq,n)

be the projection. Then, for the subring Z[Qp 0, ..., On.n-1] 0of
Zo[Vy 1y .- Vi,nl, we have

prZZ[Qn,O, ey Qn,n—l] = ZZ[Qn,Oa cee s Qn,n—l]/I(Qa Q)-

Here 1(Q, q) denotes the ideal of Z3[Q) 0, -.., On.n-1] generated by
monomials of degree q .

Proof. Let #n: Zo[V1s ..., ¥a]l = Zo[y1, ..., ¥u] be the ring iso-
morphism induced by the transformation of variable #, given in
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(3.11). Since Qn  is an invariant of GL(n, Z;), we observe that
MQn.s =0n s for 0<s<n. We set
Vi=1mVa.r, 1<r<n.
Then, the lemma admits the equivalent form as follows. Let
pr:ZoVi, .o, Val = Zo[ Vi, .., VRl (VL .., V)
be the projection. We must prove that

prZZ[Qn,O; s Qn,n—l] = Z2[Qn,05 ey Qn,n—l]/I(Qa q)

The proof proceeds by induction on n. The lemma is trivial for
n = 1. Suppose that » > 1 and it is true for » — 1. Note that
Qn-1,05---> Qn—1,n—2 are algebraically independent and they depend
onlyon y;, ..., y,_;. Meanwhile, V},, depends not only on y;, ...,
VYn—1 but also y,. Hence, the system Q,_ 0,..., Qu—1,n-2, Vu 1s
algebraically independent.

From the Dickson formula (3.10) and the fact that 7 = 1, we get

(3.20) Qn,s =Qn—l,s' V;1+Qr21—1,s—1'
It implies that

Zy[Qn,05 s Onn-11 CZo[Qn-1,05 -+ > Qn—1.n-2, Val
CZ[Vi, ..., Vul

Further, we have the commutative diagram

LolVis ooy Vil == ZolVis oo, Vet /(2 V)

| !

ZolVis oo, Val —2— ZoVi, ..., VW/(VE, .. Vi),

where the vertical arrows are the canonical injections. From this dia-
gram and the inductive hypothesis, we obtain

prZZ[Qn-l,Oa ceey Qn—l,n—Sa Vaul = ZZ[Qn—l,O, cees Qn—l,n—Za Val/1
where I denotes the ideal of Zy[Q,—1 0, ..., On—1,n-2, Vu] gener-
ated by ¥,/ and monomials of Q,_; ¢, ..., Qu—1 n—2 Of degree ¢.

At last, using the Dickson formula (3.20), we can verify directly that
ZZ[QYI,Oa L] Qn,n—l] mI = I(Qa q)

This completes the proof of Lemma 3.19. Proposition 3.5 follows.
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4. The algebras H*(F(R?, m)/S,,). In this section, we shall de-
termine the algebras H*(F(R?, m)/S,,) by means of the universal
Dickson characteristic classes introduced in [15]. '

Remember that, according to Huynh Mui’s result on Res(E”, Gy)
(see (3.9), (3.12), (3.13)), we get

H*(62") = KerRes(E" ’ 62") ®Z2[W/n,09 cee s VVn,n—l]-

We defined in [13; 2.4] and [15; 3.5] the Dickson elements Dko,..., k_
in H,(6,) C H(6), for k; > 0, by the conditions

(4.1) (Dx,,..,k,_, » KerRes(E", 6,1)) =0,
n—1
1, s kn_))=(ho, ..., hy_1),
<Dk0,...,kn_l , H I/Vnhfs> _ { (kO n l) ( 0 n 1)
s=0

0, otherwise.

Here and from now on, (-, ‘) denotes the dual pairing. Then we
obtained

4.2 THEOREM [13; 2.5], [15; 3.7 and 3.8].

(i) Hi(Sw) = Zy[Dg; K € J*(00)] as algebras with multiplicity.
Here the multiplicity of Dy ...k _, is given to be 2". So we have an
isomorphism of Z,-modules for arbitrary m

H.(6m) = Zy[Dg ; K € J*(00)](m).
The basis of this module consisting of all monomials in
Zy[ Dk ; K € J*(0)]

of multiplicities < m will be called the Dickson basis.
(i) The comultiplication A of the Hopf algebra H.(G) satisfies
the formula

AD .k = >, Dy ... ®Dm, . m
[i+ml=kl
for ki, l;,m; >0, 0<i<n.
(iii) We have the reduction formula

=Dj ..k_-

n—1

Do,..,0,k,.. .k

n—1

N

In [15; 3.4] we have shown that, under the identification H*(Sy) =
H*(F(R*, 2")/6,7), W, s coincides with the (2" — 2%)-the Stiefel-
Whitney class of the vector bundle

pr: R? Xs, F(R®,2") — F(R™, 2") /&y
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for 0 < s < n. Here the group &, acts on R?" by permutations of
coordinates. So we shall denote also by W, s, for 0 < s < n, the
(2" — 2%) th Stiefel-Whitney class of the vector bundle

pr: R? xg, F(R?, 2") — F(R?, 2") /Gy
Obviously we have

(4.3) i*(F,q): H'(F(R®, 2")/6y) — H*(F(R?, 2") /),
Wa,s = Wy s, 0<s<n.
To describe the structure of the Hopf algebra H.(F(R?, 00)/Gc)

we need the following two lemmas, which will be proved by use of the
embeddings i(q, n): M(q, n) — F(R?, 2")/&,» as a main tool.

4.4. LEMMA.
l*(Fs ‘D((Wn,O)) = I/I/H,OZZ[W;I,O’ ooy %,n—l]/I(Wa Q)3
where I(W , q) denotes the ideal of W, 0Z3[W, 0, ..., Wy n-1] gen-

erated by monomials of degree q .

Proof. From Diagram (3.7) and Proposition 3.5 it implies
i*(q, M)i*(F, ¢)(Wy,0)) = I*(M, q)i*(c0, n)((W;,0))

= i*(M, q)i*(co, n)KerRes(&2,_,, &) (see [15; 3.4 and 3.8]),
2

= én,OZZ[an,O’ cees _Q—n,n—ll/l(aa q).

According to 3.1, i*(g, n) is a monomorphism. So we get
i*(F, q)((ml,O)) = Wn,OZZ[Wn,Oa ey Wn,n—l]/I(W’ q)'

The lemma is proved.

4.5. LEMMA. The image of the monomorphism
L(F, q): H(F(R?, 00)/6c) = H(F(R®, 00)/Gc).
is given by

Imi.(F, q) =2[Dg; K € J*(q)], 1<q<oo.

Via this monomorphism, H,(F(R?, 00)/6) becomes a Hopf sub-
algebra as well as a subalgebra with multiplicity of H.(F(R®,00)/6) -
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Hence as a consequence of 4.2 and 4.5 we have

4.6. THEOREM. (i) H.(F(R?, 0)/6) = Zy[Dk; K € J*(q)] as
algebras with multiplicity for ¢ > 0. Here Dy ..k _ IS of multiplicity
2", So we have the isomorphism of Z,-modules for every m

H.(F(R?, m)/&m) = Z,[Dx ; K € J*(q))(m).
The Dickson basis for this module is defined similarly as in 4.2.

(i1) Let
J(q) = {(kOa vy kn—l) #O’ n >O, ki€Z+> k0+"'+kn—l <q}

The comultiplication A of the Hopf algebra H,(F(R?, 00)/8Gs) is
given by

ADko’""kn—l = Z DIO""’ln—l®Dm0""’mn-l
l+m =k,
fOr (kO’ ’kn—-l)EJ(q)’ li> mj ZO: O.<_i<n-
(iii)
Do,..,0, kyikp, =Dic .k,

N
for s >0, (ko, ..., kn_1) € J(q).

Proof of Lemma 4.5. Set
R =XKerRes(E", 63)®Zy[Wy, 15 ... s Wy n-1l-

We obtain clearly H*(6,:) = R® (W, o).
First, we are going to show

(4.7) H*(F(RY, 2")/&y) = i*(F, q)R® I*(F, q)((Wa,0))-
By Theorem 3.4, i*(F, q) is an epimorphism. So it suffices to prove
I*(F, ¢)RNI*(F, q)(Wn,0)) = {0}.
Since i*(g, n) is a monomorphism, this is equivalent to
i*(q, n)i*(F, ¢)RNi*(q, n)i*(F, q)((Wn,0)) = {0},
or equivalent to (by Diagram (3.7))
(M, q)i*(co, n)RNi*(M, q)i* (00, n)((Wa,0)) = {0}
From Propositions 3.5 and 2.16 it implies
(M, q)i*(00, n)(Wn,0)) = Cn,022[0n. 05 -+ » Cn,n-11/1(Q, a),

(4.8) i*(M, q)i*(co, n)KerRes(E", &)
Ci*(M, q)#* (oo, n) Cc £ (q,n).
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Let us consider the diagram

H*(M(c0, n)) - ZolVy 1y s Vo]

li*(M,(J) lpf

!

H*(M(q’ n)) — ZZ[V;i,la cee I/n,i’l]/(l/;lq,l’ cee s an,n)a

where o denotes the split given in 2.15 and o is defined so that the
diagram is commutative (see 2.10). We have

a(Qn,s) = én,s mOd.%'L(OO, n)* ’
o (prQn,s) =i*(M, 9)Q, , mod.Z(q,n)*,
for 0 < s < n. From this and Lemma 3.19 we obtain
(4.9) (M, q)i*(c0, n)Za[Wy 1y ... s Wiy n-1]
= i*(Ma q)ZZ[Qn,l PR Qn,n—]]
= ZZ[@n, | IR Qn,n—l]/'] mOd%J—(Q: n)* >
where J is the ideal of Z,[Q, ;,..., O, ,_] generated by mono-
mials of degree g .
Combining (4.8) and (4.9) we get (4.7).
Now for K = (kg, ..., kn—1) € JT(q) we can define the element
(which is also denoted by) Dk = Dy ..k, in H.(F(R?,2")/G,) C
H,(F(RY, 00)/64) by the conditions

(4.10) Dy x> i"(F, )R) =0,

<Dk0""’k,,_l s ’ﬁ I/I/;lh:s> = { 1’ (k(), et kfl—l) = (hO, cee hn—l),
s=0

0  otherwise.

From (4.1), (4.3) and (4.10) it is easy to see that
LW(F, q): H(F(R?, 00)/6oo) — H.(F(R®, 20)/6c),
DK = DK ’

for K€ J*(q).
Combining this with Theorem 4.2 it implies that

Imi.(F, q) D Z[Dk; K€ J(q)],

since the image is a subalgebra of H,.(F(R*, 0)/6). Moreover, by
Theorem 3.4, both domains of this inclusion are isomorphic to each
other as graded Z,-modules of finite type via the formal corresponding

NKHDK, K€J+(q).



EQUIVARIANT COHOMOLOGY ALGEBRAS 281

So they are coincident. The proof of Lemma 4.5 is completed.

Recall that in [13; §3] and [15; §4] we have introduced the universal
Dickson class WH in H*(6y), for H € J(0o), which is dual to Dy
via the Dickson basis of H,(Sy). We recall that

(4.11) Res(6yr, Soo)WH = [ Wi,

s=0
if H=(hgy, ..., h,_). Further, we have proved in [15; 4.10]
(4.12) H*(8o) = Zo[WH ; H € Jogq(00)]

as algebras, with J,qq4(c0) as mentioned in the introduction.
Note that from Lemma 4.5 it implies

(4.13) *(F,qWH £0e He J(q).

For simplicity, the Dickson class i*(F, ¢)W¥H of the map i(F, q)
will be denoted also by W# | for H € J(q). This is dual to Dy via
the Dickson basis of H,.(F(R?, 00)/6s), according to Lemma 4.5.
Further, by (4.3) and (4.11), we have

n—1
h
(4.14) WH'F(R",Z")/Gzn = H Wals,
5s=0

for H = (hy, ..., hy—1) € J(q). We are now ready to get the main
result of the paper.

4.15. THEOREM. We have an isomorphism of algebras
H*(F(R?, 00)/6c0)
= Z[W; H € Joaa @)/ (WHP"" s H € Joaa(a)
for 1 < q <oco. Here Jyyq(q) is as given in the introduction, and
h(q, H) = min{h e N: 2"(hg+ - - + hp_;) > q}
for H=(hy, ..., hy_y)
Proof. According to Theorem 3.4, the restriction
"(F, q): H(6x) = H*(F(R*, 00)/6s) — H*(F(R?, 00)/6c)
is an epimorphism. By (4.12) and (4.13), this induces the surjection
Zo[WH s H € Joaa(q)] = H*(F(R?, 00)/Goo).
In [15; 4.9] by passing Theorem 4.2 to the dual we obtained in H*(S)
(4.16) WH?2 = w?H for He J(c0), k>0,
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where 2K . H = H+---+ H (2% terms). Here we must recall that, in
[15; §4] we equipped J(oo) with a partial addition by agreeing that
the sum H+ K, where H = (hy, ..., hy_1), K= (ko, ..., hm_1), 1s
defined iff n = m ; and in this case H+K = (ho+ko, ..., hp_1+kn_1).
Since 2%(4-H). H is not in J(g), from (4.13), (4.16) we have

i'(F, (Wi =0,
So we get the epimorphism induced by *(F, q)

h(g, H)
ZoIWH s H € Joga(@))/(WH)™ s H € Joaa(q))
— H*(F(RY, 00)/6w0).
To prove that this is an isomorphism, it remains to show that both

sides are isomorphic as graded modules (of finite type) over Z,.
There are isomorphisms of graded modules

H*(F(R?, 0)/600) = H(F(R?, 0)/6) = Zo[Dk ; K € J*(q)]
= ZZ[Dzh.K; K e Jg(-id(Q) , h<h(q, K)],
where Jf,(q) = J*(q) N Joaa(q) -
Note that we have
Zo[x] = @ Zolx?1/(x*"), ford €N,
n>0
as graded modules. Applying this with x = D, ., d = 2M4-K) we
obtain an isomorphism of graded modules
H*(F(R?, 00)/6c0)
= QA Prx )" K € Jhy(a), h < h(g, K)]
S0 ((Dy )P K € Ti4(@), h < h(g, K))
Hinted by 4.6(iii) we define formally

K¥ =(0,...,0, ko, ..., kn_y) forK =(ko,..., kn_1).
0

As 1is easily seen, each H € J,q4(q) can be written uniquely in the
form

(4.17) H = K?

for K € J,(q), h < h(g,K), n > 0. This implies h(g, H) =
h(g, K). So we have an isomorphism of graded modules

H*(F(R?, 00)/6)
= Zo[WH; H € Joaa(q)1/(WH)

h+h(q,K)n

2"(4;”)

s H € Joaa(q)),
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zh(q ,K)n

D 2hK
The theorem is proved.

2h+h(q ,K)n

— WH where H=K

Now we prepare for determination of the algebras
H*(F(R?, m)/Gp).

Foreach (#,7T)=(H;, ..., H)x(t,...,t) € J(qg) xN we set
(4.18)  WF =w = (DY - D)t € HYF(R, 0)/60)
where the dual is defined by the Dickson basis. If 7T = (1,...,1)

(r times) we write simply W# = WH.--H, instead of W7 . This is
compatible with the notation W above.
For o0 € 6, we have
Wi = Wi
where

oZ = (HO_——I R Ha—l(r)), ol = (to.—l(l) y oo s tct*'(r))

(l) 9 s
by the commutativity of the homology algebra H,.(F(RY, 00)/6) -
This leads us to define the equivalence relation Y on 50 /(@) x N
as follows. Suppose (#,T) € J(q)" xN', (Z',T') € J(q)* x N°.
Then (#,7) X (#', T") iff r = s and there exists ¢ € &, such

that (#', T') = (6#, oT). Each equivalence class in this relation is
called an G-orbit.

As is easily seen, H*(F(R?, 00)/6) admits the additive basis con-
sisting of the elements

(4.19) W&, (#,T)=(Hy, ..., H)x (11, ..., ;) € J*(q) x N

with Hy <--- < H,, r > 0. Here < denotes a certain order in J(q)
defined by length and by the lexicographic order for elements of the
same length; where by the length of H = (hg, ..., h,_;) we mean the
number /(H) =n.

Again, the above basis is called the Dickson basis of

H*(F(RY, 00)/6c).

In [13; 3.5], we defined for (#,T) € J(c0)" x N" and (%, U) €
J(00)* x NS the subset (Z, T)V(%Z, U) of [],.oJ(c0)' xN'. We put

t>0

(4.20) (7, T)V (%, U)=((#, T)V(Z, U)N (]_[ J(q) x N’) :
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4.21. LEMMA. In terms of the Dickson basis, the structure of the
Hopf algebra H*(F (RY, 00)/Gw) is described as follows.
(i) For (#,T), (%, U) €ll;»0J(q)" x N we have

wiE -wig = Y WY,
@.Y)

where the summation runs over the representatives of &-orbits of
q
(Z,T)v(xz,U).
(i) AW, = wih o Eewh o for Hy, ... Hy €

u+tv=t, U

Jt(q) and Hy < --- < H,.

The lemma can be implied from its special case where g = oo shown
in [13; 3.6] by means of Lemma 4.5.

4.22. DEefINITION. (i) The depth 6(z) of an element z in the
Dickson basis of H*(F(R?, 00)/6) is defined by the formulas

.
o(1)=0, oWy =3 g2,
L yesl,

i=1

(ii) Suppose that z = 37 5 W7 is the linear decomposition of
z € H*(F(RY, 00)/6«) in terms of the Dickson basis. Then we put

6(z) = min O(WF).
(2) min W)
Note that Lemma 4.21 enables us to compute death of arbitrary z.

4.23. THEOREM. Let Joaq(q, m) = {H € Jyaq(q); 2/H) < m}.
Then we have an isomorphism of algebras for arbitrary natural number
m

H*(F(RY, m)/&m) = 2lW" ; H € Joaala, m)1/I(q, m),

where 1(q, m) denotes the ideal generated by

2"(0,”)

{(wH) ; H € Joga(q, m)} and
{z e ZWH; H € Joaa(g, m)]; 6(z) > m}.
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The theorem can be proved easily by use of the epimorphism
i*(F, q): H(6m) = H(F(R®, m)/&m) —» H*(F(RY, m)/&,)
and the result on H*(&,,) due to the author (see [13; 3.8]).

ReEMARK. From Theorems 4.15 and 4.23 we obtain the results of
D. B. Fuks [5], G. Segal (see [1]) on H*(F(R?, m)/S,,) and of F.
Cohen [2] on H*(F(RY, 2)/6,).
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