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SINGULAR HOMOLOGY AND COHOMOLOGY
WITH LOCAL COEFFICIENTS AND
DUALITY FOR MANIFOLDS

E. SPANIER

This article contains an application of the author’s previous work
on cohomology theories on a space to an exposition of singular the-
ory. After a summary of the relevant concepts concerning cohomology
theories in general, singular homology and singular cohomology with
local coefficients are defined. Each of these is presented in two ver-
sions, one with compact supports and one with arbitrary closed sup-
ports. It is shown that each version satisfies an appropriate duality
theorem for arbitrary (i.e. nonorientable) topological manifolds.

1. Introduction. This paper is a presentation of singular homology
and cohomology theory with local coefficients. Included is a treatment
of the usual singular homology with compact supports (which is based
on finite chains) and the singular homology based on locally finite
chains. The former is a weakly additive theory and the latter is an
additive theory.

Similarly, there are two types of singular cohomology, one with
compact supports and one with arbitrary supports. In an zn-manifold
X the basic duality theorem asserts the isomorphism of the two types
of g-dimensional homology for an open pair (U, V) in X to the
corresponding two types of (n — g)-dimensional cohomology of the
complementary closed pair (X — V', X — U) with coefficient systems
suitably related.

Our approach is to study homology and cohomology on a fixed space
X and to prove the duality theorem referred to above by comparing
two cohomology theories on X , one being the appropriate homology
of the open pair in complementary dimension and the other being the
corresponding cohomology theory of the complementary closed pair.
For this we present the relevant concepts concerning such theories and
a review of the comparison theorem for them.

Thus, the paper is divided into two parts, §§2 through 5 are devoted
to general concepts concerning covariant and contravariant functors
defined on pairs in a space, and §§6 through 10 are devoted to appli-
cations of these ideas to singular homology and cohomology and to a
proof of the duality theorem for manifolds.
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Many of the results in the paper seem to be known in some form but
not readily available in the literature. What is new is the generality of
our treatment and the methods used. The presentation is reasonably
self contained except for two results. The first is the main comparison
theorem (stated below in Theorem 2.1) whose proof can be found in
various forms in any of the references [9, 12, 13]. The second is the
existence of a Thom class for arbitrary manifolds (needed in §10 for
the duality theorems) a proof of which can be found in [7].

Section 2 contains definitions of a cohomology (homology) functor
on X as a contravariant (covariant) functor from closed (open) pairs
in X to the category of graded modules, together with a suitable nat-
ural transformation, such that continuity, excision, and exactness are
satisfied. The main comparison theorem for cohomology functors is
stated as well as a dual for homology functors.

In §3 we review some notation and terminology for chain (cochain)
complexes, and in §4 we consider chain (cochain) functors on a space.
These are often used in constructions to obtain homology (cohomol-
ogy) functors. In §5 we introduce chain (cochain) prefunctors. These
may be obtained by applying the hom functor to cochain (chain) func-
tors. By taking suitable direct limits of a prefunctor one obtains a
corresponding functor. Since the hom functor converts direct sums
of modules to direct products, it takes weakly additive functors into
additive prefunctors.

In §6 we define the singular chain complex with a local system as
coefficients. This is a weakly additive theory. In §7 we consider lo-
cally finite singular chains and obtain an additive singular chain func-
tor with local coefficients. We prove that in a locally compact finite
polyhedron the corresponding homology is isomorphic to the cellu-
lar homology of the polyhedron based on infinite chains. In §8 we
introduce singular cohomology with local coefficients. By using the
hom functor on singular cochains with compact support we construct
another additive homology functor. This is compared with the one
based on locally finite singular chains, and the two are shown to be
isomorphic on manifolds.

Sections 9 and 10 are devoted to a proof of the duality theorem for
manifolds. The algebraic machinery necessary to compare singular
homology of an open pair in X with cohomology of the complemen-
tary closed pair is set up in §9. This uses a suitable cohomology class
Uin (XxX, XxX-4J(X)) where 6(X) is the diagonal of X x X .
In §10 we consider the case where X is an n manifold and U is its
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Thom class and deduce the duality theorem. Some variants of duality
are also discussed.

2. Cohomology and homology functors. We assume throughout that
the space X is paracompact and Hausdorff. This isn’t absolutely es-
sential for some of the results but it simplifies the presentation and
suffices for our applications. R will denote a fixed principal ideal
domain. All modules will be over R.

A cohomology functor H*, 6* on X consists of:

(a) a contravariant functor H* from the category of closed pairs
(4, B) in X and inclusion maps between them to the category of
graded R modules (H*(4, B) = {H%(A, B)}4cz) and homomor-
phisms of degree 0 between them, and

(b) for every closed triple (4, B, C) in X a natural transforma-
tion

0*: H*(B, C) - H*(A, B) of degree 1,

such that the following three properties are valid:

Continuity. For every closed pair (4, B) in X there is an isomor-
phism

p: l_iLn{H*(M, N)|(M, N) a closed neighborhood of (4, B)}
~ H*(A, B)
where p{u} = u|(4, B) for ue H*(M, N).

Excision. For closed sets 4, B in X there is an isomorphism
p: H(AUB, B)~ H*(A, AN B)
where p(u) =ul|(4, ANB) for ue H*(AUB, B).

Exactness. For every closed triple (4, B, C) in X the following
sequence is exact

...~ H9A4,B) % HY4,C) % HIYB, C) S HI* (4, B) — - -- .

What is here called continuity was called tautness in [8, 9]. This
definition of a cohomology functor is equivalent to that of an ES
Theory [10, 11, 12] although it is formally different. The defini-
tion given here is more convenient for dualization. It is a conse-
quence that every cohomology functor defines a cohomology theory
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H', ¢’ on X (as defined in [9, 12]) in which H’(4) = H*(4, &) and
0': H(ANB) — H'(AUB) is suitably defined. The cohomology func-
tor is nonnegative if H4(A, B) = 0 for ¢ < 0 and all closed pairs
(4, B).

A family {S;};c; of subsets of X is discrete if each point of X has
a neighborhood meeting at most one element of the family. Given a
discrete family {(A4;, Bj)}jes of closed pairsin X, foreach j € J let
Cj=U;z;4i,aclosed setin X . Foreach j € J there are restriction
homomorphisms

% p; * p] %
H (AjUCj,BjUCj)ﬁH (U(AjaBj)) - H (AjaBj)°
jeJ

The cohomology functor is said to be weakly additive if the homomor-
phisms {p’} define an isomorphism

1: @H*(AjUCj, BjUCj) ~ H* (U(Aj’ Bj))

jeJ jedJ

for every discrete family {(4;, Bj)}jes, and it is additive if the ho-
momorphisms {p;} define an isomorphism

o: H* (U(Aj, Bj)> ~ [[ H*(4;, B))

jeJ jeJ

for every discrete family {(4;, Bj)}jes. (Note that, by excision,
H*(Aj U Cj, Bj U C]) = H*(A] @] (Bj U Cj), Bj U Cj) =~ H*(Aj, Bj)
for each j € J, so weak additivity as defined above is equivalent to
that defined in [13].)

A homomorphism ¢: Hy, 67 — Hj, J; between two cohomol-
ogy functors on the same space X is a natural transformation from
H} to Hj (of degree 0) which commutes up to sign with d;, J5.
The following is a consequence of the main comparison theorem for
cohomology theories [9, 12, 13] and the five lemma.

THEOREM 2.1. Let ¢: Hf, of — H;, 65 be a homomorphism-be-
tween cohomology functors on X and suppose both are weakly additive
or both are additive. Suppose there is n such that ¢: H(x, @) —
H3(x, @) is an n-equivalence for all x € X. If both Hf, Jf and
H3, 65 are nonnegative or if X is locally finite dimensional, then
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9: Hf (A, B) — H;(A, B) is an n-equivalence for all closed (A, B)
in X.

Dually, a homology functor H,, 8, on X consists of:

(a') a convariant functor H, from the category of open pairs
(U, V) in X to the category of graded R-modules (H.(U,V) =
{HCI(U’ V)}qGZ) > and

(b') for every open triple (U, V', W) in X a natural transforma-
tion 0.: H (U, V)— H.(V, W) of degree —1,

such that the following three properties are valid:
Continuity. For every open pair (U, V') there is an isomorphism
i: im{H.(U', V")[(U’, V') open and (U, V') C (U, V')}
~H,(U,V)
where i{z} = i'(z) for z € H(U', V') (and ' : H(U', V') —
H. (U, V) is induced by the inclusion map (U’, V') C (U, V)).
Excision. Foropen U, V in X there is an isomorphism
IHU,UnV)~HUUV,V)
induced by the inclusion (U, UNV)c (UUV,V).

Exactness. For every open triple (U, V', W) the following sequence
is exact

s Hy(V W) S Hy (U, W) S Hy(U, V) S By (VW) =

The homology functor is nonnegative if H,(U, V) =0 for ¢ <0
and all open pairs (U, V). Given a discrete family {(U;, V})}jes of
open pairsin X, for je J let W, = U,-#j U;. For each j € J there
are homomorphisms induced by inclusion

i i
H.(U;, V) = H | W, V) | % H(U; U W5, VU W),

jeJ
The homology functor is weakly additive if the homomorphisms {i;}
define an isomorphism

it @H.U;, V)~ H. (U(Uj, V»)

JjeJ JjeJ
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for every discrete family {(U;, V})} cs, and it is additive if the ho-
momorphisms {i’} define an isomorphism

o:H | W, V)| =][[H(UuW;, V;uw))
jeJ jeJ
for every discrete family {(U;, V})}jes -
Complementation and sign changing interchanges homology func-
tors and cohomology functors. That is, the equation

Hy(X-B,X—A)=HA4, B)

can be used to define a covariant functor H, on open pairs if H* is
given on closed pairs, or conversely, defines H* on closed pairs if H,
is given on open pairs. In each case there is a similar way to relate 6*
and 0. so that corresponding to a homology functor H,, J. there is
a cohomology functor and conversely. Complementation in this form
does not preserve nonnegativity but does preserve weak additivity and
additivity and it is involutive.

A homomorphism h: H,, 8, — H., 8. between two homology
functors on the same space is a natural transformation from H, to
H] commuting up to sign with 8, and 9/. The following comparison
theorem is one consequence of Theorem 2.1 obtained by complemen-
tation and sign changing.

THEOREM 2.2. Let h: H,, 8, — H., 8] be a homomorphism be-
tween two homology functors on X and suppose that both are weakly
additive or both are additive. If h: H. (X, X —x) — HL,(X, X — X)
is an isomorphism for all x € X and X is locally finite dimensional,
then h: H (U, V) — H.(U, V) is an isomorphism for every open pair
(U,V)in X.

3. Chain complexes. In the next section we will see that a homol-
ogy (or cohomology) functor can be obtained from a functor from
open (or closed) pairs to the category of chain (or cochain) complexes
having properties analogous to the continuity, excision, and exactness
properties.

In this section we summarize some definitions and properties of
chain complexes over R. By changing the sign of the degree in such a
complex we obtain a cochain complex and vice versa. This procedure
will be referred to as “the sign changing trick” and implies that re-
sults valid for chain (or cochain) complexes have analogues valid for
cochain (or chain) complexes.



SINGULAR HOMOLOGY AND COHOMOLOGY 171

A chain transformation between two chain complexes is called a
weak chain equivalence [3] if it induces isomorphisms of the respective
homology modules. Every chain equivalence is a weak chain equiva-
lence, and every weak chain equivalence between free chain complexes
is a chain equivalence (recall that R was assumed to be a principal
ideal domain). In a similar fashion we define the concept of weak
cochain equivalence between cochain complexes.

Let 6: C — C' be a chain transformation and let G be an R-
module. Then 6®1: C® G — C'® G is a chain transformation, and
if 6 is a chain equivalence, so is 6 ® 1. However, if 6 is a weak
chain equivalence, then § ® 1 need not be a weak chain equivalence.
We will replace C ® G by another chain complex which is a functor
of C and G such that a weak chain equivalence of C will induce a
weak chain equivalence on the new chain complex. The main interest
in this construction is in the case of chain complexes which are not
free.

Let 0 — P, KA Py 5 G — 0 be a free presentation of G. Then
P ={Py, P, 8} is a free chain complex with

0 ifg#0,
Hq(P)%{G ifg=0

and there is a weak chain equivalence ¢: P — (G, 0) where (G, 0)
is the chain complex with G in degree 0 and trivial chain modules
in degrees other than 0. If P’ is another free chain complex with
¢': P! — (G, 0) aweak chain equivalence, there is a chain equivalence
7: P — P’ such that ¢o7=¢.

Consider the complex C®P. Since P is free it is a consequence of
the Kiinneth formula [8] that for every g there is a split short exact
sequence (universal coefficient formula)

0 — H,(C)® G — H,(C ® P) — tor(H,_{(C), G) — 0.

Furthermore, if 6: C — C’ is a weak chain equivalence, so is 6 ®
1: C®P — C'®P, and if C is a free chain complex, then 1®¢: C®
P - C ® G is a weak chain equivalence. Finally, if P’ is another
free chain complex with ¢': P/ — (G, 0) a weak chain equivalence,
then C® P and C ® P’ are chain equivalent. Therefore, H,(C ® P)
depends canonically on C and G.

If C, C’ are chain complexes there is a chain complex hom(C, C’)
[3] where hom(C, C’), is the module of homomorphisms ¢ from C
to C’' of degree g (so ¢(C;) c C/,, for all i) and with

i+q

d": hom(C, C")y — hom(C, C'),_;
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defined by 8”(¢) = 8’op+(—1)4po0d . Then 8”8” = 0 so hom(C, C’)
is a chain complex. Note that hom(C, (G, 0)); = hom(C_4, G) so
that if C is a nonnegative chain complex, hom(C, (G, 0)) is a non-
positive chain complex. In this case we consider hom(C, (G, 0)) asa
nonnegative cochain complex by changing the sign of the degree. Sim-
ilarly if C* is a nonnegative cochain complex we change the sign of
its degree and obtain a nonnegative chain complex hom(C*, (G, 0)).

If C, C' are chain complexes and : C — C’ is a weak chain
equivalence, then

hom(#, 1): hom(C’, (G, 0)) — hom(C, (G, 0))

need not be a weak cochain equivalence. Because of this we consider
an injective resolution of G

0-GL "% Q! —o.
Here, Q = {Q°, Q!, 6} is an injective cochain complex with

0, g#0,

mo~{; 7>

and 7: (G, 0) — Q is a weak cochain equivalence.

Consider the cochain complex hom(C, Q) (hom(C, Q)7 consists
of pairs (pg, ¢;) where ¢o: C; — Q° and ¢,: C,-; — Q! and
d(@0, ¢1) = ((=1)9900 0, (=1)7¢100 +J 0 ¢p)). For every g there
is a split short exact sequence (universal coefficient formula)

0 — ext(H,_(C), G) — H(hom(C, Q)) — hom(H,(C), G) — 0.

Furthermore, if 6: C — (' is a weak chain equivalence so is
hom(€, 1): hom(C’, Q) — hom(C, Q), and if C is a free cochain
complex, then

hom(1, ): hom(C, (G, 0)) —» hom(C, Q)

is a weak cochain equivalence. Finally if Q' is another injective
cochain complex with a weak cochain equivalence #': (G, 0) — Q’,
then there is a cochain equivalence hom(C, Q) —hom(C, Q') . There-
fore, H*(hom(C, Q)) depends canonically on C and . Similarly if
C* 1is a cochain complex then hom(C*, Q) is a chain complex (with
hom(C*, Q), consisting of pairs (¥, ;) where yy: C? — Q° and
y1: C71— Q).
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4. Chain and cochain functors. It is frequently the case that a homol-
ogy (cohomology) functor is obtained from a suitable chain (cochain)
functor on the space. This section contains the relevant definitions.

A chain functor C, on a topological space X is a covariant functor
from the category of open pairs in X to the category of chain com-
plexes of R modules (C.(U, V) = {Cy(U, V)}4ez) such that the
following three properties are valid:

Continuity. For every open pair (U, V') there is a weak chain equiv-
alence
i: im{C,(U’, V)|(U’, V") open and (U, V') C (U, V)}
- C (U, V).

Excision. For open sets U, V in X there is a weak chain equiva-
lence
HCU,UNV)-C(UUV, V).

Exactness. For every open triple (U, V', W) in X there is a short
exact sequence

0—C.(V, W)L (U, W)L CuU, v)—o0.

The chain functor is nonnegative if C4(U, V) =0 for ¢ < 0 and
all open pairs (U, V) in X. It is weakly additive if for every dis-
crete family {(U;, V;)};cs of open pairs in X there is a weak chain
equivalence

i: P, V)= U, v
jeJ jeJ
induced by the maps i;: C.(U;, Vj) = C(U;e,(U;, V). It is addi-
tive if for every discrete family {(U;, Vj)}jes there is a weak chain
equivalence

JjeJ jeJ

a: C, (U(UJ’ VJ)) —’HC*(UJUW}'> V;uwj)

where W; = U,A7é ;Ui and ¢’ is induced by the maps

i C, (U(Uj, V;—)) — C(U;UW;, U;uV)).
JjeJ
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THEOREM 4.1. If C, is a chain functor on X and G is an R mod-
ule, there is a homology functor H.(-, -; G) on X with Hy(U, V ; G)
= H,(C,(U, V)® P) (where P is a free resolution of G) and 0. the
connecting homomorphism corresponding to the exact sequence

0 Cu(V,W)®P — Cu(U, W)®P — Co(U, V)®P — 0.

If C. is nonnegative or weakly additive, the same is true of H.(-, -; G),
Ok .

Proof. The operation on chain complexes of forming their tensor
product with P commutes with direct sums and direct limits, takes
weak chain equivalences into weak chain equivalences, and takes short
exact sequences into short exact sequences. Therefore, the continu-
ity, excision, and exactness properties of C, yield the corresponding
properties of H.(.,-; G), d.. Nonnegativity of C, clearly implies
nonnegativity of H,(-, -; G) and weak additivity of C, implies weak
additivity of H,(-,-; G). O

Additivity of C, does not imply additivity of H.(-, -; G) because
tensor product of chain complexes with P does not commute with
infinite products.

Thus, weakly additive homology functors can be obtained from
weakly additive chain functors. To get additive homology functors, in
the next section we shall use the hom(-, Q) construction applied to
a weakly additive cochain functor. Therefore, we now introduce the
concept of a cochain functor, dual to that of a chain functor.

A cochain functor C* on X is a contravariant functor from closed
pairs in X to the category of cochain complexes of R modules
(C*(A, B) = {C9(A4, B)}4ecz) such that the following properties are
valid:

Continuity. For every closed pair (4, B) there is a weak cochain
equivalence

p: hl_)n{C*(M, N)|(M, N) a closed neighborhood of (4, B)}
— C*(4, B).

Excision. For closed sets 4, B in X there is a weak cochain equiv-
alence
p: C*(AUB, B) — C*(A, AUB).
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Exactness. For every closed triple (4, B, C) in X there is a short
exact sequence

0— C*(4, B) % C*(4, C) & C*(B, C) — 0.

The cochain functor is nonnegative if C4(4A,B) = 0 for ¢ < 0
and all closed (A4, B) in X . It is weakly additive if for every discrete
family {(4;, Bj)};es of closed pairs in X the homomorphisms

p: C*(4;UCj, BjUCj) — C* (U(A,-, B,-))

jeJ

induce a weak cochain equivalence

11 @C*(4,;UC;, B;UC)) - C, (U(A],B )

JjeJ Jj€J

(where C; ={J;,; 4; for each j), and it is additive if there is a weak
cochain equivalence

a:C* | |J«),B) | =[] C*(4;. By)
jeJ jeJ
induced by the maps p;: C*(U,c,(4;, Bj)) — C*(4;, B)).
Complementations and sign changing
(C9(A4, B)=C_4(X — B, X — A4))

interchanges chain and cochain functors preserving weak additivity
and additivity (but not nonnegativity). The following analogue of
Theorem 4.1 is obtained by complementation and sign changing.

THEOREM 4.2. If C* is a cochain functor on X and G is an R
module, there is a cohomology functor H*(-, -; G), 6* on X with
HiY(A, B; G) = Hi(C*(A, B) ® P) (where P is a free resolution of
G) and 6* is the connecting homomorphism corresponding to the exact
sequence

0—-C*(4,B)®@P—-C*(4,C)®P—-C*(B,C)®P — 0.
If C* is weakly additive the same is true of H*(-, -; G).
5. Prefunctors. We have viewed homology on X as a covariant

functor on open pairs of X and so our chain functors are also co-
variant functors on open pairs of X . Dually cohomology on X is a
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contravariant functor from closed pairs of X and the corresponding
cochain functors are also contravariant functors on closed pairs. It
may happen that we encounter or construct a covariant functor from
closed pairs of X or a contravariant functor from open pairs. If such
functors satisfy suitable hypotheses they are called chain (cochain)
prefunctors on X . By passing to appropriate direct limits they give
rise to chain (cochain) functors.

One way of constructing a chain (cochain) prefunctor is to apply
hom(-, Q) to a cochain (chain) functor (where Q is an injective res-
olution of a module G). This procedure applied to a weakly additive
cochain (chain) functor yields an additive chain (cochain) prefunctor.

A cochain prefunctor C* on X is a contravariant functor from
the category of open pairs (U, V) of X to the category of cochain
complexes of R modules (C*(U, V) = {C9(U, V)}4ez) such that
the following are valid:

Excision. For open sets U, V in X there is a weak cochain equiv-
alence
p:C*(UUV,V)—-C*(U,UnYV).

Exactness. For every open triple (U, V', W) in X there is a short

exact sequence
0-C*U, VL cxwu, wyL c*v,w)—o.

Nonnegativity, weak additivity, and additivity are defined for cochain
prefunctors in fashion analogous to their definition for cochain func-
tors. There is no continuity property involved in the definition of
cochain prefunctor.

Dually a chain prefunctor C, on X is a covariant functor C, from

the category of closed pairs (4, B) in X to the category of chain
complexes of R modules satisfying excision and exactness.

THEOREM 5.1. Let C. be a chain functoron X and G an R module.

For an open (U, V) in X define

C*(U,V)=hom(C.(U, V), Q)
where Q is an injective resolution of G. Then C* is a cochain pre-
functor on X . If C. is weakly additive, then C* is additive. Dually, if
C* is a (weakly additive) chain functor define, for a closed pair (A, B)
in X,

C.«(4, B) =hom(C*(4, B), Q).
Then C.(A, B) is an (additive) chain prefunctor on X .
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Proof. Because Q is an injective complex, the excision property of
C. implies that of C* and the exactness property of C, implies that
of C*. Thus, C* is a cochain prefunctor.

Assume C, is weakly additive. We prove C* is additive. Let
{(Uj, Vj)}jes be a discrete family of open pairs. Then there is a
weak chain equivalence

i @C.(U;, V) —C. (U(U,-,V,-)).

JjeJ jeJ

Therefore, there is a weak cochain equivalence

hom(i, 1): hom (C* (U(Uj, V}-)) ; Q)
jeJ
— hom (@ C.(U;, Vy), Q) :

jeJ
Since hom(€D ;. ; C(Uj, V}), Q) ~ [];e, hom(C,(U;, V), Q) we ob-
tain a weak chain equivalence

g: C* (U(U,, V,-)) =3 (%

jeJ jeJ
proving that C* is additive.
This completes the proof of the statement about the cochain pre-

functor. The dual statement about chain prefunctors is proved
similarly. O

THEOREM 5.2. Let C* be a cochain prefunctor. Define, for (A, B)
a closed pair in X,

C'(4, B)=1m{C*(U, V)|(U, V) an open neighborhood of (4, B)}.

Then C" is a cochain functor and if C* is additive, sois C " . Similarly
if C. is a chain prefunctor define, for open (U, V),

C.(U, V)= 1lim{C.(4, B)|(4, B) closed < (U, V)}.

Then C, is a chain functor and if C,. is additive, so is C, .

Proof. Since X is normal, if a closed pair (A4, B) is contained in
an open pair (U, V') there is a closed pair of neighborhoods (M, N)
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of (4, B) with (M, N) c (U, V). Using this and the definition of
C" it follows that C~ is continuous.

Since the cohomology of a direct limit of cochain complexes is the
direct limit of the cohomology of the cochain complexes, the excision
property for C~ follows from that for C*.

Since the direct limit of exact sequences is exact, the exactness prop-
erty for C follows from that for C*.

Therefore, C' is a cochain functor. To prove it is additive if C*
is, note that, since X is paracompact, it is collectionwise normal.
Hence, if {(A4;, B;)} cs is a discrete family of closed pairsin X there
exist discrete families of open pairs {(U;, V})}cs with (4;, B;) C
(U;, V;) for each j, and as these discrete families vary over such
neighborhoods their unions (J;c;(U;, ¥;) form a cofinal family of
open neighborhoods of (J;c;(4;, B;). Since C* is additive, there is
a weak cochain equivalence

o: C* (U(U,, V,~)) = [[cw;, v
JjeJ

jeJ
Taking the direct limit of both sides as (U;, V;) vary over discrete

neighborhoods of (4, B;) yields the additivity of C". This proves

the result for C .
The result for C, follows similarly. O

Combining Theorems 5.1 and 5.2 we obtain the following.
COROLLARY 5.3. Let C, be a chain functor on X and G an R
module. For a closed pair (A, B) in X define
C'(4, B; G) =lim{hom(C.(U, V), Q)|(U, V) an open
neighborhood of (A, B)}

where Q is an injective resolution of G. Then C (-, -; G) is a cochain
functor on X . If C, is weakly additive, then C (-, -; G) is additive.
Dually, if C* is a (weakly additive) cochain functor on X define, for
(U,V) openin X,

C.(U,V;G)= l_iLn{hom(C*(A, B), Q)|(A, B) closed c (U, V)}.

Then C, is an (additive) homology functor on X . O

REMARK 5.4. In Corollary 5.3 if C, (or C*) is nonnegative it is
not true that C~ (or C,) is nonnegative; however, the corresponding
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cohomology functor H~ (or homology functor H,) determined by

% . . . .

C  (C,) is nonnegative because of the universal coefficient formula.
Even for prefunctors which are neither weakly additive nor additive

we can obtain weakly additive functors by using limits over compact

(or cobounded) sets as we now describe. (Recall that a set 4 C X is

cobounded if X — A has compact closure.)

THEOREM 5.5. Let C* be a cochain prefunctor on X. For (A, B)
a closed pair in X define

?:(A , B) =lim{C*(U, V)|(U, V) open cobounded
neighborhood of (A, B)}.

Then C. is a weakly additive cochain functor. Dually, if C, is a chain
prefunctor on X define, for open (U, V) in X,

C(U, V) =1m{C.(4, B)|(4, B) compact (U, V)}.

Then C¢ is a weakly additive chain functor on X .

Proof. The proof that ?: is a cochain functor (and C¢ is a chain
functor) is analogous to the proof in Theorem 5.2 that C' (C,) is a
cochain (chain) functor.

We show Ez is weakly additive. Let {(A4;, B;)}jcs be a discrete
family of closed pairs in X and let (U, V') be an open cobounded
neighborhood of ;¢ ;(4;, B;j). Then there is a finite set F C J such
that j ¢ F implies 4; C V' (since X —V  is compact it can meet only
finitely many A;’s). If u € Z’j(UjGJ(Aj, B;)) has the form u = {v}
where v € C*(U, V) then u|U; ¢ p(4;, B;) =0 so (by the analogue
of the Lemma in [13]) it follows that E: is weakly additive. O

6. Singular homology. In this section we introduce the usual sin-
gular homology of X with coefficients in a local system. This is a
weakly additive homology functor on X. A corresponding additive
homology functor will be introduced in the next section. Our treat-
ment of singular theory dates back to Eilenberg [S] and is the one most
commonly used since the appearance of [5].

We begin by recalling some properties of local systems. Local sys-
tems were defined by Steenrod [14]. The definitions below are equiv-
alent to his. A local system [8] ' of R modules on a space X is
a function associating to every x € X an R module I'; and to ev-
ery path w: I — X a homomorphism I'y,: I'yy0) — T'(1y (this is the
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reverse of the definition in [8]) such that:

(1) If &, is the constant path at x, then l“gx = Irw) -

(2) If w(1) = &'(0) the product path w+w’ isdefinedand I', =
I"w: o le rw(o) — Fw'(l) .

(3) If w and @' are homotopic paths (i.e. homotopic relative to
{0, 1}) s then Fw = I‘w:: rw(o) — l"w(l) .

Let f: Y — X be a continuous map and I" a local systemon X . A
I' section of f is a function s assigning to every y € Y an element
s(y) € T’y such that, for every path @ in Y, I'f,(s(@(0))) =
s(w(1)). The set of all such I" sections of f is an R module I'(f)
under pointwise operations of functions. In case Y is path connected
and every closed path in Y is mapped by f into a null homotopic
pathin X (e.g. if Y is simply connected), then for every yy € Y the
map ¢o: I'(f) =T £(,) defined by ¢@q(s) = s(yo) is an isomorphism.

If T is a local system and G is an R module, hom(I', G) is
the local system (hom(I', G)), = hom(I'y, G) and, for w a path
in X, (hom(T", G))w: (hom(I', G))yo) — (hom(I", G))y1) 1is equal
to (hom(I',, 1))~': hom(I'yq), G) — hom(I'yy, G) (so for ¢ €
hom(I', G)u(o)» (hom(I", G))u(9) = 9 0T € hom(T", G)u) -

Two local systems I" and I are paired to an R module G if there
is bilinear map (-, -): I'y®I", — G for each x such thatif w isa path
in X then for y € T'y(q), 7 €7, wehave (y, y') = (Tu(?), I',(7)) -

EXAMPLE 6.1. There is a pairing of hom(I", G) and I" to G defined
by (¢, ) =e(y) for y ey and ¢ € (hom(I", G))x = hom(I'y, G).

If T and I" are paired to G then for every path connected Y and
map f:Y — X there is a pairing of I'(f) and I''(f) to G defined
by (s,s) = (s(»), s'(y)) for y € Y (the value of (s(y), s'(¥)) is
independent of y € Y because Y is path connected).

For g < 0 define A;(X;TI) =0 and for ¢ > 0 define A,(X;T) to
be set of all finitely non-zero functions ¢ which assign to every singular
g-simplex o: A7 — X an element c(o) €I'(g). Then A,(X; T) isan
R module under pointwise operations of functions. If g, € I'(g) let

gs0 denote the element of A,(X ; I') such that
0 ifog#d,
g ifo=ad.

(o) = {

Then every element ¢ € Ay(X; T') has the form ¢ = Y g,0 where
g+ = 0 except for a finite set of ¢’s.
If g, €(g) and o) is the ith face of o, then g,|c() e ().
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Thus, there is a homomorphism

0:Ay(X;T) = A1 (X;T) forg>0
defined by 9(3, 250) = X5 Yo<icy(—1)'(8510D)a) . Tt is easily ver-
ified that 09 = 0 so that A,(X;T) = {A,(X;T), 8} is a nonnegative
chain complex. If ¢ =) g,0 its support |c| = |U{a(A?)|gs # 0}, a

compact subset of X . If 4 C X, then A, (4;T) = {ceA.(X;)||c| C
A} is a subcomplex of A.(X;T'), and we define

Ad(X, A;T) =A(X;T)/A(A;T)
so there is a short exact sequence
0—-AA4; )= AX; )= A(X,4;T)—0.

THEOREM 6.2. Let T be a fixed local system on X. Then A.(-, )
defined for (U, V') openby A, (U, V)= A, (U, V;T) isanonnegative
weakly additive chain functor on X .

Proof. Continuity follows from the fact that as (U’, V') vary over
open sets with (U, V') c (U, V), then UA,(U';T) = A (U;T)
and JA(V';T) =A.(V; T) because every element of A, (U;TI) (or
A«(V; T)) has support a compact subset of U (or V') so is contained
in U’ (or V') for some open U’ (or V') whose closure is contained
in U (or V).

For excision let 77 be a collection of subsets of X and define
A7 ; T) to be the subcomplex of A,(X; I') consisting of finite sums
>_c; such that for each j, ¢; € A,(X;T) and there is some V; €
7" with |c;] € Vj. If 7 is a collection of subsets of A4 such that
A = Uy intV, then the inclusion map A.(77;T) C A(4;T) is
a chain equivalence (proof analogous to that of Theorem 14 on p.
178 of [8]). In particular if U and V are open sets in X, then
A(U; T)+A(V; T) c A(UUV ; T) is a chain equivalence. It follows
that

[A(U;T)+ AV ; DAV, T) - A(UUV; T)JA(V; T)
=AUUV,V;I)
is a chain equivalence. Excision follows from this and the Noether
isomorphism
AU, UNV;T)=AU; D)/A(UNV;T)
=A(U; D)/[A(U; T)NnA(V; T)]
~[A(U;T) +A(V; D)/A(V; T).
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If (U, V, W) isan open triple in X there is a short exact sequence
0—-AV,W;ID)->AU,W;I')->AU,V;T)—0

SO exactness is satisfied.
Thus, A.(-,-) is a nonnegative (by definition) chain functor. It is
weakly additive because every chain has compact supports [13]. O

It follows from Theorem 6.2 that for every R module G the singu-
lar homology on X with coefficients ' G, denoted by H,(-, -; '®G)
and defined by H,(U, V;I'Q G) = Hy(A,(U, V;T)® P) (where P
is a projective resolution of G) is a nonnegative weakly additive ho-
mology functor on X .

7. Locally finite singular homology. In this section we introduce the
locally finite singular chains to obtain an additive homology functor.
In a special situation we relate this new homology to limits of the usual
singular homology. This is applied to show that for a locally finite
simplicial complex the locally finite singular homology is isomorphic
to the simplicial homology based on infinite chains. The locally finite
singular homology was considered in Séminaire Cartan [2] where it
was called “singular homology of the second kind”.

For g > 0 a function ¢ which assigns to every singular g-simplex
0:A? - X an element c(o) € I'(0) is called a locally finite q-chain
if {o(A%)|c(o) # 0} is a locally finite family in X . The locally finite
g-chains form an R module AP(X; I') under the usual operations
on functions. For ¢ < 0 we define AX(X;I) =0. If ce AP(X; )
with 0 < g its support |c| = U{a(A%)|c(d) # 0}, a closed subset of
X.If ceAP(X;T) with ¢ <0 we define |c| =

If {cj}jes is a family of elements of AP(X;TI) it is said to be
locally finite if the family of supports {|cj|}jcs is locally finite. In
this case the sum 3 ;. ; c; is defined as an element of AP(X; I') (be-
cause for every singular g-simplex o, o(A?) is compact so meets
only finitely many |c;| and so cj(g) = 0 except for a finite set of
J’s). In particular, if ¢ > 0 and ¢ = ) g,0 € AP(X;T), then
{ZOSISQ(—l)i(gala(i))a(")}ga#o is a locally finite family so

DY (-D(gloP)e e AR (X T)
g 0<i<q

and there is a homomorphism

8: AP(X;T) = AZ (X; T)
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such that 9(3", g,0) = 3, So<ics(—1)(g510)a® . Then |0¢| C |c]
and 9dc = 0 so there is a nonnegative chain complex A®(X;T) =
{AP(X;T), 8} of locally finite singular chains with coefficients T .
We define H°(X;T) = Hy(AP(X; T)).

Clearly A.(X;T) c A(X;T') (in fact, A.(X;T) is the subcom-
plex of AX(X;T) of chains having compact support) so there is a
homomorphism

Hy(X;T)— HP(X;T).

If Ac X we define YAX(4;T) = {c € A°(X; T)||c| Cc A}. This
is a subcomplex of A(X ; I') and consists of chains in 4 which are
locally finite in X (a stronger condition than being locally finite in
A). We define XH®(4;T) = H,(¥A®(A4;T)). In case A4 is closed
in X, XA®(4;T) = A®(4;T) so that YH®(4;T) = H*(4;T) in
this case.

If ce ¥AX(A4;T) thereis a set F closed in X with F C 4 such
that ¢ € APX(F; T') (for example, F = |c|). Therefore, if {4;};cs is
a family of subsets of 4 directed upward by inclusion such that every
subset of 4 which is closed in X is contained in A4; for some j € J
then YAP(4;T) = U;c; ¥AP(4;; T) and so lim {*H>(4;;T)} ~
YH>(A4;T).

If BC AcC X then YA®(B;T) c YA®(4;T) and we define
XAX(A, B;T) =XA®(4;T)/XAX(B; T). There is then a short exact
sequence of chain complexes

0—*AX(B;T) - *A¥(4;T) — *AP(4, B;T) — 0.

THEOREM 7.1. For (U, V) an open pair in X define A*(U, V)=
XAX(U, V;T). Then A is a nonnegative additive chain functor on
X.

Proof. Continuity follows from the fact that as (U’, V') vary over
open pairs with (U, V') c (U, V) then JAX(U') = A®(U) and
UAR(V') = AX(V) so that Lim {AX(U’, V')} » AR(U, V).

For excision let 77 be a family of subsets of X and define
XAX(7";T) to be the subcomplex of AX®(X;I) consisting of lo-
cally finite sums > jes¢j such that for each j € J, ¢; € AP(X; I
and there is some V; € 77 with |c;| Cc V;. If 7 is a collection
of subsets of 4 such that 4 = {J; .5 int} then the inclusion map
XAX(77;T) c XA>(A4; T is a chain equivalence (proof analogous to
that of Theorem 14 on p. 178 of [8]). Excision follows from this (as
in the proof of excision in Theorem 6.1).
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If (U, V, W) isanopen triple in X there is a short exact sequence
0—-AX(V, W)= AXU, W)= AZU,V)—0

SO exactness is satisfied.

Thus, AS° is a nonnegative chain functor on X. To show it is
additive suppose {U;}cs is a discrete family of open sets in X and
V' CUjes Uj is open. Then there are isomorphisms

YA (U Uj§r) ~ [[*az2w;; D),

JEJ jeJ
APV D)~ [[*A2(V nU;; T
JjeJ
and additivity of A$° follows. O

Thus, usual singular homology is obtained from a weakly additive
chain functor and locally finite singular homology is obtained from an
additive chain functor. In case X is compact the two theories agree.
The following is a generalization of this.

LEMMA 7.2. If B C A and A — B has compact closure in X then
A(A,B;T)~XA®(4, B;T).

Proof. If A — B has compact closure in X, then for ¢ €
XA (A4, B;T) the set {o|c(o) # 0 and o(A?) N (4 — B) # @} is
finite. Therefore, XA (4; ) = XAX(B;T) + Ay(4; T) and so

YAP(4, B;T) = *Ar(4; T)/*A(B; T)
=[YAP(B; 1)+ Ag(4; D)/*AP(B; T)
~ Ag(4; T)/I¥AT(B; T) N Ag(4; T)]
=Ay(A;T)/Ay(B;T) =A4(A4, B; T). O

Our next result relates H>® to limits of H, in a special situation.

THEOREM 7.3. Assume there is a sequence {C;};>o of subsets of X~
such that X = J;intC;, C; C Ciyy for each i, and C; is compact for
each i. Then there is a short exact sequence

0 — lim'{H, (X, X — C;; )}
—~ HP(X;T) - im{H,(X, X - C;; )} — 0.
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Proof. (Note that a sequence {C;} of subsets of X satisfying the
hypotheses of the theorem exists if and only if X isa g-compact space
as defined in Dugundji [4].) For each i there is a quotient chain map

7,0 AP(X; 1) - YAX(X, X - C;; T)
and these define a chain map
T AP(X;T) — lim {*AX(X, X - C;; 1)}

We prove 7 is an isomorphism. If ¢ € AX(X;T) is in kert then
7i(c) = 0 for each i so ¢ € YA®(X — C;;T) for each i. Since
U; Ci = X, it follows that (), *A®(X —C;; ) =0 so ¢=0 and 7 is
a monomorphism.

To show 7 is an epimorphism let {c; € *A®(X, X — C;; ")} be
an element in lim {*AZ(X, X — C;; T)}. The element ¢; can be re-
garded as a locally finite sum of singular simplexes each having support
which meets C;. Similarly ¢;, is a locally finite sum of singular sim-
plexes each having support which meets C;, ;. The condition that ¢;,
maps to ¢; implies that on singular simplexes whose support meets
C; both ¢; and c;,; have the same value. Therefore, there is a chain
C =) g,0 in X such that if |o|NC; # @ then g, =the value of ¢;
on o. We show c is a locally finite chain in X . Since X =Jint(;,
if x € X there is i such that x € intC;. If |g|NintC; # @ then
lo|NC; # @ so g, is the value of ¢; on o. Since ¢; is a locally finite
chain, there is a neighborhood N of x such that there are only a finite
number of ¢’s with || N # @ and c;(g) # 0. Then NNintC; is
a neighborhood of x such that there are only finitely many o ’s with
lo|N(NNintC;) # @ and g, # 0. Therefore, ¢ € AX(X;I') and
clearly 7(c) = {t;(c)} = {ci} so 7 is an epimorphism.

By Lemma 7.2 since C; is compact, there is an isomorphism
A X, X -C;;T) = *A®(X, X — C;;T) so that APX(X; I is iso-
morphic to lg_n {A(X, X — C;;IN}. Each of the chain maps
AX, X -Ciy1;T) - Au(X, X = C;;T) is an epimorphism so by
A.15 on p. 402 of [6], liml{A*(X, X~-C;;T)} =0, and then by A.19
on p. 407 of [6] there is a short exact sequence

0— liml{HqH(X: X-C;; )}
— HP(X; T) = Iim{H, (X, X - C;;T)} — 0. u

We use this last result to show that for the space of a locally fi-
nite simplicial complex K, then HX°(|K|;T) is isomorphic to the
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homology group of the complex of infinite simplicial chains with co-
efficients T'.

Let K be a locally finite simplicial complex and let C*(K; I") be
the infinite chain complex of oriented simplexes with coefficients I
(thus an element ¢ € C°(K;TI') is a function assigning to every
oriented g-simplex ¢ of K an element c¢(g) € I'(|o|) such that if
o’ is the oppositely oriented simplex then c¢(g) + c¢(¢’) = 0). Sim-
ilarly let A?(K;T") be the infinite chain complex of ordered sim-
plexes with coefficients I' (so ¢ € A®(K;T) is a function assign-
ing to every ordered g-simplex ¢ of K an element c(o) € I'(|g])).
There are natural chain maps [8] y*: AX(K; ') —» C*(K;I') and
v>e: AP(K;T) — A®(|K]|; T') which are chain equivalences for every
finite complex K.

THEOREM 7.4. If K is a locally finite simplicial complex there are
isomorphisms

u: Hy(AX(K; ) = Hy(C2(K; 1))

and
v Hy(AX(K ;1) ~ H(IK|; T).

Proof. The local finiteness of K implies that K = [J7°, K; where K;
is finite for each i and |K;| C int|K;,|. By analogues of Theorem 7.3
for C(K;T) and A®(K; T') there is a commutative diagram with
exact rows (in which K —int|K;| is denoted by L, and all coefficients
are in I

0 — Um'{Hi(Cu(K, L)} — Hy(CX(K)) — lim{H,(C.(K, L))} — 0

w1 e T w1
0 — Lim'{Hp(A(K, L))} — H(AZ(K)) — lim{H,(A.(K, L))} — 0
v, l v? l Yy l

0 — Lm'{Hp(K|, LD} — HF(K) — lLm{H,(K|,|L)} — 0.

Since the vertical maps on the sides are known to be isomorphisms,
the result follows from the 5-lemma. a

8. Singular cohomology. In this section we define the singular co-
homology of X which coefficients in a local system, and, using this,
we define another additive homology function X which we compare
with the one defined in the last section.

Let I be a local system on X and for a pair (M, N) in X
let A(M,N;T') =0 1if g <0 and for ¢ > 0 let A9(M,N;T)
be the module of g-cochains of A which vanish on N (i.e. u €
AI(M, N;T) is a function assigning to every singular g-simplex
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0:A?7 - M an element u(c) € I'(¢) such that if ¢(A?) C N then
u(o)=0). Forue A9(M, N;T), g >0 define du € A9*' (M, N; T
by
Gu)(o)= . (=1)u(c®)
0<i<g+1

where o: A?*! — M and if g € (6()) then g € I'(¢) is the unique
element such that glo() = g. Then &6 = 0 so there is a cochain
complex A*(M, N;I')={A9M,N;I),d}.

Incase I', I are local systems on X paired to an R module G as
in §6 there is a pairing AY(M, N; ) ®Ay;(M, N; I") — G defined by
(u,c) =73 (u(c), g) where c=3% ,8,0. Incase ue AY(M, N;TI)
and c=) g0 €Ay (M, N; F’) we have

(Gu,c) =Y (0u(0), &)=Y Y. (-1 (u(d)), &)
&

T 0<i<q+l
Now for any g € I'(¢()) we have (g, ga) = (g, gs|0)). Therefore,

Gu,c)=>Y_ Y (=DXu(c"), glo?)

o 0<i<g+1

= Z(us 3(&70’)) = <u’ 6C)

In case I' = hom(I", G) we have
AU (M, N;hom(I", G)) ~ hom(A,(M, N; T), G)

an 0 corresponds to hom(d, 1) under the above pairing.

The singular cohomology HI(M, N;T) is defined to equal
HI(A*(M,N;T)).

Consider the cochain complex A*(U, V;T') as a functor of open
pairs (U, V) in X. For an open triple (U, V', W) there is a short
exact sequence

0—A*(U, V;T) =AU, W;T) = A*(V, W;T) — 0.

If U, V areopen setsin X then (by an argument similar to the proof
of excision in Theorem 6.2) there is a weak cochain equivalence

A UUV,V;T)— AU, UNV;T).

Furthermore, if {(U;, V})}jes is a discrete family of open pairs in X
there is an isomorphism

A* (U(U,-, Vj);r) ~ [TAU;, V5 .

jeJ JjeJ
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Thus, A*(-, -; I') is a nonnegative additive cochain prefunctor on X .
By Theorem 5.2 there is a corresponding cochain functor A~ which
associates to a closed pair (4, B) in X the cochain complex

A'(4, G;T) = lim{A*(U, V; T)|(U, V) an open
neighborhood of (4, B)}

whose cohomology functor is denoted by H (4, B;T). It is a non-
negative additive cohomology functor on X . Note that H (4, B; T
is not the singular cohomology of (A4, B) with coefficients I" but
is the limit of the singular cohomology of open neighborhoods ‘of
(A, B). (However, because (X, @) is an open pair, H (X, @;T) =
H*(X, 2;T) is the singular cohomology of (X, @).) In case X is
an HLC space, F*(A, B;T) is isomorphic to the Cech-Alexander
cohomology of (A4, B) with coefficients I" [9].

Similarly by Theorem 5.5 there is a weakly additive cochain functor
ZZ which assigns to a closed pair (4, B) in X the cochain complex

K:(A, B;IN= l_ig_}{A*(U, V; DU, V) open cobounded
neighborhood of (4, B)}

whose cohomology functor is denoted by H,(4, B;T). It is a non-
negative weakly additive cohomology fu{lctor on X. In case X is
HLC, H :(A , B; I') is isomorphic to the Cech-Alexander cohomology
of (A, B) with coeflicients I" and with compact supports.

For a pair (M, N) in X we define

A, (M, N; hom(T', G))
=lim{hom(A;(4, B;T), Q)|(4, B) closed C (M, N)}
where Q is, as usual, an injective resolution of G. We define
H,(M, N;hom(I', G)) = Hy(A.(M, N; hom(I', G))). Then for a
closed pair (4, B), we have
A.(4, B; hom(T, G)) = hom(8,(4, B; ), Q).

By Corollary 5.3 there is an additive chain functor A, which associates
to an open pair (U, V) in X the chain complex A, (U, V; hom(I, G)).
We want to compare the additive homology functor

E*(’a 5 hom(r’ G))

just defined with the additive homology functor defined in §7 by using
locally finite singular chains. Note that A, (and H,) are defined for
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local coefficients of the form hom(I", G) for some local system I" and
some module G . It is not clear how much of a restriction this imposes
on the resulting local system hom(I", G).
We begin with a pairing
AU U, V';T) x *AX(A, B; hom(T', G)) — G

for a closed pair (A4, B) contained in an open cobounded pair
(U, V). Let ¢ =Y, 8,0 € *AP(A4, B; hom(T, G)) and let u €
A1(U’, V';T). Then u vanishes on every singular simplex ¢ in V.
Since X — V' is compact there are only a finite number of ¢ ’s such
that g, # 0 and |o|N (X — V') # @. Therefore

¢y = g (u(0))

is a finite sum of elements of G. In case
c= Zgaa € Aq+1(A, B; hom(I", G))

then dc = Za ZO<i<q+l(— ) (gdla l)) @ and

,0c)=>" > (-1 (gla")(u(a"))

g 0<i<g+l1

=> > u(a®))

g 0<Li<qg+1

= Zga(éu = (du, c).

Passing to the direct hmlt as (U', V') varies over open cobounded
neighborhoods of (4, B) we obtain a pairing

Al(4, B;T) x *A®(4, B; hom(T, G)) —» G
which corresponds to a homomorphism
9: X¥AX(4, B; hom(T', G)) — hom(Al(4, B;T), G)
such that (¢(c))({u}) = (u, ¢) for c € ¥A®(4, B; hom(T", G)) and
ue AU, V", T) where (U’, V') is an open cobounded neighbor-
hood of (A4, B). For the injective resolution
0-GA0°-0'-0
we see that n¢: XA%®(4, B; hom(T', G)) — hom(A;(4, B;T), Q)
and
(ne)(@c)({u}) = n(u, 9c) = n{du, c) = (np)(c)({ou})
= 9(np(c))({u})
so that (n9)0 = 9(ne).
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Passing to the direct limit of both sides as (4, B) varies over closed
pairs in (U, V') yields the homomorphism

g: *AX(U, V; hom(T, G)) — A,(U, V; hom(T, G))

and g0 = 0¢. So ¢ is a natural chain map and determines
a homomorphism @, from XYH>(.,.;hom(I’, G)), 8. to
H.(-,-; hom(I", G)), 0, both nonnegative additive homology func-
torson X.

If X is finite dimensional it would follow from Theorem 2.2 that
if @, were an isomorphism for pairs of the form (X, X — x) for
X € X then ¢, would be an isomorphism for all open (U, V) in
X . To obtain the local result we consider the case of an » manifold
(i.e. a paracompact Hausdorff space in which each point has an open
neighborhood homomorphic to R”).

LemMA 8.1. If X is an n manifold, then
@ YH®(X, X —x; hom(T, G))~ H,(X, X — x; hom(T, G))
is an isomorphism for all x € X .

Proof. Since X — (X — x) = x is compact, it follows from Lemma
7.2 that

XH;"(X, X —x;hom(I', G)) ~ Hy(X, X —x; hom(I', G)).

Let U be an open neighborhood of x with U homomorphic to a
closed »n ball. Then

H,(TU,T - x; hom(T, G)) ~ Hy(X, X — x; hom(T, G)).

Since U is simply connected, hom(I', G) is equivalent to a constant
system on U so that

0, q#n,
hom(I'x, G), gq #n.

For the other group note that cofinal in the family of all closed pairs
in (X , X —x) are pairs of the form (X, X —U) where U is as above.
Then AL(X, X —U;T) and A.(U, U—-U;T) are chain equivalent.

Since U is simply connected,

H,(U, U - x; hom(I', G)) ~ {

0, gq#n,

Hq(Z:(U,U—U;I‘))z{F e
X - .
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Therefore,
H, (X, X —x; hom(T’, G))
= Hq(é*(Xs X~ X3 hom(r3 G)))
= H,(lim{hom(A;(X , X - U;T), Q)})
~ lim{H,(homA; (X, X - U;T), Q)}
~ M{Hq(homK:(U, U-U;T), 0)}

{0, q#n,
“ | hom(Ty, G), gq=n,

the last isomorphism by the universal coefficient formula.
Finally, we observe that the pairing we defined induces a pairing

XH,(U,U -x;hom(T, G)) x H U, U-U;T) -G
which is isomorphic to the evaluation pairing
hom(T'y, G) xI'x — G.
Therefore
@v: YHX(X , X — x; hom(T', G)) = H,(X — X — x; hom(T, G))
is an isomorphism (corresponding to the identity map of hom(T'x, G)

— hom(I'y, G) resulting from the evaluation pairing above). O

THEOREM 8.2. For an n manifold X
g.: YHX(U, V; hom(T, G)) ~ H,(U, V ; hom(T, G))

for every open pair (U, V) in X.

Proof. Using Lemma 8.1 the result follows immediately from The-
orem 2.2 O

From the definitions we see that if (4, B) is closed in X then
H.(A, B;hom(I'", G)) = H*(hom(Z:(A ,B;T'), Q)). We already re-
marked that if X is HLC then, A.(4, B; ) has cohomology iso-
morphic to the Cech-Alexander cohomology of (4, B) with compact
supports. It follows that in a locally compact HLC space X the groups
H, (A, B; hom(I', G)) are isomorphic to the Borel-Moore homology
groups [1] of (4, B) with coefficients hom(I", G).
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9. Homology-cohomology comparison. In this section we construct
a homomorphism from singular homology X H>(U, V) to singular
cohomology H*(X — V, X — U) with suitable coefficient systems.
This homomorphism will depend on a cohomology class of
H*(XxX,XxX-06(X)) where 6(X) ={(x,y)e X x X|x =y} is
the diagonal of X x X .

We shall assume 7 is an open covering of X such that if V',
V'e 7 and V NV' # @ then every closed path in V' U V' is null
homotopic in X . If X is a paracompact space in which each point
has an open neighborhood W with the property that every closed
path in W is null homotopic in X , such a covering can be obtained
as follows. Let 77" be an open covering of X by sets W such that
every closed path in W is null homotopic in X (7 is assumed to
exist) and let 77 be an open star refinement of 77" covering X (such
star refinements exist because X is paracompact). Then 7~ has the
desired property.

In §§6 and 7 it was noted that for any 4 C X the inclusion maps

A7 NA;T) cXAP(A;T), A(Z NA;T)CA.(4;])

are chain equivalences (where 7’ NA ={VNA|V € 7'}). If o and ¢’
are singular simplexes such that || C V', |o'|Cc V' for V, V' e 7
and |o|N|o’| # @ then if x € |g| N |o’| there are isomorphisms

I'(0) = T'x < I'(d’).

If x’ is another point in |o| N |o’| let w be a path in |g| from x
to x’ and ' a path in |¢’| from x to x’. There are commutative
triangles
I'le) — Tk I « I(d)
~\, =/ r, l"mr\,z s
) I,

Since w, ' have the same endpoints and lie in ¥ UV’ they are ho-
motopic in X so I', =T, : I'x — T',/. It follows that the composite

of the isomorphisms
I'(0) = 'y < I'(d")

is independent of the choice of x € |g|N|ad’| so there is a well-defined
isomorphism A, : I'(o) ~ I'(¢”).

If o, ¢’, ¢” are singular simplexes such that |g|C V', |¢'| C V",
le”| c V" for V, V', V" €Z and |o|Nn|d’|, |a|N]|a”|, |o’'|N|a”|
are all non-empty, then A, » =24, ,7 4., : I'(0) ~T'(a").



SINGULAR HOMOLOGY AND COHOMOLOGY 193

Using this notation if g € I'(g), then gloV) = 4,,(;,(g) . It follows
thatif c=3_ g,0 € AX(7";T), then

86—22 jlaa(} ga) ()

and if u € AY(7";T), then
(6u)(0) = Y (=1)"A 0, (u(@®)).

l

If I" and I" are local systems on X define I' x I to be the local
system on X x X such that (' xI") ,) =T ®T} and (I'xI"), =
Iprw ® I'pr, v Where prj: X x X — X and pry: X x X — X are
projections to the first and second coordinates, respectively.

Let Ue HM(X x X, X x X —d(X); hom(R xI', R)) be a given
cohomology class (here we regard R as a constant local system on X
in forming R xI" on X x X) and let

uehom(A,( X x X, X xX-0(X); RxI), R)

be a cocycle representing U .

Let 7: Au(X; R) @ Au(X;T) - A(X x X, R xTI) be an Eilen-
berg-Zilber map [8]. Then 7 1is a natural chain map (so
T(A(Y; R)QA(Z; ) cA(Y xZ,RxT) forall Y, Z C X),
and in dimension 0, if [x] denotes the O-singular simplex at the point
X, then

T(a[x]1® gly]) = agl(x, y)]
for a€R, ge€T), and x, y € X. For an arbitrary local system I"
on X define

0: *AX (7 ;TeT") - A" 97", T)

by requiring it to be R linear and such that if ¢’ isan (n—gq) singular
simplex in ¥’ where V' € 7" and c € YAX(Z' n(X —|o]); T ")
then

0(c)(d")=0

while if c=(g® g')o € Ay(7", T ®I"”) then
0(c)(0") = (i, (0" ® 80))251(8') = Ay (U, (0’ ® g0)) &)
(the right-hand side is 0 if |o| N |o’| = @ because, in that case
1(6' ® go)C X x X —§(X)
and u vanishes on A,(X x X, X x X —6(X); R xTI)). This uniquely
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defines 6 because, for every singular simplex ¢’, given ¢ €
XAX(Z ;T @ I) there exist ¢; € AYZ ;T ®@I’) and ¢; €
XAX(Z N (X — |6']);T @ I) such that ¢ = ¢ + ¢, (so that
0(c2)(6’) = 0 and 60(c;)(¢’) is a finite sum of terms of the form
described above).

Given ¢’ in A,_,4 (V') for some V' € 7 let ¢ = ¢| + ¢, where
¢ €A(Z;T@T) and ¢; € ¥AP(Z N (X — |o’]); T®T"). Then
d(0(c)) = 6(0(c1)) + 6(6(c2)) and (6(6(c)))(a’) =0 so (5(6(c)))(a")
= (6(6(cy)))(a’"). To calculate (6(0(c;)))(c’) we need only calculate
it for ¢; of the form (g ® g’)o where [o|N|o’| # @. In this case

(60((g® £)0))(a") = D (~=1)"A,0,[0((g ® &)a) (0" )]

1

= Z(—l)i%«%'[(u, (0" ® g0))A,50(8)]

where the corresponding term on the right is 0 if |o| N |¢’?)| = . If
lo|N]a’"D| # @, then A w4, = Aye SO We obtain

Y (=1 {u, 1(6") ® 80))A51(8") = (u, 130" ® 80)) 255 (8").

i

Now 91(0’ ® go) = 1(80’ ® go) + (=1)""9*11(¢’ ® d(go)) so that
7(00' ® go) =01(c' ® go) + (—1)""917(c¢’ ® d(ga)) , and we obtain

(u, 07(0' ® 80))Age(8') + (=1)""%u, 7(d' ® 0(80))) g4 (&)

= (5“ > T(OJ ® ga»)'o'o"(gl)
+ (=11 (=1 (U, 1(0" ® Ay (8)0V)Aye (&)
J

Because du = 0 since u is a cocycle, this equals

(=D" 0 (=1 (u, 1(0' ® 4,401 (8)5Y))Ase ().
J

The corresponding term on the right equals 0 if |¢()|N|¢’| = @ and
if |oU)|N|o’| # @, then A,, = A_u),A,,0) SO We obtain

(1) (=1 (u, 1(0" ® A,,0(8)0Y ) A0, A 001 (&)
J

=(-1)""1 Z(—l)j'lgfg'[w , (0’ ® laam(g)d(j)))Aaa(j)(g')]
J

and, by definition, this equals (—1)""96(0(g ® g’)a)(¢’). Therefore,
6 maps the chain complex YA® (7" ; T'®I") into the cochain complex
A*(7"; T") so that it commutes up to sign with 9 and ¢.
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If B C X is arbitrary, then
T(A(Z N(X =B); RA)QRA(Z NB; ) CA((X—-B)xB; RxI)
and u vanishes on the latter. Therefore, & maps
YA®(Z Nn(X -B);T®I") into AYZ ,Z nB;T).

If BC A C X, the following diagram is commutative (the top row
is a short exact sequence with coefficients I’ ® I'"”, the bottom row is a
short exact sequence with coefficients I, and the right-hand vertical
map is defined to make the diagram commutative)

0 —YAX(Z N (X = 4)) >*A®(Z (X = B)) = AZ(Z n(X - B), 7 0 (X — A)) =0
o] o o]
0 - A7, 7 NnA4) — A(Z,7nB) — A(Z NA, 7 NB) — 0.

If (4’, B") C (A, B) there is a commutative square

AT N(X=B),Z n(X-A4);Tel) LA @7 n(x-B), 7 nXx-4);Tel)
g d
AN Z NA, 7 nB;T) 2, A7 nd, 7 nB ;T

Let (4, B) be a closed pair. Taking the direct limit of the homomor-
phisms (as (V' , W) varies over open neighborhoods of (A4, B))

0: XA (ZNX-W), ZNX-V); TI") = ANZ NV, 7 nW,; T
determines the homomorphism
G: XA 7 N(X=B),Z N(X-A):;Tel")-A(Z N4, 7 nB;T").

Similarly taking the direct limit as (', W) varies over open co-
bounded neighborhoods of (4, B) in X (and observing that, in case
(V, W) is cobounded,

N7 N X-W), ZnX-V);Tell
=AM NX-W),ZnX-V);TaI")

we obtain a homomorphism
A7 N(X=B),ZN(X—-A4);TR") - A(Z N4, 7 nB;T")).

The homomorphisms 6 and 6¢ depend on the choice of the cocycle
u and the Eilenberg-Zilber map 7. Altering u in the cohomology class
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U or altering 7 will alter 8§ and 6¢ by a chain homotopy. Therefore,
6 induces uniquely defined homomorphisms

Ou: YHP(Z ' N(X —B), 7 N(X-A4);TeI)
—H 7 NA, 7 nB;T)
and
05: H(Z N(X-B),Z N(X -A4);Tel)
—H, 7 N4, 7 nB;T).
The homomorphism
Oy: “*HP(X-B,X-A;Te)->H %4, B;T’)

is defined so that commutativity holds in the square

XHP(Z N(X-B), 7 N(X-4);Tel") —— YHX(X-B, X -4;Tal)

.| J

H N7 NnA4,7nB;T") — H ™ %4,B;T).
Similarly the homomorphism
65: H(X -B,X-4;Tel"y—H, “(4,B;I)

is defined so that commutativity holds in the square

Hy (Z N(X-B),ZN(X-A4);T@l") —— H(X-B,X-4;Tel)

‘| 1«

H! Y7 NA,Z nB;TI) — H. 74, B;T).

Both Oy and 6f are natural and commute up to sign with con-
necting homomorphisms. The image 0y(z) is the slant product U/z
[7, 8] for local coefficients.

10. Duality in manifolds. Throughout this section X will be as-
sumed to be an » manifold. We prove various duality theorems re-
lating homology of a pair in X to cohomology of the complementary.
pair.

THEOREM 10.1. Suppose X = \J;2,int C; where C; is compact and
C; C Ciyy foreach i. Then for any local system on X,

HP(X;T) ~ im {Ha(X, X - C;, T)}.
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Proof. By Lemma 1 on p. 299 of [8] H,.(X, X - C;,T') =0 for
each i (the lemma referred to asserts the result for a constant local
system G, but the same argument establishes the result for an arbi-
trary local system I'). The theorem follows from this using Theorem
7.3. O

It is straightforward to verify that @ {Hy(X, X —C;; G)} is the
same as HS(X ; G) as defined on p. 299 of [8]. From Theorem 6 on p.
303 of [8] it follows that for a connected n manifold X, H°(X; R) #
0 if and only if X is orientable over R, and from Theorem 5 on p.
302 of [8] there is a bijection between orientations of X over R and
generators of H°(X; R).

In general there is a local system I'Y on X with

f=H"X,X-x;R)

and, if @ isapathin X, T'¥: I“gg(o) — Fg(l) is suitably defined as in
[7] by “moving along @ ”. The dual local system I'** = hom(I'X, R)

has the property that 1";(* ~ H,(X,X—x;R) forall x € X. In fact,
'Y ~ R for each x € X and I'{ corresponds to multiplication of R
by +1 depending on w. Therefore, I'Y* ~TX. On X x X the local
system R x I'** is isomorphic to hom(R x I'Y | R).

For x € X there are isomorphisms

H,(X,X -—x;T%)~ hom(H"(X, X —x; R); TY)
~ hom(H" (X, X-x;R), H' (X, X —x; R))
and z, € H,(X, X — x; T'Y) will denote the element corresponding

under the above to the identity map of H?(X, X —x; R).
A Thom class on X is an element

UeH" (X xX,XxX—-0(X);hom(RxTX,R))

such that, for each x € X, 8¢(zy) = 1 € Ho(x; R). It is known
(Theorem 4.7 in [7]) that every manifold has a unique Thom class. In
the sequel we use the Thom class U in defining § and 6¢ and omit
specific reference to U in the notation.

THEOREM 10.2. For every closed pair (A, B) in X and every local
system I of R modules on X there are isomorphisms

6: *H(X-B,X-A;T*eT)~H" (4, B;TI)
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and
6°: H(X-B,X-A4;T*e)~H, ‘4, B;T).

Proof. Define cohomology theories H' and H on X by H/(A, B)
= XH® (X -B,X —4;TX®T) and H(4,B) = H(4,B: T
with 5’ 5 suitably deﬁned connecting homomorphisms. Then 8 is a
homomorphism of H’, ¢’ into H, & which is an isomorphism
for every x € X (because H/(x) = YH? (X, X —x; ¥ @T) =

Hy j(X,X - x;T¥@T) ~ Hy j(X,X — x;R) @ [,H (x) =
H (x;T) ~ B (x; R) ® Ty, and both sides are 0 except for j =0
when @ is an isomorphism by the choice of U). Since H' and H
are additive and X is finite dimensional, it follows from Theorem 2.1
that # is an isomorphism for all closed (4, B) in X.

The result for 6¢ is obtained similarly because the two sides be-
ing compared are weakly additive cohomology functors and 6¢ is an
isomorphism for every x € X . O

REMARK 10.3. Replacing I" by I'*X®I" and noting that I'*@I'X ~ R
so that TX @ (¥ ® ") ~ R T ~ T we see that for (4, B) closed in
X there are also isomorphisms

0: *HP(X-B,X-A;T)~H (4, B;T¥eT)

and
6: H(X -B,X-A;T)~H, (4, B;T*QI)
for an arbitrary local system I".

Theorem 10.2 and Remark 10.3 express duality between the two
types of singular homology groups of an open pair in X (i.e. weakly
additive or additive homology) with two types of Cech-Alexander co-
homology groups of the complementary closed pair (either weakly ad-
ditive or additive cohomology) with arbitrary coefficient systems. This
duality is not just an isomorphism of the homology groups with coho-
mology groups but is an isomorphism of cohomology theories with all
its implications. There is also the following result which expresses du-
ality between the Borel-Moore homology of a closed pair in X and the
singular cohomology of the complementary open pair (which equals
the Cech-Alexander cohomology) of the open pair.

THEOREM 10.4. If (A, B) is a closed pair in X and T is a local
system on X there is an isomorphism

H, ,(4,B;hom(T, G)) ~HYX - B, X — 4; T* @ hom(T, G)).
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Proof. In §9 we defined a map
A7 N(X=B),ZN(X-A);TX@) - A(Z N4, 7 nB;T)

for (4, B) a closed pair in X. Define a chain complex (C, d) so
that C;, = A, ¥ NA,7 nB;T) and 8: C; — C,_, equals J:
AN NA, 7NB;T) A 7' n4,7 NB;T). Then 6¢ isa
map of degree 0 from A.(Z N(X-B), 7 N(X-A4);T¥®I) to C.
which commutes up to sign with . By Theorem 10.2, 6¢ induces
an isomorphism on homology. It follows that 6¢ also induces an
isomorphism on cohomology

H*(C,; &)~ H*AL(Z N(X-B),Z N(X-A4);T¥oI); G)

for any R module G . Because of the way C, is defined, this yields
an isomorphism

H, (7nA,7 nB;hom(T, G))
~HI(Z N(X-B),7Z N(X-A4);homIT* T, G))
and this corresponds to an isomorphism
H, ,(A4,B;hom(T, G))~ HY(X - B, X - A; hom(T* ®T, G)).

Because of the special nature of the local system I'Y it is easy to
see that hom(I'* @ ', G) ~ ¥ @ hom(T", G) so that

H,_ (A, B;hom(T', G)) ~ HY(X — B, X — 4; TX @ hom(T, G)).
O

In case X is orientable, 'Y ~ R and the Theorems 10.2 and 10.4
assert isomorphisms of homology with coefficients in a constant system
with cohomology in the same constant system. In the non-orientable
case, however, if the homology is in a constant local system the corre-
sponding cohomology has coefficients in a non-constant local system
and vice versa.
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