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INEQUALITIES FOR QUASICONFORMAL
MAPPINGS IN SPACE

G. D. ANDERSON, M. K. VAMANAMURTHY AND M. VUORINEN

A new lower bound for the conformal capacity of the Grotzsch
ring and sharp bounds for the radial distortion of a quasiconformal
automorphism of the unit ball are obtained in n-space, n > 2.

1. Introduction. The conformal capacities of the Grotzsch and
Teichmiiller extremal rings in R”, n > 2 (see §2), are denoted by

(L.1) In(s) =capRg ,(s) and 1t,(f) = capRr (1),

respectively, where s > 1 and ¢ > 0. The modulus M,(r) of the
Grotzsch ring Rz ,(1/r), 0 <r < 1, is defined by

(1-2) yn(l/r):wn—an(r)l_n,

where w,_, is the (n — 1)-dimensional measure of the unit sphere
S7—1 in R”. The capacities in (1.1) are related [G, §18] by

(1.3) Pn(s) = 2", (s2 = 1), s> 1.

For K > 0 define increasing homeomorphisms ¢ , and yg , from
(0, 1) onto (0, 1) by
{ ok n(r) = 1/v7 (Kyn(1/1)) = My H(aMa(r)),
WK,n(r) = (1 - w%/[{’n(r/))l/za
where ¥ = V1 —7r2 and o = K=" Given a domain D in R”,
for K > 1 let QCk(D) and QRg(D) denote the class of all K-

quasiconformal and K-quasiregular mappings, respectively, of D into
itself [V1], [Vu2]. For K > 1, 0<r < 1, define [AVV2]

(1.5) ¢k o(r) =sup{|f(x)|: [x|=r, f(0) =0, f € QCk(B")},

(1.4)

(1.6) 9k, a(r) = inf{£(0)]: x| = r, £(0) =0,
f€QCk(B"), f(B) = B"}.

We extend the functions in (1.4), (1.5), (1.6) to [0,1] by defining them
tobe 0 at 0 and 1 at 1. For n > 2, K >1, 0 <r < 1, these
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distortion functions are related by the inequalities [Vul, 3.5, 5.20],
[AVV2, (1.4), Theorem 2.24]
{ (p}’n(r) < min{¢K,n(r) ) ‘//K,n(r)} s

91k n(1) 2 max{eyk a(r), ¥i/k a(r)}-
Each of these three functions is increasing from [0, 1] onto [0, 1]
(see §3 below). For n = 2 the inequalities in (1.7) reduce to equalities.

It is well known that M, (r)+logr is monotone decreasing on (0, 1)
[T, p. 632], [G]. The so-called Grotzsch ring constant 4, defined by

(1.8) logi, = lim (M,(r) + logr)
r—0+

(1.7)

satisfies 1, = 4 [T], [LV, (2.11), p. 62] and A, € (2&%76(n=1) 2¢n—1)
for n > 3 [G], [AVV4, pp. 120-121], [AF].

The main purpose of this paper is to show how one can translate
information about the special function M,(r) into information about
geometric properties of quasiconformal mappings. An important tool
is the following result, which improves the above-mentioned mono-
tone property of M,(r) +logr.

1.9. THEOREM. For each n > 2, the function
r
7u0) = M) +1og ()

is strictly decreasing from (0, 1) onto (0, log(4,/2)), where A, is as
in (1.8) and ' = (1 — r?)1/2. Moreover, f5(r) is strictly concave on
(0,1).

The next result is an immediate consequence of Theorem 1.9 (cf.
[G, Lemma 8], [AVV4, Corollary 2.30]).

1.10. COROLLARY. Foreach n>2, 0<r<1, r=vV1-1r2,

Inl+7 An
(1) M,(r) < log (7 p ) < logT,
My(r) _ d B
(2) rlogr e _J;M”(r) = '

The usual method of obtaining lower bounds for the capacity of
a ring is to use spherical symmetrization [G] together with the ex-
tremal property of the Teichmiiller ring and the fundamental inequal-
ity My(r) < log(A,/r). By virtue of Corollary 1.10(1), all such ear-
lier bounds can now be improved. A graphical comparison of some
bounds for y;(1/r) appears in Figure 1 in §2.
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From Theorem 1.9 and Corollary 1.10(1) we shall derive several in-
equalities for the distortion functions in (1.4), (1.5), and (1.6). These
functions are interesting not only for studying the radial behavior of
mappings in QCk(B"), but also as means of expressing other special
functions.

1.11. THEOREM. For n > 2 and K > 1 let a = KV/0-" = 1/8,
L=0n/2) ", I =(An/2)'F, I, =21/(1 +12). Then

(1) ¢k n(r) < tanh(2arctanh(LA(r)"))
for re (0, 1), and
(2) @1k ,n(r) > tanh(2 arctanh(/A(r)*))

forall re (0, 1), where A(r)=r/(1+7¢), ¥ =v1—r2. For K=1,
both (1) and (2) reduce to equality.

The following local Holder continuity theorem simplifies and im-
proves earlier results in [G], [R, pp. 82-83], [MRV], [AVV2], [Ca].

1.12. THEOREM. For K> 1, n>2 let f € QRg(B"), O0<r<1,
a=KY1=" “andlet 1, beasin (1.8).
(1) If x,y € B"(r) then

|£(X) = O] < A~ (1 = r?) " x =y
(2)If x e B"(r) and y € B", then
|f(x) = f()] < 274, (1 = 1)~ *|x = p|*.

Next, the hyperbolic metric p(x, y) on B” is given by

2
1'13 tanth(x’y)——- |x—y|
(1.13) Z P s g T R Y B

for x,y € B" (cf. [B, p. 40], [Vu2, 2.47]). The following distortion
theorem for the hyperbolic metric is a consequence of Theorem 1.9.

1.14. THEOREM. For K > 1, n> 2, let f € QRyx(B"). Then for
all x,y e B",

tann < (%)™ (1anh £)" < & (sanh 2)" < & (sann 2)'"*
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where p = p(x,y), p' = p(f(x), f(¥)), and o = K'/(1=") . These
estimates are sharp as K tendsto 1.

1.15. CorROLLARY. For K > 1, n> 2, let f € QCk(B"). Then for
all x,y € B",

pl . p I/K
tanh y <min{2, K} (tanh Z) ,

where p = p(x,y) and p' = p(f(x), f(¥)).

The results in §3 will show that for » > 3 the functions ¢ ,(r),
9% .n(r),and yk ,(r) in (1.7) behave differently and that the behavior
of ¢k ,(r) differs drastically from that of ¢g »(r) (cf. 3.7(1) and

3.14).
In §4 we study the linear dilatation

(1.16) Hy(K) = S“p{%%: x| = y] >0,

feQck®). f0) =0}
obtaining the following asymptotic estimate.
1.17. TuEOREM. For each K > 1, limsup,_,,, H,(K) < K*.

An explicit expression for H,(K) is known only for n = 2, and

-1 2
_(r (ﬂ/(2K))>
(k)= (“ Tk
[LV, (6.4), p. 81] is also denoted by A(K). It follows from [AVVS,
Theorems 1.1, 1.2] that

(1.18) K™E < em&=1) < J(K) = Hy(K) < e™K-(1/K))

for K > 1 and that (A(K))'/K is strictly increasing to e* as K tends
to oo. Thus 1.18 and Theorem 1.17 imply that

(1.19)  Hy(K) < (1 + 1—"%@)4 < (Hy(K))¥™, K>1,

for n sufficiently large. On the other hand by [AVV1, Theorem 1.14],
H,(K) > A(K'/("=1) > 1 for each K > 1 and n > 2. Whether the
upper bound in Theorem 1.17 can be replaced by 1 remains an open
problem (see 4.12(1) below). In any case, Theorem 1.17 shows that
quasiconformal mappings become more rigid in high dimensions. If
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one wants to extend the theory of quasiconformal mappings to infinite-
dimensional Banach spaces then the definition of a K-quasiconformal
mapping must be chosen carefully, as e.g. in J. Viisila [V3].

1.20. NotATION. For n > 2, R"” denotes the n-dimensional eu-
clidean space, and R" its one-point compactification R” U{oco}. Unit
vectors along the coordinate axes in R” are denoted by e, e, ..., e,.
For x in R® and r > 0 we let B"(x,r) = {z e R": |x — z| <
r}, S"(x, r) its boundary sphere, B"(r) = B"(0,r), S*(r) =
S"=1(0, r), B" = B*(1), and S"~! = §"~I(1). Forany E C K" we
let E denote its closure. For a,b € R" we let [a,b] =
{1 —=Ha+1th:0 <t < 1} and for a € R"\{0}, [a,o0) =
{ta:t > 1}, [a, 0] = [a, 00) U {co}. Whenever 0 < r < 1, by
¥ we shall mean 1 —r2.

Given E, F, and G, subsets of R", we let A(E, F; G) denote
the family of all curves joining £ and F in G [V1]. The conformal
modulus of a family of curves I in R” is defined by

MT) =inf [ p"dm,
P Jrr
where dm represents n-dimensional Lebesgue measure and the in-
fimum is taken over all nonnegative Borel-measurable functions p
satisfying fy pds > 1 for each locally rectifiable curve y € I" [V1].
Let G be a domain (open connected set) in R”. A continuous
function f: G — R” is said to be K-quasiregular, 1 < K < oo, if f
is ACL",i.e. f is absolutely continuous on almost all lines parallel
to the coordinate axes and the first partial derivatives are locally L”-
integrable, and if

(1.21) { /(" < KJr(x), |f7(x)] = maxy—; |/ (x)A],

Jr(x) < KI(f(x))", [(f"(x))" = miny =y [ /' (x)A]
hold a.e. in G. Here f’(x) denotes the formal derivative of f at
x,1e. flix)e, =Vfi, i=1,....n, f=(fi,rs--->n), and
Jr(x) = det(f'(x)). A K-quasiregular homeomorphism is called K-
quasiconformal. A mapping [ is called quasiregular or quasiconformal
if it is K-quasiregular or K-quasiconformal, respectively, for some

K € [1, o0). For properties of these mappings the reader is referred
to [V1], [V2], [Vu2].
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2. Modulus of the Grotzsch ring. A ring R = R(Cy, Cy) in R" isa
domain whose complement consists of two components Cy and Cj,
where co ¢ Cy. Two extremal rings, the Grotzsch ring

Rg,n(s) =R"\(B"U[se;, o)), s>1,
and the Teichmiiller ring
Rr o(t) =R"\([-e;, 0]U[te;, 0]), >0,

are important in the study of distortion [G], [Vul], [Vu2], [AVV1],
[AVV2], [AVVS5].

The conformal capacity cap R and modulus mod R of a ring R =
R(Cy, Cy) are given [V1] by

capR=M{T) = w,_,(mod R)! ",

where I' = A(Cyp, C;; R) and w,_; is the (n — 1)-dimensional mea-
sure of S"~1.

The function M,(r) defined in formula (1.2), usually denoted by
u(r), is given explicitly [LV, (2.2), p. 60] by

_nZ'(r)
(2.1) #(’)—'2-%—(’,),
where
n/2
(1) =/ (1-rsin?0)~'2dt, Z'(=%(), r=+V1-r2,
0
are complete elliptic integrals. We also use the dual integrals

/2
g(r):/o (1—r2sin?0)2de, &'(r)=&().

The next result is an analog of ’Hopital’s rule and will be useful'in
establishing monotoneity of a ratio of two functions.

2.2. LEMMA. For —-co < a< b < oo let f,g:[a,b) — R be
differentiable functions such that g'(x) # 0 for x € (a,b).
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If f'(x)/g'(x) is increasing (decreasing) on (a,b) then so is

(f(x) = f(a))/(g(x) — g(a)).

Proof. We may assume that g’(x) > 0 for all x € (a,d) and
that f’(x)/g’(x) is increasing on (a, b). By the Cauchy mean value
theorem, for x € (a, b) there exists y € (a, x) such that

f)-fla) _ r'y) . fx)
g(x)—gla) &)~ gkx)
which implies that (f(x)— f(a))/(g(x)— g(a)) has a positive deriva-
tive on (a, b). 0

2

2.3. Proof of Theorem 1.9. The monotoneity appears in [Al, The-
orem 5, p. 15], but for completeness we include the proof here. For
0 <a < b <1 let R be the ring whose boundary components are S”"~!
and the segment [—ae;, ae;]. Then S”"!(a/b) separates R into
two rings R; and R,, where R; is conformally equivalent to
R n((1 +b%)/2b) and R, is the spherical annulus {x: a/b < |x| <
1}. By superadditivity of the modulus [F] we get mod R > mod R,
+ mod R, , that is,

2a 2b b
M(tmﬁZM(rnﬁ+ma

Next, putting r; = 2a/(1+a?), r, = 2b/(1+b?), we conclude that f,
is decreasing. The limit as r tends to 0 follows from (1.8), while the
limit at 1 is trivial. In [A2, §8] a different proof of this monotoneity
is based on Holder’s inequality, which, by [A2, Lemma 4], cannot
reduce to equality; hence the monotoneity is strict.

Next, let n =2 and f(r) = fo(r). Then by [AVV6, Lemma 2.1(2)],

70 = (1= e )

which is negative for 0 < r < 1 since 7.% (r)? is strictly decreasing on
(0, 1) [AVV6, Theorem 2.2(3)] and #(0) = n/2. Thus f is strictly
decreasing on (0, 1). Next, —f'(r) = g(r)h(r)/r, where

(4

A1
AL _ U _
gr) = —_— and A(r)= —2\/7%0) 1.

Since g(r) is increasing [AVV6, Theorem 2.1(3)], we need only prove
that A(r)/r is increasing, and by Lemma 2.2 it is sufficient to show
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that A/(r) is increasing. First by [BF, 710.00]

W) _ 1 H()
1+h(r) 2% r °
By [AVV6, Theorem 2.2(3)] the first factor is increasing; thus by
Lemma 2.2 it is sufficient to show that H’(r) is increasing. Now,
by [BF, 710.04-.05], H'(r) = (& — r2%)rr'~2, which is clearly in-
creasing. O

2.4. REMARK. For 0 < r < 1, by [Al, Theorem 2], [G, Lemma 8§]
(cf. [AVV4, (1.10), (1.11)]), and 1.10(1) we have

where H(r) = (¥ — &) — (& — 27 (r)).

27leylog 2 < ya(1/r) < 27 e (452)
(2.5) _
on-1 (10g252) ™" < 3, (1/r) < 01 u(r)1 7,

where ¢, is a constant [V1, p. 31]. Here equality holds on the right
sides for n = 2. Let f(r), g(r) denote the minorants and F(r),
G(r) the majorants in (2.5) and let A(r) = @,_;(log(A,/r))!~". Then,
for n = 3, the graphs of these functions are in Figure 1, where the
graph of p3(1/r) lies in the shaded region.

8T

FIGURE 1. Bounds for y3(1/r), O0<r<1

. 1+r ____n_* 4n
Lower: f(r) = 4cslog 127, g(r) log (49501(l+r )/) h(r) = 10g2(9.9002/r)
4n

Upper: F(r 4c3u( L), = .
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From Figure 1 we see that the new lower bound g(r) for p3(1/r)
given by Corollary 1.10(1) is the best of the present lower bounds
when O0<r<ry, ro~0.95.

2.6. THEOREM. For n > 2 the function

Ja(r) = Myu(r)log((1 + V1)/(1 = V1))
is strictly increasing from (0, 1) onto I,, where I, = (0, n*/2) and
I, =(0, 00) for n > 3.

Proof. First, by [LV, (2.3), p. 60], f2(r) = u(t)log((1 +1t)/(1—1)),
where ¢ = 24/r/(1 +r), and the result follows from [AVV4, Lemma
2.6(4)]. Hence for n > 3 the result follows from [AVV4, Lemma
2.6(5)]. O

As shown in [AVV4, 1.21], the function M, satisfies several non-
linear functional inequalities. Next we shall prove additional results
of this type.

2.7. THEOREM. For each n>2 and s,t€ (0, 1),

2s 2t 24/st
< =),
My (1+s2) + M (1+t2) < 2My (1 +st)

There is equality when s =t.

Proof. The statement about equality is trivial. For the inequality,
let R denote the ring in R” whose complementary components are
the sets [—e;/(st), co]U[e;/(st), o] and [—e;, e;]]. Then R is con-
formally equivalent to the Teichmiiller ring Rz ,((1—s¢)?/(4st)), and
the sphere S”~1(1/s) separates R into two rings R; and R, that are
conformally equivalent to Rg_,((1+s2)/(2s)) and R ,((1+1%)/(2¢)),
respectively. The result now follows from (2.1) and the superadditiv-
ity of the modulus [F]. O

2.8. COROLLARY. For n>2, a,be (0, 1),
M (a) + My(b) < 2My(Vab),
where equality holds if and only if a=0b.

Proof. For a = b, equality is clear. Next, for a # b, let s =

a/(1+a), t=>b/(1+b"), where @’ =1 —a?, b'=+1-5b2. Then
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a=2s/(1+s%, b=2t/(1+1¢?), and Theorem 2.7 gives

2V/st 2¢/st
M, (a) + M, (b) <2M, (———)<2M
=2M,(Vab),
since M, is strictly decreasing. o

2.9. REMARK. Corollary 2.8 strengthens [AVV4, (1.22)].

2.10. THEOREM. For each n > 2, let
M My(r)
") = fogtT + 7 TogUin(1 + )/ (21))"

Then f,(r) is strictly increasing from (0, 1) onto (1, 00) and g,(r)
is decreasing from (0, 1) onto (0, 1).

and gu(r) =

Proof. By [LV, (2.5), p. 60] we have
pu(r) _ 2u(r) @)
fZ(r) log (1+r ) log (1+r ) log (%) ’

where ¢t = (1 — r)/(1 + '), and it follows from [AVV6, Theorem
4.3(4)] and f>(r) is increasing from (0, 1) onto (1, co). For n >3
it follows from [AVV4, Lemma 2.6(5)] that the function

fulr) = fo(r) - M0

u(r
has the desired properties.

Next,
A
log 3 — (M,,(r) + log 1:/)
1—gn(r) = 2 (14r) g
log =5~
which, by Theorem 1.9, is increasing from (0, 1) onto itself. O

3. Distortion inequalities in R”. In this section we obtain estimates
for the distortion functions ¢k ,, 9k .n» and g n introduced in
(1.4) and (1.5). In [AVV3, Theorem 2.2] it was shown that ¢} , #
¢k,n for n >3, K # 1. We now show that ¢} , # vk » and ‘also
that ¢gx , and wg , are not comparable. In our first result we apply
a method of O. Hiibner [H] (cf. [LV, pp. 64, 65], [AVV]1, p. 698])
along with our Theorem 1.9 to derive inequalities that improve earlier
distortion estimates [AVV1, Theorem 4.10].
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3.1. THEOREM. For n>2, K>1, 0<r< 1, let a = K1/(-n)

B=1/a, ¥ =vV1-12, Ar)=r/(1 +7). Then

1) Aoxon < (%) " oy < ka0,

@ Awaonz (%) a2 k1400
l1-a

@ exan< (%) Qe <Ko

1-8
@) ouyxan > (4-2—) (14 7)1 BB > K-B(1 4 1')1Brb.

Proof. Let s = gk ,(r). Then M,(s) = aMy,(r), s > r. Hence by
Theorem 1.9
log A(s) < (1 — a)(M,(r) + log A(r)) + alog A(r)
<(l-a)log (/12 ) +alogA(r) <logK + alog A(r),

and (1) follows. Since (p,}fn = @1/k,n» (2) follows from (1). Finally,
(1) implies (3), and (2) implies (4). O

3.2. CorOLLARY. For n > 2, K, > K; >0, a = (K/Ky)V/(-"),
O<r<1i,

1-a

j. 1-—a
okn < () 0k a0 (14T 0k 0

Proof. Since ¢k  n(r) = 9k /K, ,n(9k,,n(r)) , the result follows from
3.1(3). ]

3.3. REMARK. We can obtain analogous inequalities for ¢z , by
combining (1.7) with Theorem 3.1.

3.4. Proof of Theorem 1.11. Part (1) follows from Theorem 3.1(1),
since 2arctanh A(r) = arctanhr and LA(r)* < 1 if O0<r<r =
tanh(2 arctanh /) . Part (2) follows similarly from Theorem 3.1(2). O
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3.5. THEOREM. For n > 2, K > 1, a = K=" B = 1/a,
O<r<l1, r=vVv1-r2,
(1) tanh(Barctanhr) < gk ,(r)
< tanh(arctanhr + (8 — 1) M, (r))
< tanh(p arctanh r + (8 — 1)1og(4,/2))
(2) tanh(aarctanhr) > ¢f ¢ ,(r)
> tanh(arctanhr + (a — 1) M, (r'))
> tanh(c arctanhr + (a — 1) log(4,/2)).

The inequalities reduce to equality when K = 1. Moreover,

(3) liminfr~*arctanh g} ,(r) > 4!,

r—0

lim sup r—# arctanh 97k n(r) < 4=k
r—0 >

arctanh ¢ ,(r) arctanh @7 ¢ 2(7)

(4) rl—r»rl1 arctanh r =5, rl-r»rll arctanh r ’
whereas
(5) lina r~®arctanh gg ,(r) = A.7%,

r—

lir% r~f arctanh g/ o(r) = Ay 7,

r—

arctanh r
(6) marctanh(pK,,,(r) K, lim 91/k,n(r) — 1/K.
r—1 arctanh r r—1 arctanhr

Proof. From [AVV2, 2.18] and [AVV1, 4.4]
@k .n(r) > 9p »(r) > tanh(p arctanhr)

and
91k ,n(1) < 9o ,2(r) < tanh(aarctanhr).

Next, with s = g% ,(r), s'=V1 —52<r =+1-r?, Theorem 1.9
and (1.7) give

M, (r') — arctanh r < M, (s") — arctanh s < BM,(r') — arctanh s,

and the second inequality in (1) follows. Then Corollary 1.10(1) yields
the third inequality in (1). The proof of the first and second inequal-
ities in (2) is similar.

The first limit in (3) follows from [AVV1, Theorem 4.9] and [LV, p.
65]; and the second follows from the first by inversion. The limits in
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(4) follow directly from (1) and (2); (5) follows from [AVV4, (3.7)];
and (6) is implied by [AVV1, Theorem 4.4]. O

Theorem 3.5 yields the following sharp quasiconformal distortion
result for the hyperbolic metric in B”.

3.6. COROLLARY. If f € QCk(B") and B =KV = 1/a, then

(1) p(f(x), f() < plx, ») +2(B — )M, <sech P(XZ, y))

< Bp(x, ¥) +2(8 - Dlog 2

for all x,y € B". Moreover, if f(B") = B", then we also get the
reverse inequality,

@ ap(x,y) -2l -a)log>?

< p(x,y) =21 - )M, (SECh <p—(£2—y_)))
<p(f(x), f)).

Proof. Denoting tanh(p/2) = r, tanh(p’/2) = s, p = p(x,¥),
p = p(f(x), f(y)), then applying 3.5(1) and [Vu2, 11.2], [MRV], we
get

p' = 2arctanhs < 2 arctanh ¢k ,(r)

< p(x,y) +2(8 - M, (sech <p(X2, J/))>

A
proving (1). Inequality (2) follows from (1) applied to f~!. o

3.7. COROLLARY. For K > 1, n>2, =KV D =1/a, 0<
r<li,

B 1 * 2(8-1) B
0 147 < +<0K,,,(")S An 147 ’
1-r 1 =% () 2 1—r
2) A\ (14 aS 1+¢T/K,n(r)s L+r\*
2 1—r l—m‘/K’n(r) 1 —r

Proof. Inequalities (1), (2) follow from Theorem 3.5(1), (2) respec-
tively. O
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In a recent paper D. Cooper [C] has shown that, for a class of home-
omorphisms of B" onto itself keeping 0 fixed, the image of S"~!(r)
is close to $”!(r) in a certain sense. (For an alternative proof see J.
Viisild [V3].) More precisely, Cooper showed, for a given mapping
f in this class and for r closeto 1 and & > 0, that S"~!(r) = AUE,
where ANE =@ and

fa)c |J D(z,e); D(z,e)={weB": p(z, w) < &}

|z|=r

and the exceptional set E is small in the (n—1)-dimensional measure.
Cooper’s class of mappings includes quasiconformal mappings in par-
ticular. We shall now apply Corollary 3.7 to show that for every ¢ > 0
Cooper’s exceptional set E is nonempty for r close to 1, even for
K-quasiconformal mappings when K > 1. Indeed, with s = ¢} ,(r)
from Corollary 3.7 we obtain

1+r

)2 (-1 log 17T

l+s1—r
n—1 n—1 _
p(5"4(r), ") = log (51

which tends to oo as r — 1. Thus given K > 1 there exists a
K-quasiconformal mapping f of B" onto B" keeping 0 fixed and
for which there are points on S"~!(r) whose images under f are
at hyperbolic distance at least ((f — 1)/2)log((1 + r)/(1 —r)) from
S”=1(r). In other words, Cooper’s exceptional set is nonempty for all
K > 1 and for all r sufficiently close to 1.

3.8. Proof of Theorem 1.14. Let r = tanh(p/2), s = tanh(p’/2),
r=vV1-r2,s=+v1-s2,and a = K17 Then by Theorem 3.1,
[AVV4, (3.22)], and the Schwarz lemma [MRYV, 3.1],

/ l—-a a
tanh%: 1 s < 9k ,n(r) < (i_n) (_r_l)
+S 1+ 1‘(0K,n(r)2 2 1+r

- (%)1"’ (tanh (%))a <K (tanh g)a <K (tanh g)l/K

When K =1 the inequality in the theorem reduces to p’ < p, which
by conformal invariance is an equality if f is one-to-one and f(B") =
B". 0O

3.9. Proof of Corollary 1.15. This follows immediately from Theo-
rem 1.14 and [AVV2, (2.5)]. O
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We shall require the following simple inequality (cf. e.g. [Vu2,
(2.27))):

_ A(
(3.10) =yl < 2tanh =5 < = ST

for x,y e B".
3.11. Proof of Theorem 1.12. For (1), by Theorem 1.14 and (3.10)
for x,yeB", with p=p(x,y), p = p(f(x), f(¥)), we have

)~ )] < 2tanh & < 2 (%)1 (ann2)’

<A (1=rA)7x = y|*.
The proof of (2) is similar. a

The next result is elementary.

3.12. LeMMA. For K > 1 and r€ (0, 1), ¥ =1 —r2, the follow-
ing inequalities hold:

(1) r < V1 —r2K < tanh(K arctanh r)
< min{Kr, V1 — 41-Kp2K} |

A% 1-1/K p12/K 1
(2) max (I?) ,1—-4 r < tanh k—arctanhr

<V1-rUK <y,

3.13. THEOREM. For n > 2, 0 <r <1, 1 < K <o, f =

KYO=D = T2,
V=128 < px ,(r) < wie a(r) <y 1= 2507 Pp2s,

Equality holds for K = 1. The upper bound for yg ,(r) is asymptoti-
cally sharp as r tends to 1.

Proof. By Theorem 3.5(1) and Lemma 3.12 we obtain
@k »(r) > tanh(B arctanhr) > V1 — 128,

The second inequality follows from (1.7). Next, by (1.4) and The-
orem 3.1(4) we have

2(1-
W a(r) =1—-97 ,(r) <1 — WP
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proving the third inequality. The statement about equality is clear.
Finally, the third inequality is asymptotically sharp as r — 1 since

lim 221y ,(r) = lim PP} () = 207
by (1.4) and [AVVI, (4.12)]. o

3.14. COROLLARY. Let n >3, m>2, 1<K <oo,and 0<r<1.

(1) If r is close to 1 then ¢k ,(r) < ¢k m(r).

(2) If m > n and r is close to 0, then the above inequality is
reversed.

Proof. For (1) choose r such that (1 — A¢)/2 < r < 1, where
c=2(1-B)/(K—B), B =K1 Then

1 _Aﬁ(l'ﬂ),ﬂﬂ <1—72K

and the result follows from Lemma 3.12 and Theorem 3.13.
By [AVV1, Theorem 4.10] and [AVV2, (2.18)] we get

lim g, (r)/ @k, m(r) = o0,

and hence (2) follows. 0
4. High dimensions. In this section we prove Theorem 1.17, by
using the following result from [Vu3].

4.1. THEOREM. The linear dilatation in (1.16) has the following
majorant:

H(K) < af, ZE1E,
where
2
Ak n(2) ¢K—’n(\/—{2_' BK,n(t)=¢%/K,n(vt/(l+t))-

T 192 (VD)

4.2. Proof of Theorem 1.17. Fix t € (0, 41-XK~2). Then by Theo-
rem 3.1(3), (4) and [AVV4, (3.23)],

3’(1"0’)t0¢ Kzt

lim sup 4 < li -

B
. o20-p (L N ¢
llggg}fBK,n(t) 2 ,}l.rgo)”" (1 T t) T K21 +10)
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so that
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A n(0) _ KA(1+1)

i
oo’ Bial) © 1K

. . . AK n(t) 4
H,(K) < — 1 < .

lim sup H,(K) < lim sup (og}fl Beay) =K 0

4.3. Conjectures. (1) lim,_,.c Hy(K) =1 forall K > 1.
(2) imp—oo ) ,(r) =7 forall K >1and 0<r<1.
(3) My(r) can be replaced by M?~1(r) in Theorem 2.6.

4.4. REMARK. We observe that [AVV1, (4.5), (4.11)] implies that

r <liminf pg »(r) < limsup px, 4 (r) < Kr
—0Q0 n—00

forall K > 1 and 0 < r < 1, so that the analog of 4.3(2) is false for
ok a(r) if K>1.
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