CLASSES OF MATRICES AND QUADRATIC FIELDS

Orca Taussky

1. Introduction. In a recent paper [1] a correspondence between classes of
matrices with rational integral elements and ideal classes in algebraic number
fields was discussed., This is now studied in more detail in the case of quadratic
fields.In particular the ideal classes of order 2 are discussed and the significance
of the sign of the norm of the fundamental unit in real quadratic fields is displayed
in an example; further results in this connection will be published elsewhere.

vor completeness the result of [1] is repeated:

T.et f{x) = 0 be an irreducible algebraic equation of degree n with integral co-
efficients, ¢ one of its algebraic roots, 4 = (a;;) an n X n matrix with rational
integers as elements which satisfies f(x) = 0, and S a matrix with rational integers
as elements and determinant +1. It was shown that the matrix classes S™!4 S are
in one-to-one correspondence with the ideal classes in the ring generated by «.
The correspondence can be expressed in the following way: If ¢y, **+, 0, is a

module base for an ideal in the ring and A the matrix for which

(1) w(cty , ooy on) = A&y, cor, Un)

then the ideal class determined by (t, * *+, &,) corresponds to the matrix class

determined by A.

2. Inverse classes. l.et m be a square-free positive or negative integer. Con-
sider the quadratic field generated by m"? or (1/2)(=1 + m"Y?) according as
m =2, 3(1) or =1(4). The first result to be proved is the following.

THEOREM 1. The inverse of an ideal class corresponds to the class deter-

mined by the transpose of the matrix class which corresponds to the ideal class.

Proof. We treat the two cases separately.
(a) The case # = 2, 3(4). Here choose u=m" 2 let ¢.;, 4, be a module base

for an ideal a, If

o =a +Ln? ty=c +dn"?
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then norm (¢ y, & ,) = |ad — becl|. Put ad — be = A. On the other hand, norm a

= o+ & when &' is the conjugate of &; hence,

norm a = [b%m — a?, d’n — ¢?, ac — bam — afad — be)

1 M2

which corresponds to the ideal a, we use the fact that

ac — bdm + w(ad — bc)].

In order to find the matrix

oy = bm + ac. = Aq(a +ba) +A,(c +da),
Gy =dm +ca=p(a +bx) +py(c +do) .
Hence,
bdm —ac  a? — b’m

A A

Ay A

d’mn — c?  ac — bdm

A A

1 M2

The elements in this matrix are rational integers.

The ideal which corresponds to the transpose of this matrix is, by (1),
ac — bdm bm — a?
ad — be ad — be

which is equivalent to
b= [ac — bdm — Wad — bc), b2m— a?] .

It will now be shown that this is an ideal inverse to a. For this purpose we

show that the product ab is a principal ideal, namely, the ideal (ad — bc)oy . For,
ab = {[ac — bam — alad — be)]uy, lac — bdn — a(ad — bc)]os ,
(b%m — a?)uy, (b%m — a?) b .

The number (%n — a?) &, can be expressed in the following form:

— (bm"?+ a)(a — bml"’lz) (e +dm1’/2) =— oy[ac — bdm + alad — be)|.
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Similarly,
lac = bdm — tlad — be)) ¢, = (d*m — c?) Gy »
Hence, it follows that
¢b =y * norm Q.

(b) Case m = 1(4). Here we choose a.=(1/2)(—1 + mV?),

Let
2a — b bm/?
Gy = a +bu = ,
2 2
_ 2¢c —d dm*?
Uy = ¢ tdu = +
2 2
Then
m—1 m—1
norm ¢; = a(a—b) — b2 L norm ¢y = c(c— d) — d? 1

-1
norm & = [norm 0i; , norm ¢y, a(c—d) — bd m__;_ + albe — ad),

-1
a(c —d) = bd m—?;—— albe — ad)].
It follows that
m— 1
acy = b T +ala — b) = A (a +ba) + Ay(c +da),
-1
Wiy, = d ,—n—4— +alc —d) =pqla + ba) + (e +da) .

Hence,

m—1 m— 1

—cla—0b) d?

~clc—d)
Ar Ay

~1 -1
a(a~b)~62m—4— alc = d) — bd

M1 Mo
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Again, all the numbers in this matrix are rational integers.

The ideal which corresponds to the transposed matrix is equivalent to:

B=[a(c~d)~bd%—a(ad“bc), a(a“b)—bZ”L41].

The product ideal ab is again shown to be the principal ideal (ad — bc)u;.

For it is

[(Cil norm Oy , Gy morm Oy, ¢y [a(c —d) — bd ﬁi—l— = (ad — bc)] ,
Cuy [a(c —d) — bd '_"_i__l - olad — bc)”.

We have

Gy norm oy = (a +b)(a + ba')(c +dc)
where o' is the conjugate of . Further,

[2a + b(—1—n"?)][2¢ +d(—1 + m"?)]
4

(¢ +ba’')(c +d&) =

-1
= a(c — d) ‘“bdm-4—'+0’.(ad"bc) .
Similarly,

m—1
oy |a(e = d) — bd T— a(ad — be)| = ¢y norm ¢y .
This shows that again, ap = ¢ norm a.
3. Classes of order two. From Theorem 1 it follows that a matrix which cor-
responds to an ideal class of order 2 is equivalent to its transpose. The question

arises, when does the class to which this matrix belongs contain a symmetric

matrix? A result in this direction is the following.

THEOREM 2. A matrix class which corresponds to an ideal class of order two
contains a symmetric matrix if and only if every matrix in the class is transformed
into its transpose by a unimodular matrix of the form XX'. In particular the trans-

forming matrix must be of determinant +1.

Proof. Let A be a matrix equivalent with its transpose; that is,

A' = 84871
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when S is unimodular. Let T also be unimodular and assume that T™'AT is sym-

metric. We then have
TMAT=T"A'T'™!

or

T'“YT7YATT = 4" .
Hence, it is possible to transform A into its transpose by a matrix of the form XX'.
Conversely, if

A= X" X7 AXX!
we have

X'A'X' T =XTIAX .

Hence X "' AX is symmetric.

The question arises, are both cases possible, the one when the matrix class
contains symmetric matrices and the one when it does not? Both cases, in fact,
are possible and it can even happen that the same field contains ideal classes of
order 2, some of which correspond to symmetric matrices, while others do not. An
example is the field generated by (410)¥2. An ideal of order 2 in this field is
(7,19 + (410)¥*], and a matrix which corresponds to it is

—19 7
7 19
which is clearly symmetric. Another ideal of order 2 in the same field is the ideal

[2,20 + (410)2%], a corresponding matrix being

— 20 2
5 20
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Any matrix which transforms the latter into its transpose is of the form

—40b + 5d
2

b d

where b, d are parameters. In order to have integral coefficients we put d = 2d’.
The matrix will then be

—20b + 5d' b
b 2d’

This will be unimodular if

—40bd" + 10d'? — b% = 4104’2 — (b +20d")* = %1,

This equation for +1 is impossible, since the fundamental unit of the field gener-
ated by (410)¥2 has the norm +1. Hence, the matrix class which corresponds to this
ideal does not contain any symmetric matrix.

A symmetric matrix can correspond only to ideals in real fields since such a
matrix can have only real characteristic roots. It can further be seen easily that,

in this case, m has to be a sum of two squares.
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