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ENTROPY OF A SKEW PRODUCT WITH A Z?-ACTION

KYEwON KOH PARK

We consider the entropy of a dynamical system of a skew
product T on X;zX, where there is a Z2-action on the fiber X,.
If the Z2%-action comes from a Cellular Automaton map, then
the contribution of the fiber to the entropy of the skew prod-
uct is the directional entropy in the direction of the integral
of a skewing function ¢ from X; to Z2.

1. Introduction.

J. Milnor has defined the notion of directional entropy in the study of dy-
namics of Cellular Automata [Mil], [Mi2]. When the notion is applied to
a Z™ action it is considered to be a generalization of the entropy of non
co-compact subgroups of Z™.

In the case of a Z2-action, we denote the generators of the groups by
{U,V}. Let P be a generating partition under the Z?-action. We write
P,; = U'VIP. If a subgroup is generated by UPV?, then there is a natural
way to compute the entropy of UPV? as a Z-action on the space. Milnor
extended this idea to define the entropy of a vector by embedding Z2 to the
ambient vector space R? as follows.

., — 1
h(v) = sup hmt_,oozH ( \/ P,-,j) .

B:bounded set (3,5)€EB+[o,t)7

Given a vector v, we let 8, be the angle between two vectors ¥ and (1,0).
Let w = —5- so that (w, 1) is a scalar multiple of the vector 7. It is easy to
see that

(ty]
., . .1
o= pmtn(V Vo n),

j=0—m4jw<i<m+jw

where [a] denote the greatest integer < a.

We note that if ¥ = (p,q), then h(¥) = h(UPV?). And it is easy to see
that directional entropy is a homogeneous function, that is h(c?) = ch(?)
for any ¢ € R.

Directional entropy in the case of a Z?-action generated by a Cellular
Automaton map has been investigated in [Pal, Pa3] and [Si]. D. Lind

227



228 KYEWON KOH PARK

defined a cone entropy, denoted by h¢(7), of a vector ¥. Given a vector

¥ = (z,y) and a small angle 0, we consider the vectors vy = (z¢,y) and 7_4 =

(z_g,y) where z4 and z_g4 satisfy E = tan(f, + 0) and Y

P tan(6, — 0)

respectively. Cone entropy is deﬁned as follows.

[ny]
vo-pmimin(V Vo)
j=0jz_g<i<jzg
From the definition, it is clear that we have h¢(¥) > h(7).

We say that a Z2-action is generated by a Cellular Automaton if one of
the generators of the Z2-action, say V, is a block map (a finite code) of U.
That is, (V(z)); depends only on the coordinates z_,,z_,11,... ,z, [He].
We call r the size of the block map V. We will show that in the case of a
Z*-action generated by a Cellular Automaton map, the directional entropy
and the cone entropy are the same (Theorem 1).

Let (X1,(1,p1,G) and (X3, (o, po, H) be two ergodic measure preserving
dynamical systems with finite entropy, where G and H denote the respective
group. Given an integrable skewing function ¢ : X; — H, we define a skew
product G-action T on (X1 x Xa,(1 X Gy 1 X po) such that f’g(w,y) =
(T9z, F¥®y) where T denotes the G-action of X; and F denotes the H-
action on X,. When we have G = H = Z, then the entropy of T has been
extensively studied by many people (e.g. [Ab], [Ad], [Ma, Ne]). It is well
known in this case that h(T) = h(T)+| [ @ dp|h(F). The above formula says
that, as we expect, the fiber contribution to the entropy is | [ @ du|h(F).

We investigate the entropy of T when G = Z and H = Z%. Note that
the above formula cannot hold when the acting group on the fiber is a more
general group, say Z>. First of all, [¢dpu is in general a vector. Secondly,
if the skewing function takes a constant value, say (1,1), then the fiber
contribution should come from the entropy of UV, not necessarily from the
whole ZZ2-action. We prove that if the fiber Z?-action is generated by a
Cellular Automaton map, then we have the analogous theorem (Theorem 2)
to the case when H = Z.

We may mention that directional entropy can be also defined in a topo-
logical setting. D. Lind constructed an example whose topological entropy
does not satisfy the analogue of our Theorem 3 [Li]. His example involves
a Z2-action which is not generated by a Cellular Automaton map. It is not
clear that Theorem 3 holds for topological entropy when we have a Z2-action
on the fiber generated by a Cellular Automaton map. Lind’s example is not
interesting in the measure theoretic sense because it has the trivial invariant
measure.

We have constructed a counterexample which does not satisfy Theorem 3
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[Pa2]. For the example we explicitly construct the base transformation and
use the Z2-action due to Thouvenot [Th] on the fiber. Both of them are
constructed by cutting and staking method. It would be interesting to find
out how generally Theorem 3 holds. For example, it is unknown if Theorem
3 is true when we have a topological Markov shift which does not satisfy
the condition of Corollary 4. We are more interested in the case when the
topological Markov shift has 0-entropy as a Z2-action.

Although Theorem 2 and 4 are more general than Theorem 1 and 3, we will
prove Theorem 1 and 3 because their proofs are easier and more geometric.
It is also easy to see the proofs of Theorem 2 and 4 from those of Theorem
1 and 3.

We would like to thank Professor D. Ornstein for helpful discussions and
the Referee for many valuable comments.

2. Cone entropy.

Throughout the section we assume that our Z2-action is generated by a
Cellular Automaton map. We denote by H™ (%)

1 n—1 m+jw
Jim —H V V Pyl

j=0i=—m+jw

Note that H™(¥) is independent of the size of the vector v. Let 7 denote
H(Pyy).

Lemma 1. H™(¥) = H™ (¥) if m,m’' > 2r + w.

Proof. Case 1. ¥ is not a scalar multiple of (1,0).
Suppose m' > m. Clearly from the definition we have H™ (7)) > H™(%).
Hence it is enough to show H™ (%) < H™(¥). Note that

. ) 1 n—1
H™() = ,ggg;H(V Vv P,-,j)

j=0 —-m+jw<li<m+jw

0<k<j —m+kw<li<m+kw

YRRRY P)

. 1 n—1
= T}LI&EJZ:OH( \/ P ;

—m+jw<i<m+jw
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=limﬁ H| \/ Py

—m<i<m

n—1
+> H V RV V o Py
j=1

Jw<i<(G—)w+r 0<k<y kw<i<2m+kw

n—1
+> H V PV V Py
j=1

(i-1Dw—r<iljw 1<k<j —2m+kw<ilkw

V V F;

—2m+jw<i<—2m+(j—1)w+r

We make the following observations:

(1)

1 1
lim —H | \/ Po|=0=1lm-H| \/
n—oo n —m<i<m n—oo M, —mi<i<m’

Pio
(2)

gV PV VP

Jw<i< (-1 w+r 0<k<j kw<i<2m+kw
>H V PV Vo P,
Jw<i<(j—1)w+r 0<k<j kw<il2m'+kw

because we condition on more information.
(3) By the same reason, we have

H V P,V V Pix

(-1 w—-r<lijw 0<k<j —2m+kw<i<kw

V V P ;

—2m+jw<i<-2m+(j—1)w+r

>H V. RV V Py

(i-Nw—r<i<jw 0<k<j —2m/+kw<i<kw

V V F;

=2m'+jw<i<-2m/+(3—1)w+r
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These observations together with the formula for H™ (%) above shows H™ (%) <
H™ ().

Case 2. ¥ =n(1,0) for some real 7.

We analogously denote by H™ (%)

1 [nn] m
lim —H[\ V Pj;].
n—oo n i=0 j=—m
We note that

nn] m+2(m'—m)
H™ (7) = ,}g{}o;H(V V P,

=0 j=-—m

[7117] m
=Jim 2\ #(V VP

i=0 j=-m
[nn] m+2(m’—m) [nn]  m
+H \/ V Ps;lV V Py
i=0 j=-m
[nn]
V'Rl] 1
=0

j=m+1

1 m+2(m’ —m) [nn]
< H™@) + lim — Z H VP,,

n—oo N L1

1m+2(m —m) [nn]
< H™(¥) + lim — Z H VP,,V \/ P,;

n—00
n j=m+1 =0 i=[nn]—r

m+2(m'—m)

< H™(¥) + lim — Z 2rT

n—oo n Pl
I —

= H™(5) + lim ﬁlii(ﬁn_ﬂ)

= H™ ().

Since we have H™ (¢) > H™ (%) by definition, the proof is complete. O

<y

Corollary 1. If ¥ is not a scalar multiple of (1,0), then we have

%H (11\_/1 Vv Pm’) B %H (n\_/1 V Pu)

j=0 —mi+jw<i<m+jw j=0 —m'+jw<li<m’'+jw

< lH V P
n m<|i|<m'

2(m' — m)'

<T
n
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Theorem 1. h¢(¥) = h(7).

Proof. 1t is enough to show that h¢(?) — h(?) is small. If ¥ = (z,y) where
y # 0, then by rescaling, we may assume that ¥ = (z,1). Given any ¢ > 0,
there exists € such that if x < 6, then

(i)
lim L H ( V V Pw«) < (@) +¢

n—o0
N \o<i<n joe<i<jo.

(ii) |z_g—zg| <y where v satisfies that y7 < €. There exists mq such that
if m > my, then

1 n—1

lim — . ] = v).

1mnH (\/ \/ | Pw) h(?)
1=0 —m+4jz<i<m+jz

We choose n, such that if n > n,, then we have

(i)
h(D) —e < ;ll—H ( V \V} R,j) < k() +e,

0<j<n—1 —mo+jz<i<my+jz

he(7) — 2e < %H ( \V V Pi,j> < he(%) + 2,

0<j<n—1 jze<i<jT-_¢

lH( \/ \/ Pi,j) < €, where

n 0<j<K —mot+jr<i<mo+jzT

K =max{j : jlzy — z| < m, and jlz_4 — z| < m,},

3

%H( V V PZ-,]) > lH( \V} V Pi,j) .

o<j<n jzge<iljz_g 0<y<n —mo+jr<i<mo+jx
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We compute

|h(@) — h(7)]

H( YERRY P)
o<j<n jxg<i<ljz_g

—%H( \/ \V Pi,j)‘+35

0<g<n —mo—jzi<mo+ijz

<

S|

< %H( V \V Pi,j)

0<j<n n(zg—z)+jz<i<n(c_g—z)+jz

+ 3e

0<y<n —motjr<i<mo+jT

—%H ( V V Pw')

1
“H ( \/ Pw,) +3¢
n .

n(zg—z)<i<n(z_g—2z)

1
< —ynT + 3e.
n

IA

Hence we have
|h () — h (V)] < 4e.

In the case of ¥ = (z,0), it is not hard to see that the idea of the second
part of the proof of Lemma 1 combined with the idea of the proof above will
give the desired result. O

Theorem 2. If 5> _ H (P0,1
h(5).

V P,,0> is finite, then we have h°(0) =

—m<i<m

Proof. We note that if we choose M so that

> H (Po,l
m=M

\/ B,O) < €,

—m<i<m

then we get

m—M
> H (Pk,l
k=—m+M
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for all m > M. Using this, it is easy to see that if my, > m; > M, we have
that for any n,

[ny] —ma+jw ny]  mitjw
—H V V R,)< H(\/ V P”)+25+
Jj=0 i=ma+jw =0 i=—mi1+jw

— 1 m
where MT comes from the difference between —H ( \/1 Pw) and
n n

1 (Y po).
n i=—my

Hence for a given € > 0, there exist m, as in Theorem 1 such that for a
sufficiently large n,

|hE(@) = h(9)|

(gt

o<j<n n(zg—z)+jr<i<n(z_s—z)+jz

_%H ( V V Pm‘)

o<j<n —mo+jr<li<mo+jz

S|

+ 3¢

1
< E’y'm’ + 2¢ + 3e.
O

Corollary 2. If V is a finitary code with finite expected code length, then
he(v) = h(7).

Proof. It is easy to see that a finitary code with finite expected code length
satisfies the condition of Theorem 2. See [Pa3). g

3. Main Theorem.

Let A = py X py. We denote 37 x(T?2) by @p(z) for k = 1 or 2 and
z € X;. Given two partitions, 3, and (,, we write 8; < B, if (3, is a finer
partition than ;.

Theorem 3. h(T) = h(T) + h() where T = [ du = ([ @1 dp, [ @ dp).

Proof. Since [ ¢ du is finite, as in the case of a Z-valued skewing function,
there exists ¢' which is bounded and cohomologous to ¢. Hence we may
assume that ¢ is bounded. Let |¢;(2)] < L and |ps(2)] < L. Suppose

= [¢ du = (z,y) where y # 0. We let o denote the generating partition
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of the base. Let 3 denote a partition of X,. Both of the partitions o and 3
can be considered in a natural way to be a partition of X; x X,. For a given
z € X, we denote the set {(z,u) : u € X2} by I,.

Since
i (Ve ) < (Vo) Lo (Vs [y o)
and
o (Uralyre) = [ (o) o
we have l ’

B n—oo 1

T — H z \%
sgph (T,a ,3) sup lim (VT B )

=0
- 1 =l
=h (T, a) +s;npnli_)n°1°/—H (,\_/oTz'BmIIz> d

=h(f )+ lim lim 1 (VT’,B,,,]I) du,

m—00 n—00
i=0

m L-1
where 3,, denote the partition \ V P ;.

i=—mj=0
We denote lim,,_, %H( T’ﬂm|I) by h, (f, ,6’,,,) .

As in Lemma 1, it is not hard to see that for sufficiently large m and m/,
we have

hz (Tv ﬁm) = hz (Ta ﬁm’) .
We will show that for sufficiently large m,
—l-H (\/T‘ﬁmlI ) — h(?%) as n — oo, for a.e. z € X;.
=0

We denote by z, the z-intercept of a line in R? passing through ¢*(z) with
the same slope as 7. Let

S, = max{z;,... ,Z,} and

t, = min{z;,... ,Zn}.

Given € > 0, let k, be the integer such that if k¥ > k,, then we have
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h(?¥) — lim H<7\7 k'\7’” P”)

n—00
n 0 i=—k+jw

Given any § > 0 and ¢ > 0, there exists n, such that if n > n,, then we
have

(ii)
nE =u{z: l/wdu—%w"(z)

<5}>1—5,

(iii)

1 [ny]  ko+jw
-=H|\ '\ Py €
7’L Jj=0i=—ko+jw
(iv)
~ 1 =l
uE, =,,{z: h, (T,ﬁko) ~~H (\/Tlﬁko|12> < 5} >1—c¢,
1=0
(v) k, < %no,
and

(Vi) |sn — ta] < 2n6.

We choose § < €2 and choose n, satisfying (ii)-(vi) above. We fix m, such
that k, < (¢/2)n, < m, < en,. For notational convenience, we write m and
n instead of m, and n, respectively. We note that

n—1
\/ fjﬁm on IZ

7=0
< BV (B IV O (B,)V - VFTTO(B,) on I
03 "N 2)+L-1 s,+m+jw
S \/ \/ Pz‘,j on Iz.
7j=0 t=t, —m+jw

Since t,, and s,, satisfy that

[(tn +m) — (8, —m)| = 2m + t, — sp| > |2m — 2né| > k,
and

[(sn +m) — (t, —m)| < en,
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if z € E;, then by our Corollary and (ii), we have

1 N2 HL-1 s +mtjw [ny]  kotjw
;H V V P —“H \/ \/ Pi;

j=0 i=t, —m+jw 7=0 i=—ko+jw

1 Snt+m q2 Snt+m+jw
<xun(Vor)elu(V "V p
Jj=

i=t, —m q1 i=t, —m+jw

1 1
< —Ten + ﬁ((]z —q)7(w+2r)
< 7(e + d(w + 2r)),

where g, = min{[ny], ¢3 *(z)+L~—1} and g, = max{[ny], 3 '(2)+L—1}.
Hence we have

=0

L () -

1 [ny]  kotijw
< —H(\/T’ﬁmlf) ——H V V Py
=0 7=0 i=—ko+jw

j=0 i=tn, —m+jw =0 i=—ko+jw

1 03" H2)+L~1 g, +mtjw [ny]  kotjw
< EH( V V P”)———H(\/ V Py

<7(e+d(w+2r)) +e

Let E = E;NE,. If z € E, then by our choice of m and Corollary 1, we have

—H (\/T‘ﬁmlI ) . (T Bn)

=0
< %H (z\:/oj:nﬁm“-z> - %H (:L\;/:Tzﬂkl‘[z)
%H (EW%) —he (T, B)|+|hs (T, ) = b (T, Ba)|

1
§5+5+T—Lm7<e(2+7).

+

Since ¢; and ¢, are bounded, it is easy to see that there exists w such
that lhz (T, ,6)‘ < w for all B and all z. We may also assume that h(?) is
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bounded above by w. Now we compute

sup / h. (T, ) du — h(@)

</ h. (T, B) —h(ﬁ)l du+e

h, (f, ﬂm) - h(ﬁ)' du + sup/

Ec

(T ﬂm)—% (\/T’ﬁ,,JI)

i=0

<
E

+/ (\/T’ﬁmll) (@) d

+sgp/Ec h. (T, ) —h(i)] du+e

<e24+7)+71(e+d(w+2r)+e+4dwe+e
<e(d+27 4+ 7(w+ 2r) + 4w).

In the case when ¥ = [¢ = 7(1,0) for some real number 7, we need
to argue differently. We may assume n > 0. We construct ¢’ which is
cohomologous to ¢ as follows. Let ¢' = (¢}, ).

(i) ) takes the values [g] — 1, [] and [g] + 1
5 takes the values —1,0, 1.

(i1) In an orbit of a point, ¢}, value, 1 or -1, follows its value 0.

(iii) We use the ergodic theorem to construct ¢}, so that it takes the value
0 for all 2's except a set of small measure.
Hence we may assume that ¢ satisfies these properties.

[77] m
We let 5, =V 'V P,;. Recall that r denote the size of the block map.
i=0 j=—m

As in the previous case,we choose m, so that if m > m,, then
(i) m, > 10r,

(i) |A(¥) — H™(7)] <,
(iii) p{z: Isupﬂfhz (7, 8) - h. (T, ﬂm)| <e}>1-e
We fix m > m,. We choose n, so that if n > n,, then

(iv) u {z : -}LH C\Z:T%MIJ —h, (ff,,Bm)I < 8} >1-—c¢,
) afe: [T @@ @) - Fodi <} > 1-¢

and
1 )
(vi) u{z : EZLO‘P? (T’(z))l <egforal0<k<ny>1-—e¢.
Let E denote the set satisfying the above conditions, (iii), (iv), (v) and
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(vi). We have pE > 1 —4e. Let z € E.
Let

k
u=max{2g02(Ti(z)) :k=0,1,... ,n—l}
=0
and
k .
v =min{ch2 (T(2)) : k=0,1,... ,n—l}.
i=0

Since 7 > 0, there exists i, = max {k: ¢¥(2) <i} for ae. z € X;. We
denote by ¥i(z)

max {E 02 (T¢(2)) : 0< k <ido, i — [n] < pf(2) < z} :

¢=0

Now we compute

m 7 (2)
V V&P,
j=

=—m i=0
m4u  #7(2)
( vV Ve,
j=—m+u i=0

e1(2) utm
( V V PR

=0 j=—m+Wi(z)

07 (2) m+¥5(2)
H V \/ Pl +2-2(n)-7-r

1=0 j=—m+¥}(2)

3[‘-‘

n—1
<-H (\/ :T“i,e,,,u,) + derT.

=0

S| =

The second to the last inequality is clear because by the condition (i) on m,,

we have
eI (z)  mtyi(2)
V V B,

=0 j=—mtyi(z)

»1(2) u+m
H ( V. V Py

=0 j=—mii(z)

u+m r—1 ut+m #7(2)
H(V VeV V P,

j=m i=0 j=v+m i=p7(2)-r+1
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<u-r-t+(u—v)-r-7T.
Since the following inequality is also true

—H (\/T’,BmiI )

=0

1 m4u  7(2)
<-H| \ V£,

j=—m+v =0

3

j=—m =0

m+uu<ﬂ1(z
VAR )

IN
|
=

m ‘pl(z)
! \/ \/P”) Eu—v)r-T

j=—m i=0

1 m+tu  ©7(2)
:ﬁH \/ \/P” + derT,

1=—m+u i=0

we have
1 1 m-+u (Pl (2
(\/T’ﬁmu) Ly (VB )| < e
1=0 n —m-+u 1=0
We note that
m4u o7 (2) ( ) m+u ¢7 (2)
V VP = V V£,
—-m+u =0 n <P —m+u =0

converges to h(7).
As in the case of ¥ = [ ¢ du = (z,y) where y # 0, it is now clear that

sgp/hz (f, ,6) dy — h(7)

can be made arbitraily small. O

Similarly we can prove the following theorem.

Theorem 4. If Y 0" H | Fy,| \V P.o| is finite, then we have h(T) =

—-m<i<m

h(T) + h(¥) where v = [ dp = (1 du, [ dp).

The following Corollaries are also almost immediate from the proof of
Theorem 3.
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V V Pi,j> is finite for some k,

—k<y<k —m<a<m

Corollary 3. If Y00 H (Po,1

~

then we have h(T) = h(T) + h(¥) where U is given as above.

Corollary 4. If a fiber Z*-action, F, satisfies the condition of Corollary
3 after a linear transformation by a matriz A in SL(2,Z), that is, Ao F
satisfies the condition, then we have the above formula in Corollary 3 for the
entropy.
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