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PARTITIONING PRODUCTS OF P(w)/fin

OTMAR SPINAS

We generalize the cardinal invariant a to products of
P(w)/fin and then sharpen the well-known inequality b < a
by proving b < a()\) for every A < w. Here a(n), for n < w,
is the least size of an infinite partition of (P(w)/fin)?, a(w) is
the least size of an uncountable partition of (P(w)/fin)¥, and
b is the least size of an unbounded family of functions from
w to w ordered by eventual dominance. We also prove the
consistency of b < a(n) for every n < w.

0. Introduction and notation.

In this paper we generalize the cardinal invariant a to products of P(w)/ fin,
where P(w) is the power set of w and fin the ideal of finite subsets of w, and
show that Solomon’s inequality b < a remains true for these numbers. The
definitions of a and b will be given below.

Throughout the paper by P(w)/fin we really mean P(w)/fin\{0}, and
will confuse members of P(w)/fin with their representatives in [w]“, the
set of infinite subsets of w. For A an ordinal, by (P(w)/fin)* we denote
the set of all C : A = P(w)/fin\{0}, ordered coordinatewise. Members of
(P(w)/ fin)* will be called A—dimensional cubes, or just cubes if X is clear
from the context. As the terminology suggests we will sometimes confuse C
with [To, C(a). Cubes C,D are called compatible, and we write C||D, if
there exists a cube contained in C' and D. Otherwise C, D are incompatible
and we write C L D. A subset of (P(w)/fin)* is called an antichain if any
two members are incompatible. For A C (P(w)/fin)*, by A|C we denote
the set of cubes in A which are compatible with C. For F C ), let prpA =
{DIF : D € A}. It is well-known that (P(w)/fin)* can be densely embedded
into a complete Boolean algebra which is denoted r.o.(P(w)/fin)*. Even
though (P(w)/fin)* is not itself a Boolean algebra we use the terminology
of Boolean algebras and call a maximal antichain of (P(w)/ fin)* a partition.
Note that the meet in r.0.(P(w)/fin)* of a subset of (P(w)/fin)* is the
coordinatewise intersection of its members. As usual, we will use the symbol
A\ to denote the meet operation.

The cardinal invariant a is defined as the least size of an infinite partition
of P(w)/fin. It is well-known that a is uncountable and that the axioms of
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ZFC do not determine its value (see [vD] or [K, 2.15 p. 57 and 2.3 p. 256]).
Example 2.1. below will show that there exist partitions of (P(w)/fin)* of
size v for every cardinal v with 0 < v < |A|. This motivates the following
definition.

Definition. For 0 < n < w let a(n) be the least size of an infinite partition
of (P(w)/fin)". If X is an infinite cardinal we define a()\) as the least size
> X of a partition of (P(w)/ fin)*.

In this paper we investigate a(\) for 0 < A < w.

It is easy to see that for any 0 < A < v < w we have a(y) < a()). However
for arbitrary cardinals 0 < A < «y this may be false; in a model where CH
fails and a = wy, e.g. in the Cohen model, a < a(w,).

Most other familiar cardinal invariants such as p, t, h, s can be generalized
to (P(w)/fin)* in an obvious way. Straightforward generalizations of the
well-known inequalities p < t < h < s (see [vD] and [BS] for the definitions
and proofs) give p(A) < ¢(A) < h(A) < s(A). Moreover it is not difficult to see
that p = p(A), t = ¢()\) and s = s()\) hold for every A. However for the h(A)
this is not true. In [ShSp1] and [ShSp2] the consistency of h(n + 1) < h(n)
has been proved for every n < w, thus solving an open problem from [BPS].
See also [GRShSp] for another natural situation where the §()) occur.

It is an open problem how to construct a model for a(n + 1) < a(n).

In this paper we are concerned with the following problem. From the
equalities and inequalities stated above it follows that t is a lower bound for
all the h()). Hence clearly Martin’s axiom implies h(A) = ¢, where ¢ is the
cardinality of the continuum.

For a()) obvious lower bounds are missing, and it is not trivial to show
that Martin’s axiom implies a(w) = ¢; moreover we do not know whether
MA implies a(A) = ¢ for w; < A < ¢!,

One way to show that Martin’s axiom implies a = ¢ is by using the
inequality b < a which is due to Solomon and can be found in [vD, 3.1(a)].
Here the bounding number b is defined as the least size of an unbounded
family in (“w, <*), where “w is the set of all functions from w to w and <*
is eventual dominance.

In Sections 1 and 2 we sharpen this inequality by proving b < a(\) for
every 0 < A S w.

In Section 3 we sketch the proof of the consistency of b < a(n) for every
n < w. We only sketch it since it is a variation of Shelah’s consistency proof
of b < a in [Sh1]. We do not know how to construct a model for b < a(w).

Our notation is the standard set-theoretic one. A function is identified
with its graph, i.e. it is a set of pairs. The concatenation of two functions

!Stefan Grieder has shown that the answer is yes for A = w;.
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f,g is denoted by f"g. By XY we denote the set of all functions from X to
Y. Given a set X and a cardinal &, then [X]* ([X]$*) denotes the set of all
subsets of X of cardinality x (at most k).

Acknowledgment. In a preliminary version of this paper we had proved
only a(w) > min{b, cov(M)}, where M is the ideal of meagre subsets of the
real line and cov(M) is the least size of a subset of M whose union is R.
The only occurrence of cov(M) was in the proof of Proposition 2.9. The
referee observed that cov(M) can be eliminated by proving Lemma 2.10.

1. Infinite partitions of finite products of P(w)/fin.

Lemma 1.1. Suppose n* < w and A is an infinite partition of (P(w)/ fin)™ .
Let F C n* be mazimal (with respect to C) such that there exists F € [A]”
with the property that {p|F : p € F} has the finite intersection property (i.e.
finite subsets have a lower bound). Then |F|=n* —1.

Proof. Suppose |n* \ F| > 2. Let C be a lower bound of {p[F : p € F}. Fix
i* €n*\ F, and let F* = F U {i*}.

By assumption we may choose finite Fy; C A such that prg.(F,) has the
finite intersection property, A{pIF : p € Fo} AC # 0 and prp.\p-Fp is
a partition of (P(w)/fin)"" \F". Let Co = A{pIF : p € Fo} AC, and let
Uo = N{p(&*) : p € Fo}.

Suppose (F; : i <n), (C; : 1 <n) and (U; : ¢ < n) have been constructed.
Suppose U{p(:*) : p € FoU:--UF,_1} #* w. By assumption we may choose
finite F,, C A such that prr({C,_1 }UF,) has the finite intersection property,
MN{p@GE*) :p€ F} \U{p(i*) : p € FoU---UF,_1} is infinite and pry\p-Fp
is a partition of (P(w)/fin)""\F". Let C, = A{p/F : p € F,} ACp_, and
U =N{p(&*) :p€ F} \U{p(i*) :p€ FoU--- UFp_1}.

Suppose that in this way we can define F,,, C,,, U, for every n < w. Then
Fn N Fn = 0 for distinct m,n, and U{p|F : p € U{F» : n < w}} has the
finite intersection property. Let U be an ultrafilter on the Boolean algebra
r.0.(P(w)/ fin)»"\F". Since {pn* \ F* : p € F,} is a finite partition we can
choose unique p,, € F, such that p, [n*\F* € Y. But then {p,[n*\{i*} : n <
w} has the finite intersection property, and hence we obtain a contradiction
to the maximal choice of F.

Consequently, the construction above stops at some stage n, because
U{p(i*) : p € FoU- - -UF,} =* w. The family F witnesses that A" \F{w}"C,
is infinite. = Hence there exist no < n and p, € F,, such that
A%, p0(i*))} U "\ {w}"C, is infinite. Hence there exists j € n* \ F*
such that A[{(i*, po(i*)), (j, w \ po(5)) } U \F D {w}~C, is infinite. Define
cube Ko = {(i*, po(i*)), {j,w \ po(4))} U "\EMID{w} C,. So Ko L po and
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KolF* < polF".

Now we repeat the above construction inside K, for A[K,. By the same
argument as above it must stop after finitely many steps, and hence we obtain
p1 € A and cube K; < K, such that p,|| Ko, p1 L K;, K;[F* < p;[F* and
AlK; is infinite. Then clearly p, # p,. Proceeding similarly we construct
a descending chain of cubes (K, : n < w) and family (p, : n < w) in A
such that p,1|| Ky, pn L K,, K,[F* < p,[F* and A[K,, is infinite for every
n < w. Then clearly p, # p,, for distinct n,m, and {p,[F* : n € w} has the
finite intersection property. This contradicts the maximality of F. O

Theorem 1.2. b < a(n) holds for every n < w.

Proof. Let n* be fixed and let A be an infinite partition of (P(w)/ fin)*". Let
F C n* be of maximal size such that there exists F € [A]“ with the property
that {p|F : p € F} has the finite intersection property. By Lemma 1.1, F
has size n* — 1. Let n* \ F = {i} and choose cube C such that C' < p[F for
every p € F. Certainly {p(i) : p € F} is almost disjoint. For p € F choose
A, € [p(3)]* such that A, N A, = 0 for distinct p,q € F. We claim that the
set
A'={pe A:Vq € F(Ip(i) N 4| <w)}

has size > b. Otherwise, for p € A’ define g, € Fw by g,(¢) = max(p(i)NA4,),
and choose g € Fw such that for all p € A’ g(q) > g,(g) for almost all ¢ € F.
Let A € [w]“ be such that [ANA,| =|AN(A4,\g(p))| =1forallp € F.
By the maximality of A, there exists p € A which is compatible with the
cube {(i, A)}UC. Certainly p ¢ F and p[F||q]F for every ¢ € F, and hence
p € A’. But this is impossible. a

A simple application of Ramsey’s Theorem shows that given an infinite
partition of (P(w)/fin)™", there exists i < n* such that pr(;;.A contains an
infinite almost disjoint family. As a corollary of the proof of Lemma 1.1 we
obtain the stronger result that for some ¢ < n*, pr;A even contains an
almost disjoint family of size t.

Corollary 1.3. Suppose A is an infinite partition of (P(w)/fin)"". There
ezists i < n* such that pry;;(A) contains an almost disjoint family of size t.

Proof. By Lemma 1.1 there exist Fy € [A]“ and 1 < n* such that pr,.\;i}Fo
has a lower bound, say cube C;. Hence pry;;Fo is countable and almost
disjoint.

Suppose that for v < t, (F, : @ < 7) and (C, : a < 7) have been
constructed such that (F, : @ < v) is a C —increasing chain in [A]<!, (C, :
a < v) is a decreasing chain of cubes in (P(w)/ fin)""\Mi} and C, < pin*\ {i}
for every p € F,.
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Let v be a successor ordinal. Note that {p(i) : p € F,_;} is an almost
disjoint family. As t < a, it is not maximal. Choose A € [w]“ such that
|ANp(i)| < w for every p € F,_;. Find p € A which is compatible with
{(5,A)yuC,_;. Let F, = F,_; U{p} and C, = C,_; Apln*\ {i}.

If 7 is a limit let F, = U{F, : @ < v} and choose C, such that C, < C,
for every @ < 4. Such C, can be found as v < t. Then the inductive
assumption is easily verified.

Finally let F; = U{F. : @ < t}. Given distinct p,q € Fi, by construc-
tion p[n* \ {i},q[n* \ {i} are compatible, and hence p(i), q(¢) are almost
disjoint.

2. Uncountable partitions of countable products of P(w)/fin.

Partitions of (P(w)/fin)*, for A > w, are considerably more difficult to
understand than those of finite products. First note that there always exist
partitions of every size < A, as is shown by the following example.

In order to have a simple notation for defining cubes, if A, B are sets and
B has one element, in the sequel we will identify the (one-element) set 4B
with its member.

Ezample 2.1. Let v < . Choose A € [w]* such that —A € [w]”. For a < v
set
Do = —A% X A x N\ @+
and let F = {p, : @ < v}. Moreover, set ¢ = —A” x w*\7 and 4 = F U {¢}.
Given cube p which is incompatible with g, there exists minimal a < v

such that p(a) C* A. Then clearly p||p,. It is easily seen that A is pairwise
incompatible. Hence A is a partition of (P(w)/ fin)*.

The main result of this section is the following.
Theorem 2.2. a(w) 2 b.

A simple observation is that the analogue of Corollary 1.3 badly fails in
general for infinite products.

Ezample 2.3. Let A € [w]* with —A € [w]*. Then A = *{4,—-A} is a
partition of (P(w)/ fin)*.

However there exist partitions of (P(w)/fin)¥ which resemble ones of fi-
nite products, and to these we will often reduce more difficult situations
during the proof of Theorem 2.2 later. Then we will apply the following
generalizations of Lemma 1.1 and Theorem 1.2.

Lemma 2.4. Suppose A > w and A is a partition of (P(w)/fin)* with the
property that there exist F C X and F € [A]* such that XA\ F is finite and
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{p|F : p € F} has the finite intersection property. If F is mazimal (with
respect to C) such that there is F as stated, then A\ F has one element.

Proof. The proof is completely analogous to the one of Lemma 1.1. In-
stead of a descending chain of finite-dimensional cubes C,, in (P(w)/fin)¥
we construct one of infinite-dimensional cubes. The family F ensures that
AMF{w}"C, is infinite always, and hence that the construction yields in-
finitely many cubes K, and p, € A. |

By a similar modification of the proof of Theorem 1.2 we obtain the fol-
lowing.

Proposition 2.5. Suppose that A is as in Lemma 2.4. Then |A| > b.

Consider another example, which will motivate the definition to follow.

Ezample 2.6. Let 0 € "2, and 1 < 2. Define cube p°* as follows. For j < n
let

e Ax—-A  if o(j)=0
i1025,25 + 1} =
P7 2,2 + 1) {—AxA it o(j) = L.

Moreover

, Ax A if i=0
{2, 2n + 1} =
P J {—Ax—A if = 1.
For j > 2n +2 let p”*(j) = w. Set F = {p~i:0 € <¥2, i < 2}. Clearly F is
pairwise incompatible. For z € “2 define cube ¢, by

. Ax—A if z(4)=0
425,25 +1) =
%1{25,25 +1) {—AxA if 2(j) = 1
for all j < w.
Now it is easy to see that F U {q, : z € “2} is a partition of (P(w)/fin)“.
Moreover, if A is any partition of (P(w)/fin)¥ with F C A, then for every
p € A\ F there exists z € “2 such that p < ¢q,. Hence A has size c.

Definition 2.7. Given cubes Co,C;,C, € (P(w)/fin)* we say that Co
separates Cy,Cs, if Cy L C; and Cy L C, and every cube which is com-
patible with both C; and C, is compatible with Cy. If A is a partition of
(P(w)/ fin)* we say that Cy A—separates Cy, C, if C, separates Cy,C, and
A[C, is countable, but both A[C; and A[C, are uncountable. Given cube
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C, we say “A has no separation (below C)” if there exist no cubes Cy, Cy, C,
(below C) such that Cy A—separates C},C,.

Proposition 2.8. Let A be an uncountable partition of (P(w)/fin)¥, and
suppose that for every cube C such that A|C is uncountable there exist cubes
Coy, Cy,Cy < C such that Cy A—separates Cy, Cy. Then A has size c.

Proof. By hypothesis it is trivial to construct two families of cubes, (C; : s €
<w2) and (D, : s € <“2), such that for all s € <“2 the following properties
hold:

(1) Go=C;

(2) sCt=>D,<C,and C; <Cg;

(3) D, A—separates C;- gy, Cs-(1)-

Let C, = AlD, and C = J{C, : s € <“2}. So C is countable. For z € “2 let
C; be a cube with C, < C;;, for every n < w. Suppose z,y € “2 are distinct,
and let s = z Ny. Choose p,,p, € A such that p,||C, and p,||C,. Since
D, separates C,, Cy, if p, = p, then p, € C,. Hence, in order to finish the
proof it suffices to modify the construction of (C; : s € <“2), (D, : s € <¥2)
to make sure that C, L p for every x € “2 and p € C. For this we need the
following simple claim.

Claim . Suppose A[C is uncountable and p € A. There exists cube Co < C
such that Cy L p and A[Cy is uncountable.

Proof. It is obvious that every ¢ € A[C \ {p} is compatible with {(n,C(n)\
p(n)) }UC [w\{n}, for some n. Hence there exists n* such that A[{(n*, C(n*)\
p(n*))}UC|w\{n*} is uncountable. Solet Cp = {(n*, C(n*)\p(n*))}UC|w\
{n*}. O

Using the Claim and a suitable bookkeeping it is easy to construct (C, :
s € <¥2), (D, : s € <¥2) with (1) — (3) such that for every s € <“2 and
p € C, there exists n > £h(s) so that for every t € "2 we have C; L p. By the
observation above, this is enough to ensure p, # p, for distinct x,y € “2,
and hence to conclude [A| = c. g

By Proposition 2.8 we may assume that there exists cube C such that
A[C is uncountable and A has no separation below C. By replacing A with
{p A C : p € AIC}, without loss of generality we may assume C(n) = w for
all n < w and so that .4 has no separation.

Examples 2.1 and 2.6 show that given a partition A, the set F of p € A
with p(n) =* w for almost all n essentially affects the size and shape of A.
If F is uncountable, then A has size > b by Proposition 2.5. If F is empty,
then |.A| > b by the following proposition. For its proof we do not make use
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of our assumption that A has no separation. This will only be used later in
the case that F is countable and not empty.

Proposition 2.9. Let A be an uncountable partition of (P(w)/fin)¥, and
suppose that there ezists cube Cy such that for every p € A, either p L C,
or there ezist infinitely many n < w with the property that Co(n) \ p(n) is
infinite. Then |A| > b.

Proof. Choose py € A[Cy such that [po(n) N Cy(n)| = w for almost all n.
Such p, exists by maximality of A. Suppose that (p, : @ < 7),(Cy : @ <
v) have been constructed. If y is a successor let C, < C,_; be defined
by setting C,(n) = C,_1(n) N py_1(n) if this intersection is infinite, and
C,(n) = C,_1(n) otherwise. Moreover, choose p, € A[Co \ {pa : o < 7},
if possible, such that |p,(n) N C,(n)| = w for almost all n. If v is a limit
choose cube C.,, if possible, such that C,, < C, for all & < v, and then choose
py € A[Co \ {ps : @ < v}, if possible, as in the successor case.

Suppose that this construction does not stop at any stage 7 < w;, so we
construct (p, : @ < wq), (Cy : @ < w;). Then by construction, for every
a < w; there exists minimal n, € w such that Cs(n) C* p,(n), for all B > o
and n > n,. Find {a; : £ < w} € [w1]* such that (n,, : £ < w) is constant,
and let o* = sup{ax + 1 : k < w}. But then C,-, {p,, : k£ < w} are as in
Proposition 2.5, and hence we conclude | 4| > b.

Otherwise the construction stops at some vy < w;. So we get (C, : o < 7),
(po : @ < 7) and by o—closedness of (P(w)/fin)“ also C.,, but we cannot
find p, as desired, i.e.

(1) VYpEAICo\{pa:a<7T®n <w(p(n) N Cyln) ="0).

Define cube D by D(n) = Co(n) \ C,(n) if this set is infinite, and D(n) =
Co(n) otherwise. By hypothesis and construction we know

(2) Va < y3®°n < w(|D(n) \ pa(n)| = w).
Enumerate {p, : @ < v} by (g, : n < w). Define the following sets

) Xm ={n <w:|D(n)\ gn(n)| = w}
(4) Y, = {n <w:p(n)NC,(n) =" 0}.

By (1) and (2) we conclude that each X,, and Y, for p € A[Cy \ {pa : & <
v} is infinite.

Lemma 2.10. For any {X, : n < w},{Y, : @ < k} sets of infinite subsets
of w where k < b there ezists an increasing sequence (k, : n < w) such that
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k, € X, for every n, and for each a < k, for almost all n, Yo, N (kn, kns1) is
nonempty.

Proof. For a < & let f, € “w be defined by
fe(n) =min{m € Y, : m > n}.

Since k < b we may find a strictly increasing f € “w which eventually
dominates every f,. Let f' be the iterate of f, defined by f'(0) = f(0), f'(n+
1) = f(f'(n)). Then f' has the property that for every a < &, for almost all
n, (f'(n), f'(n+1))NY, # 0. In fact, if f(n) > fo(n) for all n > k and if
£'(n) > k then f'(n+1) = £(f'(n)) > fu(f'(n)) > F'(n).

Now define (k, : n < w) as follows: ky = min(Xj), kny1 is the minimum
element of X,,; such that for some i, k, < f'(i) < f'(: +1) < k. Then
(kn : n < w) is as desired. g

If |[A| < b, find (k, : n < w) as in Lemma 2.10 for {X,, : m < w},{Y} :
p € AlCo \ {pa : @ < 7v}} as defined in (3), (4). Define cube C as follows:
C(kn) = D(k,) \ gn(kr), C(n) = C,(n) if n¢{k, : n < w}. Then using (1)
and (2) we easily see that C is incompatible with every member of A, a
contradiction. Hence |A| > b. O

By Proposition 2.9 we may assume that for every cube Cp there exists
p € A[C, such that Cy(n) C* p(n) for almost all n < w. Note that A in
Example 2.6 has this property. The following lemma will be crucial in this
case.

Lemma 2.11. Let A be a partition of (P(w)/fin)*. Suppose that A has no
separation, cube C is such that A[C is uncountable, and p € A is such that
p||C and C(n) C* p(n) for almost all n. Then there exists n* < w such that
Al{{n*,C(n*)Np(n*))} UCIw\ {n*} is countable.

Proof. Let A = {n <w:|C(n)\ p(n)| = w}. By assumption A # 0 and A
is finite. For B C A let Cp be the cube defined by Cg(n) = C(n) \ p(n) if
n € B, and Cg(n) = p(n)NC(n) otherwise. Moreover let F = {Cp : B C A},
and for k < |A| let Fr = {Cp : |B| = k}. Clearly F is a finite partition of C
and hence there exists a minimal k* < |A] such that for some q € F-, Alqg
is uncountable. Clearly k* > 0.

If k* = 1 choose n* € A such that A[C{,-} is uncountable. But p separates
Cin-}, q for every ¢ € F\ {p} with q(n*) = p(n*) N C(n*). Hence Alq is
countable for all these g, and hence A[{(n*,C(n*) Np(n*))} UClw\ {n*} is
countable.

If k&* > 1, choose B C A of size k* such that A[Cp is uncountable. Let
n* € B be arbitrary. We claim that A[{(n*,C(n*) Np(n*))} UC|w\ {n*} is
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countable. Otherwise there exists B’ C A such that A[Cp is uncountable
and n* ¢ B'. Then |B'| > k* and hence B'\ B # (. Consequently Cpnp
separates Cg, Cg'. But |BN B'| < k*, and so A[Cpnp' is countable. This
contradicts the hypothesis. O

Note that if in Lemma 2.11 we let Cy = {(n*,C(n*) \p(n*))} UC[w\ {n*}
and C = A[{(n,C(n*) Np(n*))} UClw \ {n*}, then clearly C; L p, C is
countable, and for every g € A[C \ C, we have g A C < C,.

Proposition 2.12. Let A be an uncountable partition of (P(w)/ fin)* which
has no separation. Then A has size at least b.

Proof. Let Fo = {p € A:V®°n(w C* p(n))}. If F, is empty, by Proposition
2.9 we conclude |A4| > b. If F, is uncountable, then by an easy application
of Proposition 2.5 we conclude |A| > b. Hence we may assume that F; is
nonempty and countable. Then by applying Lemma 2.11 w times we can
construct a descending chain (C; : ¢ < w) of cubes and a sequence (C; : i < w)
of countable subsets of A such that for every p € F, there exists ¢ < w such
that p L C;, and moreover for every q € A, either ¢ < C; for all i < w, or
else g € C; where 7 is minimal with ¢ £ C;.

Now suppose that for some limit ordinal v < w;, (C, : @ < %), (C, :
a < «) and (F, : a € lim(y)) have been constructed such that the following
properties are satisfied:

(1) (C4:a <) is a descending chain of cubes;

(2) Ca € [AR

(B) VpeAlpeU{Ca:a <}tV Va<y(p<Ca))

(4) Fo={p € AlC, : V*°n(Cy(n) C* p(n))}, Fu is nonempty and count-
able, and Vp € F,3i < w(p L Cpyy)-

Set C, = U{Ca : @ < 7}. Clearly C, is countable. If |A| < b, we define
cube C, as follows. In case (Cy(n) : @ < v) is eventually constant, let C,(n)
be this constant value. Otherwise, (C,(n) : @ < ) contains a cofinal C*~
decreasing subsequence of length w. Moreover, by (3), g(n) C* Cy(n) holds
for all ¢ € A\ C, and a < 7. By Rothberger’s characterization of b (see
[vD, Theorem 3.3, p. 117]), there exists X € [w]“ such that ¢(n) C* X C*
C,(n) holds for all g € A\ C, and & < 7. Set C,(n) = X.

Consequently, we have constructed cube C, such that ¢ < C, for all
q € A\ C,, and moreover C, < C, for every o < «y and, by (4), C, L p for
all p € F, where a € lim(y). Especially A[C, is uncountable.

If now no p € A[C, satisfies C,(n) C* p(n) for almost all n < w, by
Proposition 2.9 we conclude |A| > b. Otherwise let

F, = {p € AIC, : ¥°n (C,(n) C* p(n))}.
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So F,, # 0. By Proposition 2.5 we may assume that F,, is countable. Note
that F, and F, are disjoint for any o < <. Since by assumption A has
no separation below C,, using Lemma 2.11 we can repeat the construction
above and obtain families (C, : v < a <y +w) and (C, : v < & < v+ w)
such that (1) — (4) hold for v + w instead of ~.

Since A has no separation, only the fact |A| > b can cause this construc-
tion to stop at some stage v < w;. Hence we may assume that it does
not stop below w;, and so we obtain (C, : @ < w;), (C4 : @ < w;) and
(Fo : a € lim(w;)) with (1) - (4).

Pick p, € F, for every a € lim(w;). So by (4) there exists n, < w such
that Cy(n) C* po(n) for all n > n,. Find A € [w;]“* and n* such that
ne = n* for all @ € A. Let {o4 : k < w} be the first w members of A and let
a* = sup{ay : k < w}. Then by (1) and (4) we conclude

Vk < w¥n > n* (Cox(n) C* po, (1)) .
But then by Proposition 2.5 we conclude that A has size at least b. g

3. The consistency of b < a(n).
Following [Sh1, §§1,2] closely we will sketch the proof of the following.
Theorem 3.1. If ZFC is consistent then so is ZFC +Vn < w(b < a(n)).

A revised version of [Sh1] will appear in [Sh2]. Since there are several

gaps in the proof of the consistency of b < a in [Sh1] the reader should also
consult [Sh2].
Definition 3.2. Given cubes C,D € (P(w)/fin)* we say that C splits
D if C||D and there exists cube D’ < D such that D’ 1 C. We call F C
(P(w)/ fin)* a splitting family if every member of (P(w)/ fin)* is split by some
member of F. Let 5()\) be the least size of a splitting family in (P(w)/ fin)*.

Fix n* < w. First we define a forcing @ (really Q(n*)) which is almost

“w—bounding in the sense of [Sh1, 1.4] and adds a n*—dimensional cube
which is not split by any cube from the ground model.
Definition 3.3. For n < w let K, be the set of pairs (s, h), s a finite set,
h a partial function of P(s) to n+ 1 such that h(s) = n, and for every ¢ C s,
if h(t) =1+1 and t =t, Ut, then h(t;) > 1 or h(ty) > 1.

Let K>, = U{K;:i>n}, and let K = U{K, : n < w}.

Then K is partially ordered as defined in [Sh1, 2.2.).

Definition 3.4. For n < w let L, be the set of pairs (S, H) such that

(1) S is a finite tree with a root such that in(S), the set of nonmaximal
nodes of S, is contained in w, and int(S), the set of maximal nodes of
S, is contained in ™ w;
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(2) H is a function with domain in(S) and value H, for z € in(S) such
that (succs(z), H,) € K>,, where succs(z) is the set of immediate
successors of z in S.

Then L, is partially ordered as in [Sh1, 2.4(2)]. Let lev(S, H) = max{n :
(S,H) € L,}; for t € L,, we write t = (S, H?).

The following fact is proved by induction on the height of the tree S.
Fact 3.5. If(S,H) € L,,, int(S) = Ay U A,, then there exists (S*,H') €
L, such that (S*, H') < (S, H) and either int(S!) C Ay or int(S?) C A;.
Definition 3.6. We define a forcing notion @ as follows. Members of Q are
pairs (w,T) such that w C ™ w is finite, and T is a countable infinite subset
of U{L, : n < w} such that T\ L, is finite for every n < w and moreover,

for every n < w, field(int(S*))Nn is empty for almost all t € T.
The ordering of () is analogously defined as in [Sh1, 2.8(2,3)].

Lemma 3.7.

(1) Q@ is proper;

(2) Suppose G is Q—generic over V. Define n*—dimensional cube Cg by
Ce(i) = {o(?) : o € pry G}, for every i < n*. Then Cg is not split by
any cube in V.

Proof. (1) is proved analogously as [Sh, 2.11(2)].

For (2), let C € (P(w)/fin)* NV and (w,T) € Q. To every o € U{int(t) :
t € T} assign a colour ¢ € ™ 2 in such a way that for every i < n*, o(i) € C(i)
ifand only if ¢(i) = 1. So for every t € T, int(t) gets coloured by (at most) 2"’
colours. As T'\ L, is finite for every n < w, by applying Fact 3.5 repeatedly
we may find (w,T") € Q extending (w,T) and colour ¢ € *"2 such that for
every t € T', every member of int(¢) has colour c¢. By genericity we may
assume (w,T") € G.

Suppose first that ¢ is constant with value 1. Then clearly C; < C.
Otherwise ¢(i) = 0 for some i < n*, hence Cg(i¢) N C(7) is finite, and so
Cg L C. Hence in either case, C' does not split Cg. O

Similarly as in [Sh1, 2.12, 2.13] one proves that forcing @ is almost
“w—bounding in the sense of [Sh1, 1.4]. Moreover in [Sh1, §1] it is proved
that the property of being almost “w—bounding is preserved by countable
support iterations.

Fix an infinite partition A of (P(w)/ fin)™".
Definition 3.8. Define a subforcing Q[A] C Q by letting (w,T') € Q[A] if

and only if for every finite subset F C A there exist infinitely many ¢t € T
such that int(S*) NC = 0 for all C € F. (Note that here we identify C with

Hi(n‘ C(Z))
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Similarly as in [Sh1, 2.16A] one proves that if forcing with @ preserves
A, then Q[A] has a nice dense subset.

Lemma 3.9. Suppose that after forcing with Q, A is still a partition of
(P(w)/ fin)™". Then the set of all (w,T) € Q[A] with the property that there
ezists F € [A]” such that for every C € F the set {t € T : int(S*) C C} is
infinite and U{int(S*) : t € T} CUF is dense in Q[A].

Proof. Let (w,T) € Q[A]. Since forcing with @ preserves A and (w,T) €
Q@ there exist (wy,To) € @, (wo,To) < (w,T), and Cy € A such that
(wo,To) ||—@ Csl|Co. By the argument from the proof of Lemma 3.6(2)
we may assume that int(S*) C C for all ¢ € Tj,.

Suppose that Ty, ..., T, and Cy, ..., C, have been constructed. Note that

the condition
(w, {t €T :int(S*) N U C; = (0})
i<n

belongs to Q[.A]. Hence, as in the first step, there exist an extension (wp41,

Tpt+1) of it in @ and C,4; € A such that int(S*) C C,y; for allt € T,y
Finally let 7' = U{T» : n € w}. Then (w,T") € Q[A4], (w,T") < (w,T),

and (w,T") is as desired. g

Corollary 3.10. Suppose that after forcing with Q, A is still a partition
of (P(w)/ fin)™". Then forcing with Q[A)] destroys A.

Proof. Let C € A and (w,T) belong to the dense set from Lemma 3.9,
witnessed by {C,, : n <w} € [A]“. Let T, = {t € T : int(S?) C C,.}.

Note that except for at most one n (for which C,, = C), for almost all
t € Ty, int(S*) N C = 0. Hence (w,{t € T : int(S*) N C = 0}) belongs to
Q[A], extends (w,T') and forces Cs L C. O

Now using 3.9 and 3.10, similarly as in [Sh2] one shows that if Q) preserves
A, then first adding R, Cohen reals and then forcing with Q[A] is almost
“w—bounding and destroys .A. Now it is clear how to construct a model for
Theorem 3.1. O
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