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Abstract
We systematically construct isoparametric functions on compact symmetric spaces using vec-
tor bundles and sections of the bundles. We establish a relation between invariants of vector
bundles and invariants of hypersurfaces which are the level sets of the isoparametric functions
induced by sections of the bundles. We hope that this approach provides a new method for com-
puting invariants of hypersurfaces. The Radon transform is performed to derive isoparametric
functions on spheres from our functions.

1. Introduction

One of the main purposes in the present paper is to construct isoparametric functions on
symmetric spaces of compact type systematically. The research of an isoparametric hyper-
surface, which is the regular level set of an isoparametric function, has a long history, going
back to Levi-Civita and E.Cartan. We have a lot of literatures about isoparametric hypersur-
faces of spaces of constant curvatures, which have constant principal curvatures. We denote
by g the number of distinct principal curvatures. Amongst all, the research of an isoparamet-
ric hypersurface of a sphere is extensive and well-known. Substantial results are exhibited
in [1], [3], [9], [13] and [14], etc. In [9], Miinzner shows that g = 1,2,3,4,6 and in [3],
a lot of isoparamertric functions on a sphere are systematically constructed by an algebraic
method, which are called isoparametric functions of OT-FKM type. By contrast, we have
few explicit examples of isoparametric functions on general Riemannian manifolds.

We utilise a homogeneous vector bundle and a section to construct an isoparametric func-
tion on an irreducible symmetric space, say G/K. To choose a vector bundle and a section,
we consider an irreducible G-module W of spherical type. This means that the principal
orbits are hyperspheres of W and so, we obtain a subgroup H C G as a stabilizer. Though
this hypothesis adds restriction to a number of considerable pairs (G/K, W) (Table 3.2), the
reason of the choice will be clear in the last section. If the representation is restricted to a
subgroup K, then K-submodules of W induce homogeneous vector bundles over G/K.

Needless to say, a relation between the zero locus of a section of a vector bundle and the
vector bundle itself is deeply understood in topology and algebraic geometry. In this paper,
the zero locus of a section also has prominent features, see §3. In particular, the zero locus
turns out to be a totally geodesic submanifold of G/K (Theorem 3.6). However, another
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interplay of vector bundles and submanifolds will be established in the next section, which
is one of our purposes in the present paper.

In §4, we develop geometry of submanifolds of symmetric spaces involving vector bun-
dles and sections. Frobenius reciprocity makes it possible that W is regarded as a space of
sections and the chosen section is really an eigensection of the Laplace operator acting on
sections. Using an invariant metric on the bundle, we define a function f : G/K — R as the
square of the norm of the section. The function has a symmetry, in other words, the function
has an invariance under the action of an isometry group H C G of G/K, because the section
has the same symmetry. In addition, we show that the function satisfies the condition (2)
(Theorem 4.3) in the definition of an isoparametric function (Definition 2.1).

If the action of H on G/K is of cohomogeneity one, then it is clear that f is an isopara-
metric function by a symmetry. In this case, we compute |d f|> explicitly (Theorem 4.13) to
check that the function satisfies the condition (1) in Definition 2.1. Though we already see
that f satisfies the condition (2) in Definition 2.1, we subtract an appropriate constant from
f to obtain an eigenfunction denoted by f (see the Remark after Theorem 4.13).

Next, the mean curvature of the level hypersurface is also computed (Theorem 4.14). We
have common description of |df|> and the mean curvature on any pairs (G/K, W). As a
by-product, we can specify the precise value whose inverse image of f is a minimal hyper-
surface in a family given by the isoparametric function. On the contrary, when we compute
the principal curvature, we have distinct difference between pairs and no unified way (The-
orems 4.17, 4.18, 4.19, 4.20 and 4.21). These invariants of submanifolds are related to
invariants of vector bundles and sections involving the eigenvalues and the dimension of the
eigenspaces. In those computations, the second fundamental forms of vector bundles [8]
play essential roles and the theory developed by the first author in [11] provides us with a
unified method. From this viewpoint, the present paper can be considered as a sequel of
[11], where we focus attention on all sections in W, but in this paper, we pay our attention
on a section in W.

If the cohomogeneity of the action of H on G/K is greater than one, then the function f :
G/K — Ris not an isoparametric function. However, we can construct a new isoparametric
function F : G/K — R in the sense of Wang [18] (see also [2, p.55]), where k denotes the
cohomogeneity of H-action. One component of F consists of the function f. In the case
that a chosen pair is (Sp(n)/U(n), C*"), F coincides with a moment map for an Sp(1)-action
on Sp(n)/U(n).

Moreover, we can find a new isoparametric function f : G/K — R. The function f has
a larger symmetry than the original f. In short, a subgroup H C G such that H c H enters
into our theory and f is invariant under the action of H. The appearance of f and H is not
accidental. We use other vector bundles and spaces of sections to explain in an algebraic and
geometric way that the chosen section in §3 has really a hidden symmetry A c G. The H-
action on G/K turns out to be of cohomogeneity one. The relation between f and F makes
some properties of H-action and level sets of F transparent. In particular, any submanifold
in our family induced by F is not an equifocal submanifold. Equifocal submanifolds are one
of generalizations of isoparametric hypersurfaces, see Terng-Thorbergsson [16]. In case of
codimension one, isoparametric hypersurfaces are all equifocal and the converse is also true.
Since we adopt Wang’s definition of an isoparametric function, we obtain submanifolds of
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higher codimension, which are not equifocal. Terng’s definition of an isoparametric function
[15] gives us a deep structural theory and close relations to equifocal submanifolds. Since
our F : G/K — R¥ does not satisfy Terng’s conditions, we mainly focus our attention on
cases of hypersurfaces.

In the final section, we interpret the reason that representations of spherical type are
chosen. One of our aims in the present paper is to provide a geometric mean of constructing
an isoparametric function on a sphere. By our assumption, the quotient space of G by H is
a sphere SV=! ¢ W. Hence, we have a double fibration 7 : G — G/K and ¢ : G — SN,
Then we can define a Radon transform R : C*(G/K) — C=(SV1) using the normalized
Haar measure on H:

R(f)(x):f o fdu, xeSNTL
Y (x)

Then the Radon transform of £ turns out to be an isoparametric function on a sphere. More
precisely, in the case that the H-action is of cohomogeneity one, R(f) is an isoparametric
function corresponding to an isoparametric hypersurface with g = 2. If the cohomogene-
ity of H-action is greater than one, then R(f) is an isoparametric function whose regular
hypersurface is an isoparametric hypersurface with g = 4.

Finally note that we have another fibrations  : S¥~! — G/H, which are all (general-
ized) Hopf fibrations. In a similar way, we can define a Radon transform R : C*(G/K) —
C*(G/H). Then we can show that R( f ) is also an isoparametric function on G/H (Theorem
5.6), because the fibration ¢ : SV~! — G/H has totally geodesic fibres and J*R(f) = R(f).

We are very grateful to the anonymous referee for careful reading our manuscript and a
lot of comments which lead us to the essential change of our manuscript.

2. Preliminaries

2.1. Isoparametric functions. First of all, we give a definition of an isoparametic func-
tion on a Riemannian manifold in this paper.

DeriniTion 2.1. Let f : M — R be a function on a Riemannian manifold (M, g,;). The
function f is called an isoparametric function if there exist functions F,G : R — R such
that

(D) guldf.df) = F(f), () Af =G().

The regular level set of an isoparametric function is called an isoparametric hypersurface.
We recommend [17] for a review of isoparametric hypersurfaces.

Amongst isoparametric hypersurfaces, an isoparametric hypersurface of a sphere is well-
known and has been researched for a long time. An isoparametric hypersurface of a sphere
has ¢ distinct constant principal curvatures, where g = 1,2, 3,4, 6 [9]. We give examples of
isoparametric functions on a sphere.

ExampLE. (g = 2) Let S¥~! ¢ RY be a unit sphere. If we denote a standard coordinate
functions on RY by (xi,--- , xy), then
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g5
N qi:l l pa:l 0

where 2 < p < N -2 and p + g = N, is an isoparametric function. The regular level set is
identified with §7~! x S9!,

Each isoparametic hypersurface with g = 1, 2, 3 is homogeneous in the sense that it is one
of orbits of an isometry group of a sphere. Such homogeneous isoparametric hypersurfaces
of a sphere are completely classified in Takagi-Takahashi [14] using a result in Hsiang-
Lawson [7]. However, there exist a lot of examples of non-homogeneous isoparametric
hypersurfaces of a sphere with g = 4.

First of all, Nomizu [12] found an isoparametric function with g = 4.

ExampLE. (g = 4) Let SV~ ¢ CN (N = 3) be a unit sphere. If a standard coordinate
functions on CV are denoted by (x; + iyy,- -+ , Xy + iyy), then

(B2 (S

i=1 i=1 i=1

is an isoparametric function.

The regular level set is homogeneous in this example.

Ozeki and Takeuchi [13] gave first examples of non-homogeneous isoparametric hyper-
surfaces with g = 4 and Ferus, Karcher and Miinzner systematically constructed such hy-
persurfaces [3], which are nowadays called of OT-FKM type.

2.2. Geometry of Grassmannian. Next, we review geometry of Grassmannian mani-
folds, in order to fix notation and our convention in this paper. For proofs, see [11].

Let W be an N-dimensional vector space. In the case that W is a real vector space, we
also consider the orientation of W.

Let Gr,(W) be a Grassmannian manifold of (oriented) p-planes in W and § — Gr,(W) a
tautological vector bundle. Since § — Gr,(W) is regarded as a subbundle of a trivial vector
bundle W — Gr,(W) of fibre W, we have an exact sequence of vector bundles:

is o)
0=-S—>W—0-0.

The quotient bundle Q — Gr,(W) is called the universal quotient bundle. The tangent bun-
dle is identified with S* ® Q. (More precisely, the holomorphic tangent bundle is identified
with §* ® Q in case of complex Grassmannian.)

We fix a scalar product (-,-) on W. On the one hand, the orthogonal projection gives
a bundle surjection 7g : W — §. On the other hand, O — Gr,(W) is regarded as the
orthogonal complementary bundle S* — Gr,(W) to S — Gr,(W), and so we obtain a
bundle injection iy : QO — W. The vector bundles § — Gr,(W) and O — Gr,(W) are
equipped with metrics gs and g, respectively.

We can define a connection V€ on Q — Gr,(W) using a trivialization of W — Gr,(W)
with an orthonormal basis. If 7 is a section of Q — Gr,(W), then ip(7) is considered as a
W-valued function. Then we have
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d(ig(t) = ms (d (ip(1))) + mg (d (ip(1))) -

The connection V€t = g (d (ip(t))) is nothing but the canonical connection. The other term
in right hand side 75 (d (ip(1))) is a 1-form with values in Hom(Q,S) = Q" ® S which is
called the second fundamental form in the sense of Kobayashi [8] and denoted by J.

In a similar way, if s is a section of § — Gr,(W), then we have

d(is(s)) = ms (d (i5(5))) + 1o (d (is(5))) -

The canonical connection is expressed as V3s = mg (d (is(s))) and we define the second
fundamental form / = mydis, which is a 1-form with values in Hom(S, Q) = §* ® Q.

In the case of a complex Grassmannian, we can also consider complex analytical struc-
tures. Canonical connections give holomorphic structures to S — Gr,(W) and Q —
Gr,(W). In particular, W can be regarded as the space of holomorphic sections of O —
Gr,(W) by a theorem of Borel-Weil. The second fundamental form I € Q!'(Hom(S, Q)) is
of type (1, 0) and The second fundamental form J € Q!(Hom(Q, §)) is of type (0, 1).

Since the (holomorphic) tangent bundle is identified with §* ® Q, we can induce a Rie-
mannian metric gg, on a Grassmannian.

e Real case. We have

gor(X,Y) = —trace Jyly = —trace IyJy,

where X and Y are tangent vectors.
e Complex case. Let /i, be the Hermitian metric on the holomorphic tangent bundle 7'
induced by Hermitian metrics gs and go. The definition yields that

hc(Z, W) = —trace Jylz,
where Z and W are (1, 0)-vectors. Consequently we have

gor(X,Y) = —trace Jylx — trace Jxly

= —trace IyJy — trace IxJy,

where X and Y are (real) tangent vectors.
The Levi-Civita connection D is nothing but a connection induced by V5 and V2.

Proposition 2.2. The second fundamental forms I and J are parallel.

For a vector w € W, we have two sections s = mg(w) and ¢t = mp(w), each of which is
sometimes called the section corresponding to w. Obviously, we have

Proposition 2.3. If s and t are the sections corresponding to w € W, then
VSs=—Jr, V9%=-Is.
Lemma 2.4. The second fundamental forms I and J satisfy
go(ls,t) = —gs (s, J1).

We now can easily compute (VS)? and (V9)2. If s and ¢ are the corresponding sections to
w € W, then we have

(V525 = V5 (=Jt) = =(VI)(@) — J(V9r) = Jls,
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(V)2 = VS (=Is) = —=(VI)(s) - (VS s) = 1Jt.
More precisely, we have

VS(VS$)(Y) = Jylxs, VIVINY) = IyJxt.

For instance, we take the trace of (V®)*> to define the Laplace operator:
As = =31, Vf{,(VS s)(e;). We see that sections s and ¢ are eigensections of the Laplacian
(As =gqs, At = pt,where g =N — p).

2.3. Totally geodesic immersions into Grassmannians. Let (G, K) be an irreducible
symmetric pair of compact type, where G is a simply-connected compact Lie group and
K is a closed subgroup of G. We denote by g and f the corresponding Lie algebras. The
standard decomposition is expressed as g = @ m.

Let p : G — GL(W) be an irreducible representation with an G-invariant scalar product.
For simplicity, we do not distinguish a representation p : G — GL(W) from the represen-
tation space W. We assume that W has a non-trivial K-invariant orthogonal decomposition
W = U @ V such that mU c V and mV C U. (Non-trivial decomposition means that nei-
ther U nor V is zero-dimensional.) Such a decomposition is called a generalised Cartan
decomposition of W. More generally, we define

DeriniTiON 2.5. Let o : G — GL(W) be an orthogonal or unitary representation of G.
The (0, W) has a generalised Cartan decomposition (for the symmetric pair (G, K)) if W is
decomposed into two non-zero K-modules W = Uy @ V; over the same coefficient field as
that of W under the restriction of the homomorphism o to a subgroup K, in such a way that

o(m)Uy c Vo, o(m)Vy C Uy, UylVy,

and neither Uy or Vj is a G-module (in other words, o(m)U, # {0} and o(m)Vy # {0}). The
decomposition W = Uy @ V) is called a generalised Cartan decomposition, more accurately,
a real generalised Cartan decomposition or a complex generalised Cartan decomposition
according to the coeflicient field of W.

Assume that W has a generalised Cartan decomposition: W = U@ V. Letdim U = p and
dim V = q. We define an immersion i : G/K — Gr,(W) by

i(gK) =o0(@U, ge€aG.

We assume throughout this paper that a Riemannian metric on G/K is provided in such a way
that the immersion i : G/K — Gr,(W) is an isometric immersion. Then i : G/K — Gr,(W)
is indeed a totally geodesic immersion.

We can define two homogeneous vector bundles G Xx U and G Xg V with canonical
connections, which are denoted by U — G/K and V — G/K. Frobenius reciprocity yields
that W can be regarded as a finite dimensional space of sections of U —» G/K and V — G/K.
More precisely, 7y : W — U and my : W — V denote the orthogonal projections. For
w € W, we put

s(g)) = |g.mu(g ' w)].  ulg) = [g.71v(g7 w))|.
where g € G and [g] € G/K. The sections s € I'(U) and ¢t € T'(V) are also called the
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corresponding sections tow € W.

From the construction, U = G/K and V — G/K are pull-back bundles of the tautologi-
cal bundle and the universal quotient bundle over Gr,(W), respectively. Then the pull-back
connections are the same as the canonical connections. We can also pull-back the second
fundamental forms 7 and J which are sections of i*7* ® Hom(U, V) and *7* ® Hom(V, U),
respectively, where 7™ is the cotangent bundle of Grassmannian. Using the projection
i"T* — T*G/K, the pull-backs of I and J are the second fundamental forms of vector
bundles, and so we denote by the same symbol the pull-backs of the second fundamental
forms.

Theorem 2.6 ([11, Lemma 4.1]). Amap f : G/K — Gr,(W) is totally geodesic (i.e.Vdf
= 0) if and only if the second fundamental form I of vector bundles is parallel.

Proof. Since we have a fundamental relation VI = Iy,y, the result follows. m]
We define an endomorphism A € I' (End (V)) by

A= oo, n=dimG/K,
i=1
where ey, - - - , e, is an orthonormal basis of the tangent space of G/K. We call A the mean
curvature operator. Notice that A can be defined in a similar way, even if the domain is a
Riemannian manifold [11]. Then we have

Theorem 2.7 ([11, Theorem 3.5]). Let (M, g) be an n-dimensional Riemannian manifold
and F : M — Gr,(W) a smooth map. We fix an inner product or a Hermitian inner product
(,)onW.

Then, the following two conditions are equivalent.

() F: M — Gry(W) is a harmonic map.
(2) At+ At = 0 for an arbitrary t € W, where the vector space W is regarded as a space
of sections of the pull-back bundle F*Q — M.

Under these conditions, we have
ldf|* = —trace A.

The role of the universal quotient bundle in Theorem 2.7 can be replaced by the tautolog-
ical bundle. To do so, we define an endomorphism B of U — G/K by

B= Z Jo .,
i=1

which is also called the mean curvature operator.

3. Critical Submanifolds

Let (G, K) be an irreducible symmetric pair of compact type, where G is a simply-
connected compact Lie group and K is a closed subgroup of G. The standard involution
gives a decomposition g = @ m, where g and t are the corresponding Lie algebras of G and
K, respectively.

We denote by W an irreducible G-module with a G-invariant scalar product, which has
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a hypersphere as a principal orbit. Such a representation W is called a representation of
spherical type. Those are classified in Hsiang-Hsiang [6].

Table 1.

Q

SU(n) | Spin(n) | Spin(7) | Spin(9) Sp(n)

w | Ccr,cr R” S So C2 = C2
G | Spin(8) | G,
WS¢, Sg R’

In this table, S, denotes a spin representation of Spin(n) and S, denote half-spin repre-
sentations of Spin(n).

Then, it is easily checked that the following happens: either W is decomposed into two
irreducible components as K-module W = U @ V, or W itself is an irreducible K-module.
We consider only the former cases. Then on a case-by-case basis, we can show

Lemma 3.1. The decomposition W = U & V is a generalised Cartan decomposition.

We define two irreducible vector bundles G Xgx U and G Xk V, which are denoted by
the same symbols U — G/K and V — G/K, with canonical connections VY and V",
respectively.

Fix an element w € W such that |[w| = 1 and consider the corresponding section s €
I'(U). Denote by H the isotropy subgroup of G at w € W. Our assumption yields that the
homogeneous space G/H is a unit sphere in W.

The square of a pointwise norm f([g]) = |s*(Ig]) (g € G) of the section s is a function on
G/K. Here, we can take w € U c W without loss of generality, since W is of spherical type.

First of all, we can show

Lemma 3.2. Only the zero set S and the set S y; where the function f attains the maxi-
mum value (, which is called the maximum set) are critical submanifolds of f : G/K — R.

Lemma 3.3. If neither U norV is a trivial representation of K, then both sets S o and S y
are connected and H-orbits.

Lemma 3.4. The function is a Morse-Bott function.

For proofs, see [10] Lemmas 7.3, 7.8 and 7.10. The assumption that W is a G-
representation of spherical type is exploited in proofs and we have that K-modules U and V
are K-representations of spherical type, if they are not trivial representations of dimension
1. Indeed, we obtain

3.1) So ={lg1 € G/K |xy(lg™"w]) = 0},
(3.2) Sw ={lgl € G/K |my(lg™'w]) = 0}

If we denote by T the zero set and by T, the maximum set of [f|>, then Ty = S and
Ty = Sy. For this duality, we do not distinguish module U from V. In the case that neither
U nor V is a trivial module of K, S and S, are assumed to be expressed as H/Hy and
H/H),;, respectively, as homogeneous spaces.

Lemma 3.5. If U is not a trivial module of Hy, then S is a singular H-orbit.
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Proof. Since W globally generates a bundle U — G/K, generic sections in W are trans-
verse to the zero section. The hypothesis that W is a representation of spherical type implies
that every section in W except zero is transverse to the zero section. From the transversality
of the section, the normal spaces of S can be identified with U. Then the assumption yields
the result by so-called slice theorem. |

If we replace U, Hyp and S by V, Hy; and Sy, respectively, then the same conclusion holds.
In this case, by Hsiang-Lawson [7], S and S 5, are minimal submanifolds. However, we can
say more.

Theorem 3.6. The critical submanifolds S and S y; are totally geodesic submanifolds of
G/K.

Proof. First of all, we can consider a map into a Grassmannian i : G/K — Gr,(W) as the
induced map by (V — G/K, W) [11, Definition 3.2] (and so, p denotes the dimension of U).
Then i is a totally geodesic immersion from Lemma 3.1.

On a Grassmannian Gr,(W), the module U gives the tautological vector bundle § —
Gr,(W) in a similar fashion, whose pull-back bundle by i is naturally identified with U —
G/K. Then the element w € W also gives a section § of § — Gr,(W) and the pull-back of §
is nothing but the section s. Let S and S 3, be the zero set and the maximum set of |3|>. We
take the orthogonal complement space W+ of w in W. Then (3.1) and (3.2) imply that

So=Gry(W"h), Sy =Grpo(Wh),

which are totally geodesic submanifolds of Gr,(W).
Then S and Sy are the intersections of two totally geodesic submanifolds of Gr,(W)
respectively (So = G/K NSy and Sy = G/K N §y), which yields the desired result. o

We give a table which includes symmetric spaces G/ K, representation spaces W, stabiliz-
ers H, decompositions as K-modules W = U @ V and pairs S and S j;. We give a complete
list in the table. To do so, we use the coincidences that happen in low dimensions between
the various classical Lie groups, which are listed in the Remark after the Table 2.

Table 2.

G/K w H UoV So.Sm
SUn)/SO(n) | C* | SUm—-1) | R*"®R" | SU®m -1)/SOn—1)
Gr,(C) | C" | SUn—-1) | CP&C? | Gry(C""), Grpo i (C™)
Gr,(R") R" | Spin(n—1) | R?P®R? | Gr,(R"™"), Gr,_;(R"™)

§n-! R" | Spin(n - 1) | R@ R*"! §"=1, 2points
Gry®R") | S5 G, R*@R* | G,/SO4), G,/SO(4)
Gr4(R®) | Spin(7) | R'@R* Grs(R7), Gr3(R7)

Gr4(R) So | Spin(7) | R®@R? Gry(R"), Gr3(R7)
Sp(m)/U(m) | C*| Sp(n—-1) | C"eC" Sp(n—1)/U(n - 1)

Gr,(H") | H" | Sp(n-1) | H?®H’ | Gr,(H" "), Gr,_;(H"™")
G,/SO@4) | R’ SU3) R*o R’ SU(3)/S0(3), CP?
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Remark. We now list the coincidences of a pair of symmetric spaces and representations
W omitted in the table.

(SU(2)/SO(2), su(2)) = (S, R?),

S0(6)/U(3),C*) = (CP*,CY),
(Sp(1)/U(1), sp(1)) = (S%, R?).

4. Isoparametric functions

Let G/K, W, H and f be as in the previous section. In this section, the level set of the
function f : G/K — R is our main concern. Since H C G is an isotropy subgroup at w € W,
f is invariant under the action of H. Hence, H acts on the level set of f.

We can easily show

Lemma 4.1. If the action of H on G/K is of cohomogeneity one, then f is an isopara-
metric function.

Because |grad f]> and Af are also invariant under the action of H, and so they are constant
functions on the level set of f.
The actions of H are of cohomogeneity one except the following cases:

(SUM)/SOM), €Y,  (Sp(m)/Un),C™), (Gra@®’),Sy).

In the above cases, the cohomogeneity of the actions are 2, 3 and 2, respectively.
In the case of cohomogeneity one, we can easily describe the level set of f as a unit sphere
bundle of S or Sy, and show that all level sets are H-orbits, which are left to the reader.
From now on, we would like to compute geometric invariants of submanifolds, more
precisely, mean curvatures and principal curvatures. These invariants are related to invariants
of vector bundles.

Theorem 4.2. We have

As=2s. Ar="4 n:=dimGJK,
p q

for arbitrary s € W c I'(U) and t € W C I'(V), when W is an orthogonal representation.
We also have

As = is, At = it, n:=dimG/K,
2p 2q

for arbitrary s € W c I'(U) andt € W Cc I'(V), when W is a unitary representation.

Proof. From Theorem 2.6, we see that the mean curvature operators A and B are parallel.
Since U — G/K and V — G/K are irreducible, we have
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B = —ﬂldu, A= —Vldv

for some constant ¢ and v. Since i : G/K — Gr,(W) is totally geodesic (hence harmonic),
Theorem 2.7 yields that

As =us, At =vt.

Since i : G/K — Gry(W) is an isometric immersion, the definition of the Riemannian metric
go, yields that

n= Z gorle,e;) = — Z trace J,.1,, = —trace A = —trace B,
when W is a real representation, and
n = —-2trace A = -2 trace B,

when W is a complex representation. Hence we have our desired results. m|
We fix w € W (lw| = 1) again and consider the function f = |s|.

Theorem 4.3. We have that
2nN p
-2y 2)
rq N

when W is an orthogonal representation and
nN p
o 2(r-8),
rq N
when W is a unitary representation.

Proof. Notice that w € W also induces a section of § — Gr,(W) denoted by 5. It
follows that the pull-back section of § is nothing but s € I'(U). From Proposition 2.3,
we see that V5§ = —J7 on Grassmannian, where 7 is the corresponding section. Since
i : G/K = Gry(W) is a totally geodesic immersion and VY is regarded as the pull-back
connection of V¥, we also have VVs = —Jt. Then we obtain

1 = > gu (et Jot) = =gy (A1) = gy (AL, D).
The well-known formula
AlsP? = gy (As, 5) + gu (s, As) = 2|V s
yields that
Als? = 2gy (As, s) — 2gy (AL, 1) .

Theorem 4.2 yields the result. m|
Hence, the function f always satisfies the condition (2) of the definition of an isoparametric
function.

However, |grad f|> = |df|> does not satisfy the condition (1) in general. We distinguish
the case that the action of H is of the cohomogeneity one from others.
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4.1. The case of cohomogeneity one. In this subsection, we omit the case that G/K is a
sphere. Hence, in the decomposition W = U@V, U and V are K-representations of spherical
type. Moreover, S and S y; are singular H-orbits, which are expressed as H/Hy and H/H},,
respectively. Since the action of H is of cohomogeneity one, U is a representation of Hy of
spherical type and V is a representation of Hy; of spherical type.

Let n be a unit normal vector field defined by

n grad f
lgrad fI’
on the regular point of f. We denote by A, the shape operator of f~!(c), where c is a regular
value. By definition, we have that

1 1
ApnX = —Dyn = —-X|——|grad f — —Dxgrad f,
on ==X - e

where X is a tangent vector to f~'(c) and D is the Levi-Civita connection on G/K. Since
f is an isoparametric function, the first term of the right-hand-side vanishes. Consequently,
we have that

1
AnX,Y) = —— (D Y),
g( ) |dﬂ( xdf)(Y)

where X and Y are tangent vectors to f~!(c) and g is the Riemannian metric on G/K. The
definition of f yields that

(Dxdf) (V) = gy (VY (VVs) (V). s) + gu (5. VY (V) (1))
+ gu (Vg{s, V?s) + gu (V?s, V)L(]s) .
Since W = U @ V is a generalised Cartan decomposition, Proposition 2.3 yields that
Vis=—Jt, VY(VYs)(¥) = Jylys,
where ¢ is the corresponding section. It follows that

(Dxdf)(Y) = =gy (Ixs, Iys) — gy (Iys, Ixs)
+gu (Uxt, Jyt) + gy (Jyt, Jxt) .

We define endomorphisms 7 and J of the tangent bundle of G/K by
- 1
g(IX.Y) = 5 {gv Uxs, Iys) + gv (Iys, Ixs)}
and
- 1
9g(JX,Y) = 3 {gu Uxt, Jyt) + gu (Jyt, JxD)}.

By definition, we obtain

2 .o
4.1 Ap=—=1([-J).
=i~

We can immediately see

Lemma 4.4. The endomorphisms I and J are H-invariant symmetric operators.
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To see properties of  and J, we give a key algebraic theorem.
We denote by ) the corresponding Lie subalgebra to H and a natural projection by 7 :
G - G/K.

Theorem 4.5. In the case that the H-action on G/K is of cohomogeneity one, for an
arbitrary & € m such that ¢ LY and |éw| = 1, we have that

§2w = —w.

Proof. Let N be the normal space of S, at m(e), where e is a unit element of G. The
subgroup L C G defined as L := KN H is isomorphic to Hy, and acts on N as a representation
of spherical type, since the action of H is of cohomogeneity one.

Since W globally generates V. — G/K and is a representation of spherical type, ¢ is
transverse to the zero section. Hence we have that

T.Sy =KerVVi=Kerls={X € T,G/K|Iys = 0}.

It follows that Ty G/K = KerIs @, N.

We may regard Is : Tr)G/K — Vz() as an homomorphism /s : m — V and consider
N c m. Since s(n(e)) = [e,w], Is is an L-equivariant homomorphism. Hence V is also an
L-representation of spherical type which is isomorphic to N.

Let & € N such that |Is| = [éw| = 1. Then we obtain L; C L as an isotropy subgroup at &
and I : U — Vis an Lg-equivariant homomorphism. The endomorphism J¢le : U — U can
be now regarded as &2 : U — U, which is a restriction of €2 : W — W to U ¢ W. Note that
the eigenvalues except zero of &%y are the same as ones of &2|y with multiplicities, since
W = U & V is a generalised Cartan decomposition. Then L irreducible decompositions of
U and V, which are given after the proof, yield that £&w = cw with some constant ¢ € R by
Schur’s lemma. It follows that ¢ = (£*w, w) = —(éw, éw) = —1. ]
We shall exploit Lg,-decomposition in the sequel. We denote by [ and I the corresponding
Lie subalgebras to L and L, respectively.

e L:-decomposition of (G/K, W).
(1) (Gry(RY),RY).

Let ej,-- -, ey be an orthonormal basis of R" such that e, - - - ,e, spans R”. We take
w = e and so, [ = so(p — 1) ® so(q), where g := N — p. Let £ be a skew endomorphism of
R such that

ey = ey, ey = —ej,and ey =0, A#1,p+ 1.

Notice that £ € mN b+ with |fw| = 1. It follows that I is isomorphic to so(p — 1) @ so(g — 1).
Then we have

U=R’=RwoR"!, V=RI=Réwo R

) (Gry(ch),cv).
Letey,--- , ey be aunitary basis of CV such thatey, - - - ,ep spans C?. We take w = ey and
so, [ = u(1) ® su(p — 1) ® su(q). Let & be a skew Hermitian endomorphism of CV such that

ey = ey, ey = —ej,and ey =0, A#1,p+ 1.

Notice that & € m N h* with |éw| = 1. Tt follows that I, is isomorphic to u(l) & su(p — 1) &
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su(g — 1). Then we have
U=C’=CwoC'!, V=CI=CéwaCr "

(3) (Grp(HY), HY).

Letey,--- , ey be a quaternion-unitary basis of HY such that ey, - - - , e, spans H?. We take
w = e and so, | = sp(p — 1) @ sp(q). Let & be a quaternion-skew Hermitian endomorphism
of HY such that

e = €p+1, §€p+l = —ey,and ey = 0, A+ I,p+ 1.

Notice that £ € mNb* with |[€w| = 1. It follows that I¢ is isomorphic to sp(p — 1) ® sp(g — 1).
Then we have

U=H =HwoH’', V=H!=HéwaeH"

@) (Gra®R"), 7).

The isotropy subalgebra is isomorphic to so(4) @ sp(1). The Lie algebra so(4) is a direct
sum of two copies of sp(1). To distinguish these copies of sp(1), the isotropy subalgebra is
denoted by sp_,.(1) @ sp_(1) & sp(1).

Under the action of the isotropy subalgebra on S, we have an irreducible decomposition:

S7=(Cle Cz)R o (C2o Cz)R,

R
where C7,) denote the standard representations of sp,(1), respectively and (Ci ® C2) de-
note real invariant spaces of C2, ® C2, respectively.

R
We pick up a unit vector w € (C%r ® Cz) and so, [ is regarded as the diagonal subalgebra
R
of sp, (1)@ sp(1). Letv € (C% ® C2) be a unit vector. Since Lg (£ € m N bt with [£w| = 1)

can be identified with an isotropy subgroup of the L-action on S7 at v, it follows that I¢ is
isomorphic to the subalgebra {(X, X, X)} of sp,.(1) ® sp_(1) @ sp(1). Then we have

U=(CoC) =RueR, V=(CoC) =RioR’,
where R? denotes the adjoint representation of L.
(5) (G2/SO(), R7).

To distinguish two copies of sp(1), the isotropy subalgebra is denoted by sp, (1) ® sp_(1).
Under the action of the isotropy subalgebra on R”, we have an irreducible decomposition:

R’ =(C2 ®C%)R @ sp_(1),

where C2 denote the standard representations of sp. (1), respectively and (C?r ® C%)R de-
notes a real invariant space of C?, ® C2.

We pick up a unit vector w € (Cﬁ ® C%)R and so, 1 is regarded as the diagonal subalgebra
Aof sp.(1)®sp_(1). Letv € sp_(1) be a unit vector. Since L (6 € mNb* with |[Ew| = 1) can
be identified with an isotropy subgroup of L-action on R” at v, we have that l¢ is isomorphic
to u(1) which is the standard subalgebra of A. Then we have

U=(CoC) =RuoR&C,, V=5 (1)=RuaC,
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where C, denotes an irreducible representation of u(1) with weight a.

Remark. We should consider the case of (Gr4(R8), Sg) However, the triality gives the

same picture as in the case of (Gr4(R8), RS), and so we omit it.

Corollary 4.6. We can find a geodesic on G /K which intersects all H-orbits orthogonally.

Proof. For any ¢ € m such that £1h and |éw| = 1, Theorem 4.5 yields that
1
fw = Z Hf“w = cos fw + sin tv,

where we put v := éw € V. Then, m(e”) is a geodesic through n(e).
Moreover, we get

s (ﬂ(e"f )) = [e’f, U (e_’fw)] = cost [e’f, w] = coste s (n(e)).
Hence,
f (n(e’f)) = cos’t,

and so, the geodesic m(e’*) meets all H-orbits.

Since £11, & can be regarded as a normal vector of S, in G/K. We can identify the
normal bundle of an H-orbit with a neighbourhood of the H-orbit G-equivariantly via an
exponential map restricted to the normal space. Hence the geodesic (e'¢) intersects all H-
orbits orthogonally by Gauss’s lemma. m|

Remark. The existence of a geodesic which intersects all orbits orthogonally is well-
known in the case that the action is of cohomogeneity one. However, we exploit our geodesic
n(e¥) to compute submanifold-geometric invariants including principal curvatures of the
regular level set explicitly. To do so, we fix the notation m(e”) to express the specified
geodesic.

For simplicity, we put o := n(e) € G/K.

Theorem 4.7. The endomorphism I has only two eigenspaces, which is expressed as
T,G/K = E1®E,, where s(x) # 0. The eigenspace Ey with zero eigenvalue is indeed Ker Is,
where we regard Is as a homomorphism Is : TG/K — V. The both E| and E, can be
identified with T,S y; and V, respectively, via a parallel transport along the geodesic (etf )
and an action of H, where & € m N ht.

Proof. As we already show,
T,Sy =KerV't = {X € T,G/K|Vyt =0}.

It follows from V"¢ = —1Is that T,,S j; is included in the eigenspace of I with zero eigenvalue.
Let L be an isotropy subgroup of H at o € Sj. Then we already see that N(= V) is an
irreducible representation of L. From Lemma 4.4, V must be an eigenspace of I, because L
acts on each eigenspace.
Let x € G/K be a point outside S, and suppose that s(x) # 0. It follows from H-
invariance of 7 that x can be assumed to be joined to o by m(e’¢) and x = n(e"¢) for some
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£emnbt. If we put g(x) = €¢, then x = g(x)o and s(x) = cos tog(x)s(0).
Since I is G-invariant, if X and Y € T,G/K, then we obtain

- 1
g (TX.Y) = = lgv. Uxs(). Iys(0) + g, (ys(x). Is(x))

1

= E{gV* (Ig(x)g(x)‘lX €08 10g(x)$(0), Ly(x)g(x)-1y €OS flog(X)s (0))

+ 9v, (g €08 10g(x)5(0), Iy x €08 g (x)5(0))}

- %{gw (9000150 9Dy 275(0)

+ gv, (917 5(0), g y1x5(0) )}
/)
= T{gv” (Ig(x)"Xs(O), Ig(x)—lyS(O)) +gv, (Ig(x)-IYS(O), Ig(x)‘lXS(O))}
= f@) g0 (Tg(x) "' X, g(0)7'Y).
It follows that T,G/K = g(x)T,S y ® g(x)V, is the eigenspace decomposition of the endo-
morphism I,. It also follows that g(x)T,S »; = Ker Is. o
Lemma 4.8. The normal vector field n belongs to E,, where df # 0.

Proof. From Corollary 4.6, the velocity vector of the geodesic (e’) is a constant multiple
of the unit normal vector field n.

By Theorem 4.7, the eigenspace E; corresponding to zero eigenvalue is the image of a
parallel transport of T'S y; along (e®®). Then, we have that nLE;. The H-invariance gives
our desired result. O

RemaRrk. Itis well-known (and easily shown) that the unit normal vector field n generates
a geodesic if the function satisfies the condition (1) of Definition 2.1.

We denote by A an eigenvalue of I whose eigenspace is E, = V.

Theorem 4.9. The eigenvalue A is equal to ﬁlsl2 when W is real, &lsl2 when W is
complex.

Proof. In both cases, we have
(4.2) Z gei.e) = gy (Ie;5.1,5) = —gu(Bs. 5) = gu(As, ).
e W: real. By definition, we have g(Ie;, e;) = gA. From (4.2) and Theorem 4.2, we get

g = ZisP
p

e W: complex. By definition, we have ), g(lej,e;) = 2¢gA. From (4.2) and Theorem 4.2, we
get

n
201 = —|s|%.
q 2plsl

In a similar way, we have
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Theorem 4.10. The eigenspaces of J can be identified with U and TS via a parallel
transport along the geodesic n(e®) and an H-action. The eigenvalue corresponding to the
eigenspace U is piqltl2 when W is real, ﬁltl2 when W is complex. The eigenspace TS is
the kernel of J.

For simplicity, it is said that the eigenspaces of I are V and T'S j; and the eigenspaces of
J are U and TS, when no confusion can arise.

Lemma 4.11. The unit normal vector field n is the eigenvector of J which belongs to U.
We can compute the norm of the velocity vector of the geodesic n(e').

Lemma 4.12. Let £ € m N bt with |éw| = 1. The square of the norm |€? is equal to %,
when W is real, 4nﬂ, when W is complex.

Proof. On the one hand, since & is a constant multiple of n, we get & = A&, from Lemma
4.8, where A is the eigenvalue different from zero. It follows that

g(E,&) = el

On the other hand, the definition gives g(I€,&) = gy (Ié:s, I,gs). Since G/K is a totally
geodesic submanifold of Gr,(W), we can compute

I:s (n(etf)) = [e“f,.fcos tw] =cost [e"f,fw] .
Since |éw| = 1, we obtain |Igs|* = cos® dléwl* = |s|.

We immediately get A|£]> = |s|?, which provides us with the result by Theorem 4.9. O

Theorem 4.13. The norm of the gradient vector grad f is given by

2lslitl /55, when Wis real,

ldf| = .
5|z /piq, when W is complex.

Proof. Let £ € m N h* with [éw| = 1. It is enough to compute the norm on the geodesic
n(e'¥) due to H-invariance. Note that the corresponding section ¢ is expressed as

t(n(e’f )) = [e’f, —sin tv] = —sint [e’f, v] = —sinzet (o).

Moreover, we get from v = —w that

Jet (ﬂ(e’f)) = - sint[e’f,fv] = tant[et‘f, w] = %s (ﬂ(e’f)).

Then, we have

Idfl2 = Z (gU (Vgs, s) + gy (s, Vgs))2
= (gu Uat.5) + gu (5. J 1))’

ISI ISI PEPAY:
=Y i (g0 (Jut Jet) + gu (Jet, Jut))’ Z4| g (9(er &) .

We can take e, = n and already see that & = |£[n (up to a sign). Theorem 4.10 and Lemma
4.12 yield that
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2 2 2
dfP = | |2 EP4,
where y is the eigenvalue of J different from zero. |

RemMaRrRk. From Theorems 4.3 and 4.13, it follows that

2nN (

af =22 (r- %) st =2 pa-p,

when W is real, and
nN p n
ar="2(r-£), e =Lpa-p.
rq N rq

when W is complex. If we define a new function f by

then we have
when W is real, and

when W is complex.

Let ¢ be a regular value of the function f : G/K — R. We can compute the mean
curvature m of the hypersurface f~!(c). Notice that |s|> = ¢ and |¢|> = V1 — ¢, by definition.
Hence, instead of using ¢, we employ |s| and |¢| to express invariants on f~!(c).

Theorem 4.14. Let m be the mean curvature of the regular level set f~'(c). Then m is
expressed.:

i {IsPg = D= P(p = DD}, when Wis real,
2\s||t|\/g |s|2(2q - —P@2p - 1)}, when W is complex.

Proof. From (4.1), Theorems 4.7, 4.9 and 4.10 and Lemmas 4.8 and 4.12, it follows that

m= g(Ape;, e;) = trace I — g(In, n) — trace J + g(Jn, n)

Z " ldfl 7l )
where e}, -+ ,e, = nis an orthonormal basis of T7G/K. Using again Lemmas 4.8 and 4.12,
Theorem 4.13 yield the result. m|

Remark. Using only the function f, m is described as
qu(nl—f) {(N=-2)f —(p—1)}, when Wisreal,
m{Z(N -Df-@2p-1)}, when Wiscomplex.
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Corollary 4.15. There exists one and only one minimal regular level set of the function
f. More precisely, f~'(c) is a minimal hypersurface, where

2p—1

p—1 .
o= {m, when W is real,
sv—y: When Wis complex.

Next, we compute principal curvatures, in other words, the eigenvalues of A;,. From (4.1),
we should see how the eigenspaces of I and J intersect with each other.
As we have already seen, the eigendecomposition of 7 is expressed as

T,G/IK==m={Xem|Xw=0o, V=TSyo, V.
We put go := e2%. In a similar way, we have
90" (TaignG/K) = m = (X € m|Xo =0} &, U = g (T So) &1 U.

We use the same notation as in Lg-decomposition of (G/K, W) after Theorem 4.5.
e Principal curvatures.
By (4.1), Theorems 4.7, 4.9, 4.10 and 4.13 imply

Lemma 4.16. The shape operator Ay satisfies

0 (On T,Sun gal(Tn(go)S 0))

Is| [n )
— = TriirSo) NV
altl g (071 go( (g0) O) )
A, = t

n=y (onT,S 4 N U)

als|'\ pq

2 2
s|e =t n
alsliel "\ pq

where a = 1 (resp. 2) if W is real (resp. complex).

(1) (Gry(RY), RY),
The tangent space m is regarded as R” ® RY. We get the [;-decomposition of m:

m=Rwe@Réwd, RPFToRéwd, Rwe@R! @, RF-@RI™!
=Ro, R"'g, R"'g, RF'gRI.
In this decomposition, we can identify:
TSo=R"'®, R'®@R"!, TSy =R'"'@, RF'@RI,
U=R&, R, V=Re, RI""

Since the both 7 and .J are [e-invariant, Schur’s lemma yields the eigendecomposition of A,.
Then Lemma 4.16 implies

Theorem 4.17. The principal curvatures of the regular level set f~'(c) of the function f
are

s

[/

bl

with multiplicities g — 1, p — 1, (p — 1)(g — 1), respectively.
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(2)(Gry(CY), CY),
The holomorphic tangent space at o is regarded as C”* ® C9. We identify m with the
holomorphic tangent space at 0. We get the l;-decomposition of m:

m=Cw' @ Céwd, C"" @ Céwe, Cu'® CT ' g, CP™!" @ CI™!
=Co, C""o,C"'e, Cr"eCr.
In this decomposition, we can identify:
TSo=Ci'e, CP""oC"!, TSy=C""@e C"eCiI,
U*=Ce, C'", Vv=Ceo, CI"

Since the both I and J are le-invariant, Schur’s lemma yields the eigendecomposition of Ay.
Then Lemma 4.16 implies

Theorem 4.18. The principal curvatures of the regular level set f~'(c) of the function f
are

Y L I U
V2slld V2l V2]
with multiplicities 1, 2(q — 1), 2(p — 1), 2(p — 1)(g — 1), respectively.
(3) (GrpE"), HY),
The tangent space m is regarded as H” ® HY, in an appropriate sense. We get the I.-
decomposition of m:

m=HweHéwe, H* ' 9Héwe, HweH ', H ' @ HI™!
=He H'o, H" 'eo, H" '@ HI".
In this decomposition, we can identify:
TSo=H'"'e, H"'@H"!, TSy=H""'e, H''@H!,
U=He, H"', V=He, H/".

Since the both 7 and J are lg-invariant, Schur’s lemma yields the eigendecomposition of Ay.
Then Lemma 4.16 implies

Theorem 4.19. The principal curvatures of the regular level set f~'(c) of the function f

are
1 |s] I
—(sP -1, =—, -=—, O,
2Islle] 2117 2ls|

with multiplicities 3, 4(q — 1), 4(p — 1), 4(p — 1)(q — 1), respectively.
@) (Gra(R7), 87),
The tangent space m is isomorphic to R* ® R? as s0(4) @ sp(1)-module. Note that l¢

is isomorphic to the subalgebra {(X, X, X)} of sp, (1) & sp_(1) & sp(1), and so we have a
decomposition of m as lg-module:

m=Ra, 2R’ ®, R.
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Since
TSo=R°@®, R, TSy =R’°®», R>, U=RaoR’, V=RaoR’,

we can not obtain the same conclusion as before.
We consider a [¢-irreducible decomposition of S 7:

S:=RweoR’> & Rug R?,

We already see that éw = v and év = —w. Let uy, up, u3 be an orthonormal basis of R’ c
U. We can put &2u; = xu; for i = 1,2,3. Using the relation that |£]> = gvlgw, Iew) +
Zi gv(IérM,', Ié:ul-), Lemma 4.12 ylelds that

ﬁ:1—3x.
n

If we substitute p, ¢ and n by 4, 4 and 12, then we obtain

1
X=-=.

9
Hence we can take an orthonormal basis v;, v, and v; of R ¢ V such that
1

_1 )
gvi, v = ?ui, i=1,23.

Let 5 be a normal vector of T,S j; which is orthogonal to &, (which yields that 7 € R*
V), and satisfies that |[pw| = 1. Theorem 4.12 gives

Eu; =

»_pq_ 4
" =—=3
The relation £ L7 yields that éw Lnyw. Hence we may suppose that
3 -1
nw =i, 0= U

We put 17 = 179 + 171 according to the decomposition m = 7'S( @ U. Note that 7o € R* ¢ T'S
and 7; € R* ¢ U. Then we have

v = 100 + M1V = M0,

and so, |77111|2 = é. Since n; € U, we get

- n 3
g(Uni,m) = —ItPml? = =m P
rq 4
On the other hand, we have

7 1
go(Ini,m) = gy t, Iy, 1) = [t 0] = 5

= 32

=3, and so,

Consequently, we have |n;|* = 24—7, Inol?

ol = Imil = 2V2 : 1.

Hence, if X is a vector of R® ¢ 7,5, and X = X, + X, where Xy, € R? c 7,5, and
X; € R?® c U, then we have
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IXol : 1X1] = 1:2V2.

Let X;, X» and X3 be an orthonormal basis of R® ¢ 7,8 3, and vy, v, and v3 an orthonormal
basis of R® ¢ V. Then we can take an orthonormal basis Y;, ¥> and Y3 of (R3 @ R3) NT,Sy

and an orthonormal basis u, 1, and u3 of (R3 @ R3) N U such that

X,-:%(Y,-—2\/§u,-), v = (2\/§Yl~+u,~), i=1,2,3.

W] —

It follows from Theorem 4.10 that

- 2\2 .
JX; = Tpiqltlz (2\/§Xl - Z)i) , Jui= §p£q|l‘|2 (—2\/§Xl + l),')

From (4.1) and Theorems 4.7, 4.9, 4.10 and 4.13, we need to compute the eigenvalues of

1 /1L(—8ltl2 2\/§|t|2)
OV pq sl \2V21e> 9l — [¢?

to obtain the principal curvatures. Then we have

Theorem 4.20. The principal curvatures of the regular level set f~'(c) of the function f
are

VB Lo - ) £ O~ AR, 0,

12s]ld
with multiplicities 3, 3, 5, respectively.
(5) (G2/SO),R),

We can proceed in the almost same way as in case of (Gr4(R7), S7). So we shall sketch a
proof.

R
The tangent space m is regarded as (Ci ®S 3C%) . Since [¢ is isomorphic to u(1) C A C
sp, (1) @ sp_(1), we get a decomposition of m as [;-module:

m® =Cs @, 2C, ®, 2C®, 2C, @, C_y.
Considering real representations, we can take
m=Csyo, 2C, &, 2R.
Since
TSg=Cs0Cy, TSy=Cs0C, R, U=RaoC,®oR, V=RoC(C,,

we can not obtain the same conclusion as before.
We consider a u(1)-irreducible decomposition of R”:

R'=RueoRaC, ® Rvo C,.
Let u;, up be an orthonormal basis of C, € U and u3 € R C U be an unit vector. We can put

Eu; = xu; for i = 1,2 and &us = 0. If follows from Lemma 4.12 that

Pq _
n

1-2x,

and so
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1
x=-—-—,

4

Let  be a normal vector of 7,5 j; which is orthogonal to &, (which yields that n € C, C
V), and satisfies that [pw| = 1. We put n = 1y + n; according to the decomposition m =
TSo® U. Note that g € C; € TSg and i € C, € U. Then we have > = 3, [nof* = 3,

g’
and so,
ol = Im| =3 : V3.

Hence, if X is a vector of C; € T,S; and X = Xy + X;, where Xy € C, ¢ T,So and
X, € C, c U, then we obtain

IXol : IX;] = 1: V3.

From (4.1) and Theorems 4.7, 4.9, 4.10 and 4.13, we need to compute the eigenvalues of

1 /ii(—Sltl2 V3| )
4\ pq sl \N3e> 4ls]> = |t

to obtain the principal curvatures. Then we have

Theorem 4.21. The principal curvatures of the regular level set f~'(c) of the function f
are

11 . \/§|z|
— — =) £ VL= |sPle?}, —+/z—=, O,
NART {5 =162y = V1 = 1522} i

with multiplicities 2, 2, 1 and 2, respectively.

4.2. The case of cohomogeneity greater than one. In this subsection, we see that f =
|s|? is not an isoparametic function in each case. However, if we adopt Wang’s definition of
isoparametric functions ([18] or see also [2, p.55]), it will be shown that we can find a vector
valued isoparametirc function F : G/K — R¥ which has f as a component, where k is the
cohomogeneity of the H-action. Every H-orbit is included in a level set of F.

Moreover, we shall show that there exists a hidden symmetry in each case, in other words,
w € W determines another subgroup of G. We obtain a subgroup A c G such that H ¢ H.
The action of H on G/K is of cohomogeneity one. Finally, the corresponding isoparametric
functions are specified and we shall detect the relation between w € W and the new function.

Remark. For completeness, we give a definition of an isoparametric function by Wang.
Let f = (fi,~~-,fi) : M — RF be a function on a Riemannian manifold (M, g,;) with
values in R¥. The function f is called an isoparametric function if there exist functions
Fij,G; : RE -5 R (1 £, j £ k) such that

D) gudfi.dfy) = Fif(fi.--- . fi) (2 Afi = Gi(fr,--- . fo)-

This definition is different from a definition of Terng [15]. Though Terng’s definition is
stronger than one of Wang, Terng get a deep and beautiful structural theory. See also
Heintze, Liu and Olmos [4] for isoparametric submanifolds. In both, the principal orbit
of an hyperpolar action is a typical example.
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e (SU(n)/SO(m), C")

The tangent space m is identified with a representation S %R” of SO(n), where S (Z)R” de-
notes the set of tracefree symmetric transformations on R". We denote by 7y : R* @ R" —
S gR” the indicated orthogonal projection.

According to a generalised Cartan decomposition of C", we obtain z = x+iy € R"®iR" =
R"” & R". Hence the vector bundle V — G/K is naturally identified with U — G/K, and we
do not distinguish one from the other.

Let Y be an element of S gR”. Since iY € m C su(n), we have

(V)(x+iy)=-Yy+i¥Yx, andso, Y(x,y)=(-Yy,Yx).

When C” is regarded as a real representation of SU(n) and the orthogonal projections are
defined as wy(x + iy) = x and 7y (x + iy) = y, we have

Vit i) = [g: ~((V)av(g™ w)| = |g. Yav(g™'w)]
Vi, irpt = [g» -(@iY )ﬂU(g‘lw)] = [g, —YnU(g“w)] ,

where g € G. For simplicity, we identify ¥ € m with the tangent vector n(L,Y) to G/K and
Vys and Vyt are abbreviated to Yt and —Ys, respectively.
Then we get

df =29y (Vs,s) =2gy (Yt,5) = 2g96,(Y, s ® 1),

where g, is the Riemannian metric on Gr,(R?"), which is the target of the totally geodesic
immersion of G/K — Gr,(R*"). Hence we obtain

,t
df: 27T()(S®l) = 2(5"[— gU(S )In),
where

1
s-tzz(s®t+t®s),

and [, denotes the identity transformation of U — G /K. Consequently, we have

n

-2
Ide2=2(Is|2|tI2+ - gu<s,z>2),

which shows that f is not an isoparametric function. Note that f is an isoparametric function
in the case that n = 2, since we have

SU(2)/S0(2), C?) = (CP!, C?),
( )=( )

which was already seen in the previous subsection.
We compute

dgy(s,0)(Y) = gu(Yt,1) — gu(s,Ys) = g (Y. 1 ®1 - s® )
and so, we get

|l — Ie?

n

dgy(s,t) =mp(t-t—s-5)=t-t—s-s+

I,.

It follows that
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1 2
ldgu(s.OF = Isl* = 2gu(s.0 +11* = — (s = ),

2n—1
g (df. dgy(s,1) = — 2~

2 2
gu (s, ) (s = 1),
Moreover, we have

D 0u(Ves. Yoty = = ) guleiteis) = ) guleieit, s) = ~gu(At, s).

It follows from Theorem 4.2 that

Agu(s, 1) =gu(As,0) =2 3" gu(Vs, V1) + gy (s, A1)

_2n- 12(;1 + 2)gU .

Consequently, we obtain an isoparametric function F with values in R?:

F = (sP - 1t 2gu(s.1)).

Since gy (s, t) is also H-invariant, the level sets of F' consist of H-orbits.
- 2
We put f = |[FI? = (s = 1t2)" + 4gu (s, 0.

Theorem 4.22. The function f is an isoparametric function on the symmetric space
SU(n)/SO(n).

Proof. Combined our direct computations with a well-known formula Af? = 2{ JAf

- |df|2}, we have
Af =4+ 1)f - 8.
Moreover, it follows that
df? = 8f(1 - f).
|
We explain how w € W relates to f. Let & be an invariant Hermitian product on W = C”.
Then iw @ h(-,w) — ﬁ],, € W ® W* can be considered as an element of su(n). We have
a generalised Cartan decomposition of su(n), which is a standard decomposition su(n) =
so(n)®m. Hence iw®h(-, w)— ﬁ'ln determines a section § of the holonomy bundle SU(7) x50
so(n). Since
5= [g, pr (g_l (iw ® (-, w) - i1,,))] . geSUm),
n
where pr : su(n) — so(n) is the orthogonal projection and w = s + if, we have
§=50gu(,0)—1®gy(:, ).

Consequently, we obtain
2 ~
@3) 2P = (1P - guls,0) = 1= (157 = 1P) + dgu(s, 07} = 1 - .

Since iw ® h(-, w) — ﬁln is invariant under the action of S (U(1) X U(n — 1)) which is denoted
by H, we have
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Lemma 4.23. The function f is invariant under the action of H.

If we check the action of H on SU(1)/SO(n) at o infinitesimally, it follows that the action
of H on SU(n)/SO(n) is of cohomogeneity one.

Next, we determine critical points of f. We begin with a simple algebraic lemma, whose
proof is left to the reader.

Lemma 4.24. Let u and v be vectors in R". Then mo(u - v) and no(u> — v*) are linearly
independent if and only if u and v are linearly independent.

We have
(4.4) df = 8(Is* = tP*) mo(s - 1) + Bgu (s, Hmo(£* = 7).
Lemma 4.25. The set of critical points of f consists of those points in f~(0) and f~'(1).

Proof. From (4.4), x € SU(n)/SO(n) is a critical point of f if and only if F(x) = 0 or
7o(s - )(x) and mo(#> — s%)(x) are linearly dependent and

4.5) (Isf” = 117 wo(s - 1) + gu s, Hmo(r* = %) = 0

at x.

Of course, F(x) = 0 is equivalent to f (x)=0.

The latter condition yields that s(x) and #(x) are linearly dependent by lemma 4.24. Then
the equation (4.5) is automatically satisfied. The Cauchy-Schwarz inequality implies that

~ 2
F= AP = 1P + disPil = (1P +107) = 1,

where the equality holds if and only if s(x) and #(x) are linearly dependent. m|

We can describe £~'(0) and f~'(1) as H = U(n — 1)-orbits, respectively. In fact, we have
F10) = Un = 1)/U(1) x SO(n - 2) = SU(n — 1)/SO(n — 2),
f_l(l) =Umn-1)/SO(n-1)> S8, Su.
We already see that
dF (x) = (4mo(s - 1), 2m0(F* = 57)).

If F(x) = 0, then f(x) = 0 and so, s(x) and #(x) are linearly independent. Lemma 4.24 yields
that mo(s - £) and mo(> — s?) is also linearly independent. Hence x is a regular point of F.
Indeed, from the above description, though f~'(0) is a singular orbit of A, F~'(0) is not a
singular orbit of H.

Lemma 4.26. One orbit F~'(0) of the action of H on SU(n)/SO(n), which is not a singu-
lar orbit, is a minimal submanifold of SU(n)/SO(n).

Proof. The orbit F~1(0) is equal to £/~'(0) and f~'(0) is a singular orbit of H. The theorem
of Hsiang-Lawson [7] yields the result. ]

Lemma 4.27. The action of H on SU(n)/SO(n) is not a hyperpolar action.



IsoPARAMETRIC FUNCTIONS ON SYMMETRIC SPACES 701

Proof. We can apply [5, Theorem 3.13, p.231] to get the result. (We also refer to [5] to
see the definition of the hyperpolar action.) m|

Corollary 4.28. The submanifold F~'(c), where c is a regular value of F, is not an
equifocal submanifold of SU(n)/SO(n).

See [16] for the definition of the equifocal submanifold, which is considered as a gener-
alization of isoparametric hypersurfaces.

Next we focus our attention on f ~1(1). From (4.3), f~'(1) is nothing but a zero locus of
the section §. In addition, since su(n) = so(n)®m is a generalised Cartan decomposition, we
have a totally geodesic immersion from SU(n)/SO(n) to a real Grassmannian Gr,(su(n)),
where p = dim SO(n). Then the same method as in the proof of Theorem 3.6 yields

Theorem 4.29. The level set f ~1(1) is a totally geodesic submanifold of SU(n)/SO(n).

e (Sp(n)/U(n), C")

The holomorphic tangent space is identified with S?C" as complex U(n)-module, where
S2C" denotes a symmetric power of C". Hence, S2C" @& S>C" is regarded as the complex-
ification of m, which is denoted by m®. Let o : m®
a real vector, then there exists a unique Z € S>C" such that Y = (Z, 0(2)) € mC.

Let j : C* — C2" be an invariant quaternion structure. We regard C*" as a left H-
module with j. As U(n)-module, we have C** = C"@® C". If Z € S>C" is regarded as a
homomorphism Z : C" — C", then we have o7(Z) = jZj : C" — C", where the quaternion
structure j is restricted to C" . Consequently, Y € m acts on (,v) € C"®C" in the following
way:

— m€ be the real structure. If Y € m is

Y(u,v) = (0(Z), Zu),
where Y = (Z,0(Z)) € m€.
Weput U =G xg C'and V = G Xk C" = U*. With our convention, we have
Vi, rys = [g, —U(Z)ﬂv(g_lw)], Vaw,mt = [9, _Zﬂ'U(g_lw)] ,

where g € G. For simplicity, we identify ¥ € m with the tangent vector n(L,Y) to G/K and
Vys and Vyt are abbreviated to —o(Z)t and —Zs, respectively.
Then we get

df(Y) =gy (Vys,s)+gu (s,Vys) = —gy (c(2D)t, s) — gy (s, 0(2))
=—hg, (0(2),gv(, 1) ® 5) — hg, (gv(-, 1) ® 5,0(Z)) ,

where A, is the Hermitian metric on Gr,(C?"), which is the target of the totally geodesic
immersion of G/K — Gr,(C*").
Hence we obtain

dF" = 529y = 3 @GV +gv() @ ).
Consequently, we have
ldf P = (IsPl? + I(s, 0P),
where (-, -) denotes the pairing between U — G/K and V — G/K. This shows that f is not
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an isoparametric function.
We compute

d(s,n)(Y) = —(cDt,t) — (s, Zs) = —(0(2),t®1) — (s ® 5, 7Z),
where (-, -) in the right-hand-side denotes the obvious pairing. It follows that
dis,t)=—t-t—s-s.
As a result, we have
d(s, D = Isf* + 1o,
h(d(s,0,df) = = (Is +117) (s,1) = =(s 1),
Moreover, we have
Z(ve,.s, V1) = —(At, 5).
It follows from Theorem 4.2 that
A(s, 1) = (As, 1) — 2 Z(Vs, Vi) + (s, At) = 2(n + 1)(s, 7).
Consequently, we obtain an isoparametric function F with values in R>:
F o= (s = 11, 2(s.1)).

Since (s, 1) is also H-invariant, the level sets of F consists of H-orbits.

We put f = [P = (Isf? ~ 11P) + di(s. 0.

Theorem 4.30. The function f is an isoparametric function on the symmetric space
Sp(n)/U(n).

Proof. In a similar computation to one in a proof of Theorem 4.22, we have

ldfP? = 4f(1 = ).
and
Af =2Qn+1)f - 6.

O

We discuss a relation between w € W and f. Let w be an invariant symplectic form on
W = C?" and we do not distinguish between C>" and C**. We can consider w A jw €
A*C*". We have an irreducible decomposition A?C*" = A2C** & Cw as Sp(n)-module, and
so we define the orthogonal projection my : A2C** — AZC?". As a U(n)-module, we have
AC* = A2C" @ A’C" @ su(nm)©. Taking a real part, we get the orthogonal projection

- (A20n\R 20m oy A20n\R ; . P
pr: (/\OC ) - (/\ C'e A C ) . Hence w A jw determines a section § of the bundle

AR
Sp(n) Xy (A2C" ® A2C")". Since

§=|g.pr(97" 70 @ A jw)|, g€ Spm),

we have
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§=-s ® gV('9 t) —® gU('a S).
Consequently, we obtain
~ 2 ~
205P = 4 (15U = 105, 0F) = 1= (157 = 1) + s 0P} = 1 = .

Since w A jw is invariant under the action of Sp(1) x Sp(n — 1) which is denoted by H, we
have

Lemma 4.31. The function f is invariant under the action of H.

From the infinitesimal action of H on Sp(n)/U(n) at o, it follows that the action of A on
Sp(n)/U(n) is of cohomogeneity one.

RemARK. From the viewpoint of Sp(1), the function F' is a moment map for the action
of Sp(1) on Sp(n)/U(n). Hence Sp(n — 1) acts on the Kéhler quotient. Indeed, the Kihler
quotient is identified with a flag manifold Sp(n — 1)/S (U(n — 2) x U(1) x U(2)).

Next, we determine critical points of f. We have
(4.6) df*0 = 4(1sP = [t7) s - gv( 1) = 4(s, D)5 + 4(s. gy (-, D).
Lemma 4.32. The set of critical points of f consists of those points in f~'(0) and f~'(1).

Proof. If s and gy (-, ) are linearly dependent, then we have df'° = 0 by (4.6).

Suppose that s and gy (-, f) are linearly independent. Then, s - gy (-, ?), s% and gy(-, 1)? are
linearly independent. It follows from (4.6) that 4! = 0 if and only if £ = 0.

Since (s,1) = gy (s, gy (-, 1)), the Cauchy-Schwarz inequality implies that

7 2
F= U =12 + 4sPi? = (1P + 1) = 1,

where the equality holds if and only if s and gy (-, ¢) are linearly dependent. |

We can describe f ~1(0) and f ~1(1) as H-orbits, respectively. In fact, we have
J710) = Sp(1) x Sp(n = 1)/Sp(1) x U(n = 2) = Sp(n = 1)/U(n - 2),
Fl1) =8 xSpn—-1)/U(n—-1)> S0, Su.
In similar ways in the case of (SU(n)/SO(n), C"), we have

Lemma 4.33. One orbit F~'(0) of the action of H on Sp(n)/U(n), which is not a singular
orbit, is a minimal submanifold of Sp(n)/U(n).

Lemma 4.34. The action of H on Sp(n)/U(n) is not a hyperpolar action.

Corollary 4.35. The submanifold F~'(c), where c is a regular value of F, is not an
equifocal submanifold of Sp(n)/U(n).

Theorem 4.36. The level set f ~1(1) is a totally geodesic submanifold of Sp(n)/U(n).

o (Gry(R%),So)
Since So9 = S; ® S5 ® S, ®S5 as Spin(4) X Spin(5)-module, we put U = S; ® S5 and
V =S8, ®Ss. More precisely, though we need to take a real part of each space, we omit the
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notation to indicate it. According to the decomposition
UsV=R'&(ReR @s0(5)),

we define two orthogonal projections 7y : U®V — R*and 77 : U®V — R*®R5. Note that
R* and R* ® R’ can also be considered as the tautological bundle and the cotangent bundle
on Gr4(R®) with our convention.

We have

disf? =2s®t

on Grg(S9), where s and ¢ are regarded as sections of the tautological bundle and the univer-
sal quotient bundle on Grg(S ), respectively. Since S ® Q can be regarded as the cotangent
bundle on Grg(S ), using a totally geodesic immersion i : Gr4(R%) — Grg(So), we obtain

df =2nr(s®1).
Lemma 4.37. We have
dfP =2 (IsP1 = 6 lro(s @ 1))

Proof. First of all, we pay attention on Spin(5)-modules. We identify Spin(5) with Sp(2).
Then S5 is recognized with the standard representation C* with an invariant symplectic
form w of Sp(2) and we have C'eC*=Cwo /\%C4 @ s0(5)C. If u,v € C*, then, under the
decomposition

UQV=UANV+U-D, u/\v=%(u®v—v®u), u'v=%(u®v+v®u),
we have
u/\veCw@/\(z)C4, u-ve s0(5)C.
It follows that

1
e Aot = 5 (JuPlof? I, 0)F).

where A(-, -) is an invariant Hermitian product on C*.
We denote two orthogonal projections by py : A’C* — Cw and pr : A’C* — AZCY,
respectively. It follows from |u A o = |po(u A V)P + |pr(u A v)? that

1
4.7) IPoCu AP +1pr(u A )P = 5 (Pl = hGu. 0)F).

Since |w|* = 4, we get
1 2 1 2
pou Av) = e, v)w,  Ipou A = 7 lw(, o).
It follows that
1 1
(4.8) prno)P = 5 (PP = b 0)FF) = Flaw. o).

The subgroup Spin(4) is now identified with Sp, (1) x Sp_(1). Let C2 be standard repre-
sentations with invariant quaternion structures j. of Sp,(1), respectively. Note that C2 are
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equivalent to S ¥, respectively. We denote by e, e, the standard basis of C2. This means
that ey, e, is a unitary basis with e, = j.e;. The standard basis of C? is denoted by fi, f>.
Leta = e; ® u; + e ® uy be a real vector in C2 ® C*. This yields that

Jui = us,

where j is an invariant quaternion structure on C*. We denote a real vector in C2 ® C* by
b= fi®uv; + f>» ® v, with ju; = v,. We have

a®b=) (ei®fj)®(uev).
By definition, we get
nr(a®b) = Z(e,-@fj)@)pr(u,- A vj),
and so,
4.9) rr@e b = > |or (w o))
Since a and b are real vectors, we have, for instance,
h(uy,v1) = =h(uy, ju2) = w(uy, v2).

Consequently, it follows from (4.8) that

1 1
Ipr G AvDP = 3 (Pl =l v2)P) = Jlootur, o)P.

and so, (4.9) yields that

(4.10) nr(a®b) = % (lur P + 1ual?) (lo1* + o) = % D lw(ws, 0P
The definition yields that

4.11) roa®@b) =Y (ei® f;) ® po (ui Avj),

and so,

(4.12) moa® )P = > |po (e A vy)| = %Z lew(ui,v))[

It follows from (4.10) and (4.12) that
1
rr(a@ ) = Slallbl* - 3lmo(a @ D),
which yields the result. |
If mo(s ® £) # 0, then it follows that f is not an isoparametric function on Gr4(R®). Since
mo(s ® 1) is a section of R* determined by w € §°, we need to see how mo(s ® ) corresponds
to w. Note that w® w is an element of §2S ¢ the symmetric power of S¢. As Spin(9)-module,

we have a decomposition S2S9 = R@ R’ @ A*R’. LetIT : $2S9 — R’ be the orthogonal
projection. We define a Spin(9)-equivariant map « : S¢ — R as

a(w) = [I(w @ w).

To describe a : S9 — R? explicitly, we use a diagonal subgroup A  Sp, (1) x Sp_(1) and
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regard So and R’ as A x Sp(2)-modules:
Sg = (C2 ® C4)R o(C’e C4)R , R°=Rwo (SZCZ)R ® (A(Z)C4)R ,
where C? denotes the standard representation of A. We use A to define a quaternion structure
on (C2 ® C4)R and so, R® (S 2CZ)R c R’ is identified with a scalar field H. Then we have
So=HeH, R =Ha(nC")" .

Using a quaternion structure, we can also show

Lemma 4.38. For an arbitrary (u,v) € Sg = H>®@H?, « : S9 — R’ can be expressed as:

a(u,v) = ¢ (hu(u,v), pr@u A ju) = pr(v A jv)),

where c is a real non-zero constant and hy denotes a quaternion hermitian inner product on
H>.

The sections s and ¢ are locally expressed as
s=e1®s1+e® 57, t=f1®l1+f2®l2,

where {e1, e} and {f1, f>} are now regarded as local standard frames. Since s and ¢ are real
sections, we have

Js1 =152, jti =t
Under the identification So = H> @ H?, this yields that
g 'w=V2(s1,11) e H* @ H?, g € Spin(9).
It follows from (4.11) and our identification R* = H that
(4.13) (s ® 1) = V2hu(s1, 1),

which is nothing but the section of the tautological bundle corresponding to a(w) (up to
constant) by Lemma 4.38. Consequently, f is not an isoparametric function on Gr4(R?),
but a new function f := |mo(s ® 1)? is an isoparametric function considered in the previous
subsection. We have a subgroup Spin(8) c Spin(9) as an isotropy subgroup at &(w), which is
denoted by H. Of course, f is invariant under the action of Spin(8). Since Is]? = |51 +|s2)? =
2|s1? and ||* = 2|1, the Cauchy-Schwarz inequality implies that

1 1 2
mo(s © 0 = S1sPIP = < {1 - (15 - 1P},

where the equality holds if and only if |s|> = |¢]> = % In particular, the maximum value of f
is é This yields that Ia/(w)l2 = % Hence we have

(4.14) a(u,v) = V2 (hu(u, v), pr(u A ju) — pr(v A jv)).

It follows that
71 8 w1 (1 8
fT0)=GrR*) >80, 8m, f (g) = Gr3(R%).

We define a function F : Gry(R%) — R?:
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F = (s - 1P, f).
Lemma 4.39. The function F is an isoparametric function.

Proof. From Lemma 4.37, we get

2

@15 =P = 3 {1 - (152 = 1P)" - 67}

We need to compute g(d (lsl2 - |t|2),d f) Since my(s ® 1) is a section of the tautological
bundle corresponding to a(w), it follows from (4.14) that

df = 4hu(si, t1) @ {pr(si A s2) — pr(t; AB)}.

On the other hand, we see that
d(1s? = 1e?) = 2df = dnr(s@1) =4 ) (ei® f) @ pr(si A1)

It follows from R* = H that

ig(df, (s ® t))
=w(s1,11)g (pr(s1 A s2) — pr(ty A ), pr (51 A 11))
+w(s1,11)g (pr(s1 A s2) — pr(ti A ), pr (52 A 12))
+h(s1,t1)g (pr(s1 A s2) = pr(ty A1), pr (s1 A 12))

—h(s1,11)g (pr(s1 A s2) — pr(ti A1), pr (52 A 1))
2

=%(|s|2—|t|2) i

Since F~! (0, %) = f‘l (é), we obtain

Lemma 4.40. One orbit F~! (O, %) of the action of H on Gry(R®) is a totally geodesic
submanifold of Gr4(R®).

Remark. From F~! (0, %) =f1 (%), we can get the well-known fact that Spin(7)/Sp(1) x
Sp(1) = Gr3(R®).

Lemma 4.41. The action of H on Gr4(R®) is not a hyperpolar action.

Corollary 4.42. The submanifold F~'(c), where c is a regular value of F, is not an
equifocal submanifold of Gr4(R®).

5. Radon transforms

We obtained isoparametric functions f in the previous section. In the case that the action
of H is of cohomogeneity one, f is invariant under the action of H. Otherwise, f is invariant
under the action of A. In both cases, if we pull back f to G under the natural fibration
m: G — G/K, then the pull-back function 7* f is invariant under the action of H X K on G,
where H acts on G on the left and K on the right. Hence, we can push down 7" f to get a



708 Y. NAGATOMO AND M. TAKAHASHI

function on H\G.

To be more precise, we introduce the Radon transform. Let ¢ : G — H\G be a natural
fibration and du is the normalized Haar measure on H. We use the same notation to denote
the measure on the fibre of  : G — H\G induced by du. We define a Radon transform
R : C*(G/K) —» C*(H\G) for an arbitrary function f on G/K as

R(f)(x) = f 7 fdu, xe€ H\G.
Yl(x)

By definition, the Radon transform is a G-equivariant linear map.

5.1. The case of cohomogeneity one. Let f = |s]> — % be an isoparametric function
defined in the Remark after Theorem 4.13. Let {e}, - - - , ey} be an orthogonal basis of a real
representation W such that {w = ey,--- ,e,} is a basis of U and {e,,--- , ey} is a basis of
V. By definition, we have

f@y =|ro (o) - £, gea.

Let {x,---, xy} be the standard coordinate functions with respect to e1,--- ,ey on W. We
get
2 p % P <
-1 P _ 12 P 1,32
o (7)) = &= Y g0 = 1D g™ w)
i=1 A=1
1] & N
=5 142,56 W = p ) g w)
i=1 a=p+1
and so,

)4 N
R =210 d xa w? = p 3wl w? |
i=1

a=p+1
If a real representation is replaced by a complex representation, then we have a similar result.

Theorem 5.1. The Radon transform of f in the case of cohomogeneity one is an isopara-
metric function on a unit sphere of W which induces an isoparametric hypersurface of a
sphere with two distinct principal curvatures.

5.2. The case of cohomogeneity greater than one. We obtain Radon transforms of f on
case-by-case computations.
e (SU(n)/SO(n),C") n = 3.

Let {e;, Je1, - , e, Je,} be an orthogonal basis of a real representation C" = (RZ”, J)
such that {w = ey, --,e,} is a basis of U and {Jey,---,Je,} is a basis of V. Since f =
(1P = 12)" + 4g(s. 2, by definition, we have

i@ = (o 571w = oo o7 ) + 40 o 67'). e (7 0)

where we identify U with V in a standard way and g € SU(n). Let {x1,y1, - , X», y,} be the
standard coordinate functions with respect to ej, Jey, - - - , e,, Je, on W. It follows that
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n n 2 n 2
R(f)x,y) = [Z xilg~wy? =) y,(g—‘w)z] +4 (Z xi<g“w>yi<g—‘w>] :
i=1 i=1 i=1
Theorem 5.2. In the case of (SU(n)/SO(n),C") (n = 3), the Radon transform of f is
an isoparametric function defined by Nomizu [12] on a unit sphere of C" which induces an
isoparametric hypersurface of a sphere with four distinct principal curvatures.

o (Sp()/U(m), C¥") n 2 2.

Let {ey, je1, - ,en, je,} be a unitary basis of a complex representation C?" such that
{w = ey, -+ ,e,} is a basis of U = C" and {je;,--- , je,} is a basis of V = C". Since
- 2
£ =(IsP = 1¢%)" + 4|(s, /)P by definition, we have

7 I S ARY -1 I
flx(g)) = (|7TU (7w)| = v (o7w)| ) +4(mo (97'w) 7y (g7 w))[
where g € Sp(n). Let {z;,wy, - , 2,4, w,} be the standard coordinate functions with respect

toey,Jey, -, e, Je, on W. It follows that

n 2

n 2
R(f)(zw) = (Z lei(g™ W)l = |w,~<g‘1w>|2) +4

i=1 i=1

D aulg  wwig ™ w)

i=1

Theorem 5.3. In the case of (Sp(n)/ Un), CZ") (n = 2), the Radon transform of f is an
isoparametric function on a unit sphere of C*" which induces an isoparametric hypersurface
of a sphere with four distinct principal curvatures.

From [3, Satz in §6.1], we have

Theorem 5.4. In each case, every isoparametric hypersurface of a sphere in a family
defined by R(f) is homogeneous, in the sense that it is an orbit of the action of isometry

group.

o (Gr®).S,)
We use an identification between S 9 and H?> @ H? in the previous section. It follows from
(4.13) that

R(P)(w,v) = 2 |hu(u,v) .

Theorem 5.5. The Radon transform of f is an isoparametric function on a unit sphere
of So which induces a family of isoparametric hypersurfaces of a sphere with four distinct
principal curvatures. Every isoparametric hypersurface in our family is homogeneous.

We will postpone a proof until the last paragraph.

Since f is also invariant under H, we can easily obtain a Radon transform of f on A\G,
which is denoted by R(f). In each case, we also have a fibration ¢ : H\G — H\G with
totally geodesic fibres. More concretely, we have

SZn—l — CPn—l S4n—l — HPn—l and SIS — S8
Using the normalized Haar measure on H, we have

J"R(f) = R().



710 Y. NAGATOMO AND M. TAKAHASHI

Since R(f) is constant on the fibre of / : H\G — H\G, it follows from Theorems 5.2, 5.3
and 5.5 that

Theorem 5.6. The Radon transform R(f) is an isoparametric function on H\G.

We describe R(f) in the last case. To do so, we “normalize” f to get an eigenfunction.
Since my(s ® £) is the corresponding section to a(w) € R with |a(w)]> = é, it follows from
the Remark after Theorem 4.13 that f := f — ﬁ is an eigenfunction. According to the
SO(4) x SO(5) decomposition of R°, we put (ii,7) € R* @ R> = R’. Then Theorem 5.1
yields that 5ii|> — 4[3]* is an isoparametric function. If « is restricted to the unit sphere of

S9, we have that = a, It follows from (4.14) that

- A 2 1
R(f)a(w, v) == [5 Iha(u, v)* - 4 {Z(w + [v]*)? = [hn(u, v)F}]
=2 (9 VG 0 = + 1Y),

From [3, Satz in §6.4], Theorem 5.5 holds. We can directly check that (ul* + [v»)? -
9 |hgx(u, v)|* is a harmonic function on S, but in [3], a polynomial (|u|* + [v]*)? — 8 |hg(u, v)*
is introduced as an isoparametric function, which is called a Cartan-Miinzner polynomial.
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