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Abstract

Corresponding to every finite simplicial complég, there is a moment-angle
complex Zg; if K is a triangulation of a sphereZx is a compact manifold. The
question of whetheZy is a connected sum of sphere products was considered in
[3, Section 11]. So far, all known examples of moment-angkmnifolds which are
homeomorphic to connected sums of sphere products havertiperpy that every
product is of exactly two spheres. In this paper, we give amgta whose co-
homology ring is isomorphic to that of a connected sum of splgoducts with
one product of three spheres. We also give some general riegpef this kind of
moment-angle manifolds.

1. Introduction

Throughout this paper, we assume thais a positive integer andvf] = {1, 2,...,
m}. For an abstract simplicial compleiX with m vertices labeled bynfi] and a se-
guencel = (i1, ...,ix) €[m] with 1 <i; <--- <ix < m, we denote byK, the full
subcompleof K on I, and | = [m]\ I.

1.1. Moment-angle complex. Given a simple polytopd® with m fecets, Davis
and Januszkiewicz [7] constructed a manifdg with an action of a real torug™.
After that Buchstaber and Panov [4] generalized this démito any simplicial com-
plex K, that is

zx = | J (0?7 x (shimv,

oeK

and named it themoment-angle compleassociated td<, whose study connects alge-
braic geometry, topology, combinatorics, and commutasilgebra. This cellular com-
plex is always 2-connected and has dimension- n 4+ 1, wheren is the dimension

of K.
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It turns out that the algebraic topology of a moment-anglmmglex Z¢, such as
the cohomology ring and the homotopy groups is intimatebateel to the combina-
torics of the underlying simplicial compleK.

1.2. Moment-angle manifold. Now suppose thaK is ann-dimensional simpli-
cial sphere (a triangulation of a sphere) withvertices. Then, as shown by Buchstaber
and Panov [4], the moment-angle compl&x is a manifold of dimensiom + m+ 1,
referred to as anoment-angle manifoldin particular, if K is a polytopal sphere (see
Definition 1.1), or more generally a starshaped sphere (sfaifion 1.2), thenZ
admits a smooth structure.

DEFINITION 1.1. A polytopal spherds a triangulated sphere isomorphic to the
boundary complex of a simplicial polytope.

DEFINITION 1.2. A simplicial sphereK of dimensionn is said to bestarshaped
if there is a geometric realizatigiK | of K in R" and a pointp € R" with the property
that each ray emanating from meets|K| in exactly one point.

REMARK 1.3. A polytopal sphere is apparently a starshaped sphetdpbn >
3, there are examples that are starshaped and not polytbipaleasiest such example
is given by theBriickner spherdgsee [9]).

The topology of a moment-angle manifold can be quite coraf#id. The complex-
ity increases when the dimensionof the associated simplicial spheke increases. for
n=0, Z¢ is S*. Forn =1, K is the boundary of a polygon, argk is a connected sum
of sphere products. In higher dimensions, the situatiomimes much more complicated.
On the other hand, McGavran [10] showed that, for any 0, there are infinitely many
n-dimensional polytopal spheres whose corresponding mtaregle manifolds are con-
nected sums of sphere products.

Theorem 1.4 (McGavran, see [3, Theorem 6.3])Let K be a polytopal sphere
dual to the simple polytope obtained from the k-simplex bifingu off vertices for
| times. Then the corresponding moment-angle manifold imdwmorphic to a con-
nected sum of sphere products

;'# j(l + 1)Sj+2 « GH =1
=1 \j+1

Il

Zk

For k = 2 or 3, the above theorem gives all moment-angle manifolditwhre
homomorphic to connected sums of sphere products (see ¢position 11.6]). Nev-
ertheless, in higher dimension they are not the only onessesltmhomology ring is
isomorphic to that of a connected sum of sphere productsioBosd Meersseman [3,
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Section 11] gave many other examples of moment-angle nidsifshose cohomology
rings have this property. We notice that all examples of ested sums of sphere prod-
ucts given in [3] have the property that every product is ob tspheres, this leads to
a guestion:

QUESTION A. If Zg is a connected sum of sphere products, is it true that every
product is of exactly two spheres?

In this paper (Proposition 4.1), we give a negative answethi® question at the
aspect of cohomology rings, by constructing a 3-dimensipotytopal sphere, so that
the cohomology ring of the corresponding moment-angle fokhis isomorphic to the
cohomology ring of the connected sum of sphere products

S xS xL#(8) x S #(8)F x .

2. Cohomology ring of moment-angle complex

DEFINITION 2.1. LetK be a simplicial complex with vertex set]. A missing
faceof K is a sequenceiy ..., ix) S [m] such that (3, ...,ix) ¢ K, but every proper
subsequence ofy...,ix) is a simplex ofK. Denote by MFK) the set of all missing
faces ofK.

From definition 2.1, it is easy to see thatKf, is a full subcomplex ofK, then
MF(K,) is a subset of MH(). Concretely,

MF(K,) = {0 € MF(K): o C I}.

Let Rim] = R[vy, ..., vym] denote the graded polynomial algebra owrwhere R
is a field orz, degv; = 2. Theface ring (also known as thé&tanley—Reisner ringof
a simplicial complexK on the vertex set [m] is the quotient ring

R(K) = R[m]/Zk,

where Zx is the ideal generated by all square free monomigls;, - - - vi, such that
(i1, ...,1s) € MF(K).

The following result is used to calculate the cohomologygriof Zx, which is
proved by Buchstaber and Panov [5, Theorems 7.6] for the oase a field, [2] for
the general case; see also [11, Theorem 4.7]. Another prbdheorem 2.2 for the
case ovelZ was given by Franz [8].

Theorem 2.2 (Buchstaber-Panov, [11, Theorem 4.7] et K be a abstract sim-
plicial complex with m vertices. Then the cohomology ringhgf moment-angle com-
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plex Z¢ is given by the isomorphisms

H*(2k: R) = Torgr (R(K), R) = €D H*(Ki: R)
]

I S[m
where
HPZ: R = P Torgiy (R(K), R)
Jc[m]
—i+23]=p
and

Torg 2 !(R(K), R) = HP=-3(K : R).

REMARK 2.3. There is a canonical ring structure @,g[m] H*(K,) (called the
Hochster ringand denoted by**(K), where"?(K) = Hi(K})) given by the maps

n: HP7H(K)) @ HIH(Ky) = HPYI7H(K, ),

which are induced by the canonical simplicial inclusioks,; — K; * K; (join of
simplicial complexes) fol N'J = @ and zero otherwise. Precisely, LEf(K) be the
gth reduced simplicial cochain group &. For a oriented simplex = (i1, ..., ip)

of K (the orientation is given by the order of verticesaf, denote byo* € CP~1(K)
the basis cochain corresponding 49 it takes value 1 ors and vanishes on all other
simplices. Then forl, J € [m] with | N J = @, we have isomorphisms of reduced
simplicial cochains

s CPHK)) ® CIH(Ky) — CPHIY(K,  Ky), p,g=0,
c*®1t > (o UT)"
whereo Lt means the juxtaposition ef andt. Given two cohomology classes;] €

HP-Y(K,) and [] € H9"%(K;), which are represented by the cocyclgg o and
> Tj respectively. Then

J
n(led ® [ca]) = ¢* ([u« (Z o' ® rj*)D,
i

whereg: K,y3 — K, x K; is the simplicial inclusion.

We denote byy([c]) the inverse image of a clasg][e @|g[m] H*(K,) by the
composition of the two isomorphisms in Theorem 2.2. Given twhomology classes
[c] € HP(K,) and ;] € HI(K ), define

[c1] * [eo] = n([c1] ® [c2)).
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Bosio and Meersseman proved in [3] (see also [6, Propositiari@) that, up to sign

v([cd) — v([ca]) = ¥ ([ca] * [c2]).

REMARK 2.4. Baskakov showed in [1] (see [11, Theorem 5.1]) that & i
morphisms in Theorem 2.2 are functorial with respect to icigh maps (here we
only consider simplicial inclusions). That is, for a singiil inclusioni: K’ — K
(suppose the vertex sets & and K are jm'] and [m] respectively) which induces
natural inclusions

¢: Zx — 2
and
i|k;: Kj = K;, foreach | C[m],

there is a commutative diagram of algebraic homomorphisms

H*(Zk) @ H*(Zk)

- E

By H KDY @, A(KD)
1c[m] | 1<S[m] 1/

Actually, there are three ways to calculate the integraloootlogy ring of a
moment-angle compleXy .
(1) The first is to calculate the Hochster riftg*(K) of K and apply the isomorphisms
in Theorem 2.2.
(2) The second is to calculate m](Z(K),Z) by means of the Koszul resolution ([5,
Theorems 7.6 and 7.7]), that is

Torzim (Z(K), Z) = H(A[ug, - . ., um] ® Z(K), d),

where A[ug, ..., U] is the exterior algebra oveZ generated byn generators. On the
right side, we have

bidegu; = (-1, 2), bidegy = (0, 2), dui =v;, dvy =0.

In fact, there is a simpler way to calculate the cohomologyhi$ differential graded
algebra by applying the following result

Proposition 2.5 ([6, Lemma 3.2.6]) The projection homomorphism
0: Alug, ..., Un] ® Z(K) - A(K)
induces an isomorphism in cohomolpgyhere AK) is the quotient algebra

AK) = Afug, ..., Un] ® Z(K)/(v? = uivy =0, 1<i <m).
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(3) The third way is to use the Taylor resolution #¢K) to calculate Tofm)(Z(K), Z).
This was introduced first by Yuzvinsky in [13]. Wang and Zh¢h@] applied this method
to toric topology. Concretely, |60 = MF(K), and letA[P] be the exterior algebra gen-
erated byP. Given a monomiall = oy, 0y, - - - ok, in A[P], let

S =o01q Yok, - Uoy.
Define bidegu = (—r, 2|S,|), and define
i (U) =0y -+ Ok -+ Ok = Ol " Ok Oy~ Ol -

Let (A**[P], d) be the cochain complex (with a different product structfrmen
A[P]) induced from the bi-graded exterior algebra®nThe differentiald: A=9*[P] —
A~@D*[P] is given by

q
d(u) = > (—1)a (u)s,
i=1
wheres; =1 if §, = §,y and zero otherwise. The product structure ix“([P], d)

is given by

Ux b u-v if §nNS =9,
(o) otherwise,

where- denote the ordinary product in the exterior algebid].

Proposition 2.6 (see [12, Theorems 2.6 and 3.2])There is a algebraic iso-
morphism

Tor;[fn](Z(K), Z) = H(A®*[P], d).

3. Construction of a polytopal 3-sphere with eight vertices

In this section, we construct a 3-dimensional polytopalesphk with eight verti-
ces, such that the cohomology ring of the corresponding mosaregle manifoldZg
is isomorphic to the the cohomology ring of a connected surapbfere products with
one product of three spheres.

CoNSTRUCTION 3.1.  We construcK by three steps. First give a 2-dimensional
simplicial complexKy with 4 vertices shown in Fig. 1.

MF(Ko) = {(1, 2, 3), (1, 3, 4).

It has two subcompleX; and K, also shown in Fig. 1. Next let; = Ko U coneK3)
with a new vertex 5. (i.e.L; is the mapping cone of the inclusion ma#fy — Kj),
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Flg 1. Ko, Ky and Ko.

Fig. 2. Kg, K{ and Kj,.

and letL, = Ko U conef,) with a new vertex 6. LetK) = L; U L, be a simplicial
complex obtained by gluind.; and L, along Kq (see Fig. 2). Then

MF(Kg) = {(1, 2, 3), (1, 3, 4), (2, 3, 5), (3, 4, 6), (5.16)

Note thatK can be viewed as a “thick” 2-sphere with two 3-simplices (#,5) and
(1,2,4,6), shown shaded in Fig. K| has two subcomplexek; and K} (see Fig. 2),
which are all triangulations of?. Let coneK;) be the cone oK, with a new vertex
8. Then it is easy to see tha’ = K, U coneK,) is a triangulation ofD3 and its
boundary isK;. Finally, let K = K’ U cone;) with a new vertex 7. ClearlyK is a
triangulation ofS’, and the missing faces & are

MF(K) = {(1, 2, 3), (1, 3, 4), (2, 3, 5), (3, 4, 6), (5, 6),

(3.1)
1,4,7), (4,67, (1 2 8), (25, 8), (7,8)

Grinbaum and Sreedharan [9] gave a complete enumeratiomeofsitnplicial
4-polytopes with 8 vertices. A direct verification showstth& we construct above
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A B C
Fig. 3.

is isomorphic to the boundary szss (a 4-polytope with 18 facets) in [9]. TheK
is actually a polytopal sphere. From the construction wewktizat all 3-simplices of
K are

(1,2,4,5), (1,2,4,6), (1,2,5,7), (1,2,6,7), (1,3,5, 1), 3,6, 7),
(2,3,4,7),(2,3,6,7), (2,4,5,7), (3,4,5,7), (1,4,5, 8), 4, 6, 8),
(1,3,5,8), (1,3,6,8), (2,3,4,8), (2,3,6,8), (2,4,6,8,4,5, 8).

4. connected sums of sphere products

In the first part of this section, we calculate the cohomologyg of Zx corres-
ponding to the polytopal spherdé constructed in the last section. In the second part,
we give some general properties for the moment-angle nldsifwhose cohomology
ring is isomorphic to that of a connected sum of sphere produc

Proposition 4.1. For the polytopal sphere K defined fDonstruction 3.1the co-
homology ring of the corresponding moment-angle manifgld is isomorphic to the
cohomology ring of

S xS$xSL#(8)S x §#(8)° x .

We will calculate H*(Zk) in the first way introduced in Section 2. Therefore we
need first to calculate the reduced cohomology rings of dll subcomplexes ofK.
Note first the following obvious fact: Lef' be a simplicial complex with vertex set
[m]. Define T = U,cupqy - If Z # [m], thenT" = Kz + A™Z"1, and thereforel
is contractible.

Now we do this work in 6 cases according to the cardinalityl dbr K.

(1) Since the casel| = 1 is trivial, we start with the casél| = 2. In this case,
from (3.1), it is easy to see thai*(K,) # 0 if and only if | = (5, 6) or (7, 8), and if
so, H*(K,) = H(K,) 2 Z. Denote bya; (respectivelya,) a generator ofH°(K,) for

| = (5, 6) (respectively (7, 8)).

(2) || = 3. Itis easy to see that the union of any two missing face& afontains
at least four vertices. Combining the preceding argumenhae thatH*(K,) # 0 if
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Table 4.1. Non-contractible full subcomplexes Kf with four
vertices.

Ki, Kro Ki, Kp, Ki, K,

vertex set {1,2,3,4/{5,6,7,8((1,2,3,3|{4,6,7,8({1,2,3,8|{4,5,6,7%
missing | (1, 2, 3), (5, 6), 1,2,3), | 4,6, 7),| (1,2,3), | (4,6,7),
faces (11 31 4) (71 8) (21 3= 5) (7! 8) (11 21 8) (51 6)

Ki, Kr, Ki, Kp, Kig Kr,

{1,2,5,8({3,4,6,4({1,2,7,8{3,4,5,6|{1,3,4,6|{2,5,7,8
(1,2,8), | (3,4,6), | (1,2,8), | (3,4,6), | (1,3,4), | (2,5,8),
(2,5,8) | 4,6,7) | (7,8) (5, 6) (3,4,6) | (7,8)

Kig Kr, Ki, Kp, Kig Kr,
{1,3,4,4|{2,5,6,8({1,4,6,4|{2,3,5,8|{1,4,7,8{2,3,5,9

(1,3,4), | (2,5,8), | 1,4,7),| (2,3,5),| (1,4,7), | (2,3,5),
1,4,7) | (5 6) (4,6,7) | (2,5,8) | (7,8) (5, 6)

and only if | is one of the eight missing faces with three vertices in Kif(and if
so, H*(K) = HY(K,) = Z, whose generator we denote by (1 <i < 8).

(3) || =4. An easy observation shows that the union of any three ngdsices ofK
contains at least five vertices, aid has no missing face with four vertices. SoKf
is not contractible, then it has exactly two missing facelsustfrom (3.1), the form of
MF(K,) is one of {(v1, v2), (v3, v4)}, {(v1, V2, v3), (v2, V3, va)} and {(v1, v2), (v1, v3, v4)},
for which the corresponding simplicial complexes are retpely A, B and C shown
in Fig. 3. It is easy to see that they are all homotopicSto In Table 4.1 we list all
non-contractible full subcomplexels; of K for |I| = 4 (eachl; contains vertex 1).
Denote by; (respectivelyag) a generator oﬂ:|*(K|j) ~ I:|1(K|j) =~ Z (respectively
H*(Kﬂ)) for0<j <8.

(4) |I| =5. We need to use the following well known fact: LEtbe a simplicial
complex on fn], T'; a full subcomplex onJ € [m]. ThenT; is a deformation retract
of I'\ T'y. From this and Alexander duality oK we have thatH)(K,) = H, j(K/).
Since|l| = 5, |IA| = 3. From the arguments in case (2),.(K;) are all torsion free,
so H*(K;) = H.(K;). Thus H*(K,) is non-trivial if and only if I is one of the eight
missing faces with three vertices, and if 98*(K,) = H(K,) 2 Z, whose generator
we denote byg (1 <i <8).

(5) |I| =6. The same argument as in (4) shows tH&(K) is non-trivial if and only
if | is (5,6) or (7, 8), and if soH*(K,) = H2(K,) =~ Z. Denote by, (respectively
1) a generator ofH2(K,) for I = (5, 6) (respectively (7, 8)).
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6) |1 >7. If|I| =7, H*(K,) =0 is clear. If|I| =8, K| = K, so H*(K)
H3(K) = Z. Denote byz a generator of it.

Proof of Proposition 4.1. Theorem 2.2 and the precedingraegis give the co-
homology group ofZ:

i H (Zk) =
1,2,4,8,10, 11 0
Z-Y(@)DZ-y(a)
Dicizs Z - ¥(by)
Do<i<s(Z - V() ® Z - Y ()
Di<is Z- ¥ (Bi)
Z-y(M)DZ-Y(22)
12 Z-y(§)

OIN|O| 01| W

Now we give the cup product structure 6f*(Z). First by Poincaré duality on
Zx and Remark 2.3, up to sign

(4.1) @) —vi)=vy(E), i=12
(4.2) yO) —y(B)=v(E), i=1....8
(4.3) V(o) = Y(@) =y(E), i=0,....8

Note thatK; = K(s,6)* K(7,8) SO up to signy(a1) — ¥ (az) = ¥ (o) (see Remark 2.3),
and so

(4.4) ¥(a1) — ¥ (a2) — ¥(x) = ¥ (§)

Sinceay * ag € H~*(K(5:6)), v(a2) — ¥(ag) = Y(az * ag) = p- ¥ (A1) for somep € Z.
From formulae (4.1) and (4.4) we hayg= 1. Similarly, ¥r(a1) — ¥(ag) = —¥(A2).
Moreover from the arguments in case (5), we have th@) — ¥ (x;) =0for 1< j <
8, andy/(a) — ¥(j) =0 for 0= j =8;i =1,2. By an observation on the dimension
of the non-trivial cohomology groups &, it is easy to verify that any other products
between these generators are trivial. Combining all thelymbrelations above we get
the desired result. O

There are other two different polytopal spheres fr&im(corresponding to the two
4-polytopes P287 and P289 in [9]), so that the corresponding moment-angle manifolds
have the same cohomology rings & . The proof of this is the same as Propos-
ition 4.1.

For a moment-angle manifold corresponding to a simpliciapBere, if its co-
homology ring is isomorphic to the one of a connected sum besp products, then
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it is actually diffeomorphic to this connected sum of sphereducts ([3], Propos-
ition 11.6). This leads to the following conjecture:

Conjecture 4.2. Zg is diffeomorphic to the connected sum of sphere products i
Proposition 4.1

Note that the connected sum of sphere products in Proposttid only has one
product of three spheres, we then ask: Is there a momeng-anghifold (correspond-
ing to a simplicial 3-sphere) whose cohomology ring is isgoh@c to the one of a
connected sum of sphere products with more than one produttree spheres? The
following theorem gives a negative answer to this question.

Theorem 4.3. Let K be a n-dimensional simplicial sphei@ > 2) satisfies
H*(Zk) =~ H*(M), where M~ M, #---# My, and each M is a product of spheres.
Let g be the number of sphere factors of.M'hen
(@ Ifgg=n+1for somejthenk=1,and Zx M = S x ... x S,

(b) Let I ={i:q =>[n/2] + 2} (where[-] denotes the integer part Then|l| < 1.

Lemma 4.4. Let K be a simplicial complex ofm]. Given two classefa], [b] €
HO*(K), if [a] % [b] # O, then there must be a full subcomplex KI| > 4) which is
isomorphic to the boundary of a polygoand satisfying[a] = [b] € H(K).

Proof. LetM = {I € MF(K): |I| # 3}, and letK’ be a simplicial complex on
[m] so that MFK’) = M. Clearly, K is a subcomplex oK’. Note thatK’ and K
have the same 1-skeleton, so if we can prove that for sbragm], K| is isomorphic
to the boundary of a polygorK( can not be the boundary of a triangle by the defin-
ition of M), then the result holds. From Remark 2.4, there is a ring manphism
i*: H**(K) > H**(K) induced by the simplicial inclusion: K < K’. It is easy to
see thati* is a isomorphism when restricted #%°*(K’). Suppose *([a]) = [a] and
i*([b]) = [b]. By assumption;*([a] *[b']) # 0, so B] *[b] € H1*(K’) # 0. Without
loss of generality, we can assume][x [b] € |:|1(K3) for someJ C [m]. The lemma
follows once we prove the following assertion:

ASSERTION For any simplicial compleX” satisfiesH(I") # 0, there must be a
full subcomplexI"; which is isomorphic to the boundary of a polygon, satisfythgt

i YD) - AY)

is an epimorphism, wher¢: I'y — T is the inclusion map.
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Now we prove this. SinceH(I") # 0, Hy(T") # 0, then there is a nonzero hom-
ology class §] € Hy(T") represented by the 1-cycle

C = (v1, v2) + (v2, v3) + - - - + (Vk-1, V&) + (vk, V1),

wherev; is a vertex ofl". Without loss of generality, we assumeg, vy, ..., vx are all
different and the vertex numbéris minimal among all §]'s and their representations.
Let | = (vq, ..., ), we claim thatl"; is isomorphic to the boundary of a polygon. If
this is not true, then there must be a 1-simplex, sayy;) € I') such thatj # 2,k. Let

€1 = (v1, v2) + (v2, v3) + -+ - + (vj, v1);
C2 = (v1, vj) + (vj, vj42) + - + (v, va).

Thenc = ¢; + ¢, and therefored;] # 0 or [c;] # 0. In either case, the vertex humber
of ¢ (i =1, 2) is less thark, a contradiction. Apparentlyj.([c]) is the fundamental
class ofl. O

Lemma 4.5. Let K be a simplicial sphere satisfies*t£) is isomorphic to the
cohomology ring of a connected sum of sphere products. Ifopgsrfull subcomplex
is isomorphic to the boundary of a m-gaoien m=< 4.

Proof. Suppose on the contrary that there is a proper fult@uiplex K, iso-
morphic to the boundary of an-gon with m > 5. Then H*(Zk,) is a proper sub-
ring and a direct summand dfl*(Z¢). By Theorem 1.4 we can find five elements
ay,a2,b1,by,c of H*(Zk), where dim§;) = 3, dim(@) = 4, dim(p,) = m—1, dim(y) =
m—2 and dim¢) = m+ 2, such that each of them is a generator & summand of
H*(Zk), and the cup product relations between them are given by:

ap—by=a —b=c,

all other products are zero. Clearly, dh{s not equal to the top dimension &f*(Z).
SupposeH *(Zk) is isomorphic to the cohomology ring of

f(11) _ <f12) f(1.k(1)) fl) _ <f(n2) f (n,k(n))
S 1 TUXG X X Gy T H#G T X § T X X Gy

where f is a function of £+)? — Z+ (f(i, j) = 3 for all i, j), s,f}“” = Sf0D, k(i) e
Z* denote the number of spheres in théh summand of sphere product. Denote by
ei(Jk) a generator oHX(Z2x) corresponding tcﬁ‘fj (f(i, j) = k). Then we can write

3 4
a= ) ke &= Y A6

f(,j)=3 f(,j)=4
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wherehij, A/ € Z. It is easy to see that’ — & 0 if and only ifi =r andj #s.
Sincea; — a; = 0, we have that ifA;j, Ai’,j, # 0, theni # i’. However this implies
that a; — by # ay — b, since dim¢) is not equal to the top dimension ¢f*(Z2x), a
contradiction. O

Lemma 4.6. Let K be a n-dimensional simplicial sphere satisfie$(B) is iso-
morphic to the cohomology ring of a connected sum of sphayduots. If there is a
full subcomplex isomorphic to the boundary of a quadrantien for any full subcom-
plex K, satisfiesHo(K;) # 0, we have|l | = 2. Moreover if 1, I, are two different
such sequenceshen K, is isomorphic to the boundary of a quadrangle.

Proof. The casen = 1 are trivial, so we assume > 1. If we can prove the
statement that for any two different missing faeas o, € MF(K), which contain two
vertices, we haver; N oy = @, then the lemma holds.

Supposed = (1, 2, 3, 4), and M ;) = {(1, 3), (2, 4} (i.e., K; is isomorphic to
the boundary of a quadrangle) by assumption. First we widv@rthat for any vertex
v ¢ Jand anyj € J, (j,v) is a simplex ofK. Without loss of generality, suppose
on the contrary that (1, 5 MF(K). Let I' be a simplicial complex with vertex set
{1,3,9 such that MFI") = {(1, 3), (1,5). ThenK(,35)is a subcomplex of’. Clearly,
HO(') = Z, denote byc; a generator of it. LeL =TI x K,4. Denote byc, a gener-
ator of H~°(K(2,4)) =~ Z, then an easy calculation shows that (see Remark@.8}; is
a generator oH(L) ~ Z. Let J' = (1,2,3,4,5). TherK, is a subcomplex of_, and
the inclusion map induces a monomorphistrt(L) A HY(Ky) (actually, x(H(L)) is
a direct summand oH(K j)). There is a commutative diagram

HO(I) @ HO(K(z,4) ——— HY(L)

sou] J»

HO(Ka3.5) ® H%(K@.4) —— AY(K,),

where ¢ is induced by the inclusion map. So(c; * ¢;) = ¢(c1) * C, iS a generator
of H(K;). Thus by Poincaré duality ok, there is an elementy of H”‘Z(Kj,)
such thatcy * ¢(c1) * ¢, is a generator oH"(K) = Z. On the other hand, le#; be
a generator oﬂ—~|°(K(1,3)). Clearly e; * ¢, is a generator oH(K ;) = Z, so there is a
elementey of I:I”*Z(Kj) such thatey* e % C; = Co*x ¢p(C1) *Cp. Sinceey* ey, Co* d(C1) €
I-Nl“‘l(K(m)) >~ Z, we haveegyxe; = co*¢(cp). Since dim{r(ey)) = 3, dim@ ¢(c1)) = 4,
and e; x ¢(c;) = 0, then we get a contradiction by applying the arguments ahen
proof of Lemma 4.5.

NOW SUpposev,vz,vs € J such that {1, v), (v1,v3) € MF(K). Let Jp = (v1,v2,1,3).
Then from the result in the last paragraph we h&vg is isomorphic to the boundary
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of a quadrangle. Thus by applying the same arguments as itagtheparagraph, we
have that {;, v3) is a simplex ofK, a contradiction. 0

Now let us use the preceding results to complete the proofhafoiem 4.3

Proof of Theorem 4.3. (a) From the assumption and Theorepm&zhave that
there aren + 1 elementss; € HY(K3), 1<i <n+1, such thaf "%} ¢ # 0 € H"(K)
(clearly, N J = @ for i # k and Uinill Ji is the vertex set oK). From Remark 2.3,
the cohomology dimension of the cla§§"; ¢ is n + Y"1 k. Thusk = 0 for all
1<i =<n+ 1. Combine all the preceding lemmas, we have {lJdt= 2 for all 1 <
i =n+1, s0J € MF(K), and soK is a subcomplex oK, * .-+ % K;,,. Since
Ky *--- % Ky, , is a triangulation ofS" itself, thenK = Ky *---% K; ., and then
the conclusion follows.

(b) Suppose there is B, with g, > [n/2] + 2, then as in (a) there ag, elem-
entsg € HY(K;), 1 <i <q, such that[[*, ¢ # 0 e H"(K). The cohomology di-
mension of the clas iq”:lci isqu—1+ iq“:lki, then from the inequality, > [n/2]+2,
there are at least twé's with ki = 0. Then K satisfies the conditions in all of the
three Lemmas above. From the first statement of Lemma 4.6, ave that for any
a € H%*(K), dim(y(a)) = 3. So there are at least tw®® factors in M. From the
second statement of Lemma 4.6, we have that for any two limelpendent element
a1, a € H%*(K), a1 * a, # 0. This implies that allS® factors in the expression of
M are in My. Then there can not be anothbt, with g, > [n/2] + 2. The conclu-
sion holds. O
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