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Let R be a right artinian ring and e a primitive idempotent of R. In [6, Corollary
3.2 and Theorem 3.4] (also see Anderson-Fuller [1, Theorem 31.3].) K. Fuller
showed that the following conditions are equivalent.

(1) eR is an injective right R-module.
(2) There exists a primitive idempotent f of R such that
(2x) S(eR) = T(fR) and S(Rf) = T(Re), where S(M) and T'(M) denote
the socle and the top of M, respectively.
(3) There exists a primitive idempotent f of R such that
(30) Legr(rrs(I)) = el for each left ideal I, and
(3r) rrf(ler(K)) = K f for each right ideal K of R, where rr¢(I) = {a €
Rf|Ia =0} and £.r(K) = {b € eR|bK = 0}.

Let R be a semiprimary ring and e and f primitive idempotents of R. Then
(eR, Rf) is called an i-pair in [3] if the above condition (2%) is satisfied. In [3,
Theorem 1, Proposition 4 and Corollary 1], Y. Baba and K. Oshiro extended these
results to semiprimary rings to show the following statements.

(a) If R is a semiprimary ring, then the condition (1) is satisfied if and only if
both (2) and (3r) are satisfied.

(b) If R is a semiprimary ring satisfying (2) and the condition (*) below, then (1)
is satisfied.

(¥*) The lattice {rgrs(X)|X C eR} satisfies the ascending chain condition.
Moreover, in [3, Theorem 2], they showed the following statement (c).

(c¢) If Ris asemiprimary ring and (eR, Rf) is an ¢-pair for primitive idempotents
e and f of R, then the following are equivalent.

(cl) Rf is artinian as a right fRf-module.

(c2) eRis artinian as a left e Re-module.

(c3) eR is an injective right R-module and Rf is an injective left R-module.

In this note, for a right R-module M with S(M) = T(fR) and P = EndM, we
consider a pair (pM, Rfsry) instead of an i-pair (creeR, Rffry) and give general-
izations of the results (a), (b) and (c) above (in Sections 1 and 2). In particular, in
Section 1, for a module Ng, we give some properties for the pair (pM, Ng), which
are very similar to Theorem 1.1 in Morita-Tachikawa [11]. Moreover, in Section
3, by applying results obtained in Sections 1 and 2, we give elementary proofs of
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Theorems 1 and 2 in Baba [2], which are related to some results in Fuller [6].

Throughout this note we always assume that every ring has an identity and
every module is unitary. In particular, R always stands for a semiprimary ring with
the Jacobson radical J. For a ring H, by My (g M) we stress what M is a right
(left) H-module. Let M be a module. Then L < M (resp. L < M) means that L
is a submodule of M (resp. L < M and L # M). By S(M), T(M) and E(M), we
denote the socle, the top and an injective hull of M, respectively, and by |M| we
denote the composition length of M. Assume every homomorphism always operates
from opposite side of scalar. “Acc” (“dcc”) means the ascending (descending) chain
condition. We denote the set of primitive idempotents of R by Pi(R).

1. Colocal pairs of modules

Let P and Q be rings and pM, Ng and pUg be a left P-module, a right Q-
module and a P-Q-bimodule, respectively. Let ¢ : M x N — U be a P-Q-bilinear
map, i. €., a map satisfying the following properties:

(1) p(z1 +22,9) = p(z1,9) + @(2,9),

(2 90(93»?11 +y2) :SD(-T,’yl) +<p(:c,y2),

() ¢(pz,yq) = pp(z,y)g;

for any z,z1,22 € M,y,y1,y2 € N,p € P and q € Q.

Then, we say that (pM, Ng) is a pair with respect to ¢ or simply a pair.

Let (pM, Ng) be a pair with respect to . Then for z € M,y € N and for
pX <p M,Yy < Ng, by vy we denote the element ¢(z,y), and by XY we denote the
P-Q-subbimodule of pUg generated by {zylz € X,y € Y}. Moreover, for A C M
and B C N, we define submodules 7(A4) (= ry(A)) of Ng and ¢(B) (= £p(B)) of
pM, as follows: r(A) = {y € N|Ay = 0} and ¢(B) = {z € M|zB = 0}, and we
call r(A) (resp. £(B)) the right (resp. left) annihilator of A (resp. of B).

Let (pM,Ng) be a pair and put U = MN. For submodules X’ < X <
pM,Y' <Y < N with XN’ = X'Y = 0, we have a pair (pX/X',Y/Y);) by
defining (z + X')(y+ Y’) = zy. This is called a pair induced from (M, N). For an
arbitrary ring H, we call an H-module V colocal if V has the (non-zero) smallest
submodule. We call a pair (pM, Ng) colocal if the module U (= MN) is colo-
cal both as a left P-module and as a right Q-module. Note, in case (pM, Ng)
is a colocal pair, we have S(pU) = S(Ug). We call a pair (M, N) left faithful
(resp. right faithful) if £(N) = 0 (resp. 7(M) = 0), and a pair (M, N) faithful if
it is left and right faithful. We denote the class of right annihilator submodules
in Ng by Ar(M,N); that is Ar(M,N) = {Y < Ng|Y = r£(Y)}, and similarly
A(M,N) ={X < pM|X = ¢r(X)}, and the lattice of submodules of pM (resp.
Ng) by Lat(pM) (resp. Lat(Ng)). We say that a pair (pM, Ng) satisfies r-ann
(resp. ¢-ann) if Ar(M,N) = Lat(Ng) (resp. A¢(M,N) = Lat(pM)).

Let P be a ring, Q a subring of R, M a P-R-bimodule and I a left ideal of R
which is also an R-Q-bimodule. In this case, unless otherwise stated, by the notation
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(pM,Ig) we always mean a pair with respect to the bilinear map ¢ : M x I — M1
defined by ¢(m,a) = ma;m € M,a € I. In case P is a subring of R and Q is a ring,
for a right ideal K of R which is also a P-R-bimodule and for an R-Q-bimodule
N, we consider the pair (pK, Ng) in the same way.

Lemma 1.1.  Let (pM,Ng) be a colocal pair, andY' <Y < Ng withY’ =
r(Y'). If (Y/Y')q is simple, then p(¢(Y')/4(Y)) is also simple andY = r4(Y).

Proof. Put U = MN, X = {(Y) and X' = {(Y’). By the assumption,
there exists an element y € Y such that Y = yQ + Y’ < Ng. From r{(Y') =
Y <Y < r4(Y), we obtain X = £(Y) < £Y’) = X'. For any z € X', the
left multiplication map & : (Y/Y')g — zYg by z is an epimorphism, so we have
zYgy < S(Ug). Hence X'Y = S(Ug) = S(pU), which shows that pX'Y is simple.
On the other hand, the map n : pX'/X — pX'Y defined by n(z + X) = zy
is a monomorphism. Thus p(¢(Y’)/4(Y)) (= p(X'/X)) is simple. By the same
argument, it follows that (r4(Y)/r{(Y'))q is simple. Hence we have Y = r{(Y)
from rf(Y') =Y' <Y <rl(Y). O

Lemma 1.2. Let (pM,Ng) be a colocal pair, and' Y and Z submodules of
Ng with Z =r4(Z) < Yq. If |(Y/Z)g| < oo, then Y = r{(Y).
In particular, if (pM, Nq) is right faithful and |Yg| < oo, thenY = r£(Y).

Proof. The assertion is immediate from Lemma 1.1 by induction on the length

I(Y/Z)ql- O

Lemma 1.3 (See [11, Theorem 1.1] (or [15, Theorem 1.1])). Let(pM, Ng) be
a colocal pair, and put M' = {(N) < M and N' = r(M) < N. Then |(N/N')qg| <
oo if and only if |p(M/M')| < co.

Moreover, in case the above conditions are satisfied, we have X = {r(X) (resp.
Y =rl(Y)) for any X with M' < X < pM (resp. for any’Y with N' <Y < Ng),
and | p(M/M")| = |(N/N")q].

Proof. We denote Y/N’ (resp. X/M') by Y (resp. X). If |(N/N")g| =n and
N=Y<Y;<--<Y,=Nisa composmon series of Ng = (N/N')q, then for
X, =4Y;)), M =X, < X,_1 <--- < Xy =M is a composition series of M by
Lemma 1.1 and in particular |p(M/M )| = |(N/N")g| = n. It follows from Lemma
1.2 that X = ¢r(X) and Y = r{(Y). O

REMARK 1. Let (pM,Ng) be a colocal pair and put U = pMNg, M’ =
¢y (N) and N’ = ry(M). Then the following condition (xx) is satisfied.
(**) pUg - dual takes simple left P-modules and simple right Q-modules to



692 M. MORIMOTO AND T. SUMIOKA

simples or zero.

In order to show this, let K = z(Q) be a simple right @Q-module. If 0 #
pHomg(Kq, pUg), then a(z)Q = a(K) = S(Ug) = S(pU) = Pa(z) for any o €
pHOmQ(KQ,pUQ). Hence Pa(:c) > Pﬁ(:l?) for any 0 # o, € pHOl’nQ(KQ,pUQ)
and consequently Pa > Pf3, which implies pHomg(Kq, pUg) is simple.

On the other hand, by the proof of Morita-Tachikawa [11, Theorem 1.1], in
case the condition (*x) is satisfied, we have that |p(M/M’)| < oo if and only if
|(N/N")g| < co. Thus Lemma 1.3 is obtained as a corollary to [11, Theorem 1.1].

Theorem 1.4 (See [3, Lemma 3 and Proposition 5]).  Let Q be a semiprimary
ring. Assume (pM,Ngq) is a colocal pair and put M' = ¢(N) < M and N' =
r(M) < N. Then the following conditions are equivalent :

(1) Ar(M,N) satisfies acc, (or equivalently AL(M, N) satisfies dcc).
() |(N/N')ql < oo.
3 |p(M/M)] < .

Moreover, in case the above conditions are satisfied, we have X = £r(X) (resp.
Y =74(Y)) for any X with M’ < X < pM (resp. for any Y with N' <Y < Np),
and |p(M/M’)| = |(N/N')q]-

Proof.  The implication (2) = (1) is trivial and the equivalence (2) <= (3)
follows from Lemma 1.3. Hence we only show the implication (1) = (2). Assume
|(N/N")g| = co. Then we can take an infinite-chain N' =Y <Y; <Y> <--- < Ng
of submodules of Ng such that [(Y;/N’)g| = 4 for any ¢ > 0. By Lemma 1.2,
Y; = r4(Y;) for any ¢ > 0. Hence, from the assumption we have Y,, = Y., 1 = -~
for some n > 0, which is a contradiction. |

We call a pair (pM, Ng) right (resp. left) finite provided the lattice Ar(pM, Ng)
(resp. A¢(pM, Ng)) satisfies acc and (pM, Ng) finite provided (pM, Ng) is left
finite and right finite. As a special case of Theorem 1.4, we have the following
corollary.

Corollary 1.5, Let Q be a semiprimary ring and (pM,Nq) a right finite
faithful colocal pair. Then it holds that |pM| = |Ng| < oo and (pM, Ng) satisfies
r-ann and £-ann.

2. Indecomposable injective modules

As mentioned in the introduction, we assume that R always stands for a semipri-
mary ring with the Jacobson radical J.

Lemma 2.1 (See [6, Lemma 1.1]). Let M be a right R-module and f a prim-
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itive idempotent of R and put Q = fRf. Consider the following conditions.
() S(M)=T(fR).
2 tu(Rf)=0.
(3)  Lm(I)=4Em(If) for any Ir < Rp.
4) S(Mfq)=S(Mg)fq.
Then the implications (1) = (2) = (3) = (4) hold.
In particular, if M is injective with S(M) 2 T(fR) (ie. M = E(T(fRRg))), then
rrf(M) =0 and {y(Rf) = 0.

Proof.  The implication (1) = (2) follows from T'(fR) = S(M) < zR for any
(0#)z € M. (2) = (3) is easily seen from If = IRf. We show the implication
(3) = (4). S(M)f C S(MF) is clear. Since S(Mfq)Jf = S(Mfo)fJf = 0, we
have S(Mf)J = 0 from £p(J) = £p(Jf). Therefore we have S(M f) C S(M)f
and consequently S(M fq) = S(Mg)f.

We assume Mp is injective with S(M) = T(fR). Then we have £p/(Rf) = 0
from the implication (1) = (2). If 0 # a € Rf, then we have a non-zero map
0 : aR — M. Hence by the injectivity of M, za = 6(a) # 0 holds for some =z € M.
Thus ’I'Rf(M) =0. O

Let Lr be a simple right R-module and f € Pi(R). Then note that Lfsrs is a
simple right fRf-module or zero (cf. Baba [2, Lemma 1]).

Let M be a right R-module. Then we call M quasi-injective if for any submod-
ule L of M, any homomorphism 6 : L — M can be extended to some endomorphism
of M. By [9, Theorem 1.1], M is quasi-injective if and only if HM = M, where
H = EndE(Mg). Hence in case M is quasi-injective, we have a surjective ring ho-
momorphism H — End(Mg) (a — «| for any o € H) and we denote the map by
pnm- As easily seen, any quasi-injective right R-module M is colocal if and only if
M is end-local (i. e., EndMp is a local ring.). By Harada [8], a module M is called
simple-injective if for any modules L and N with L < N, any homomorphism
0 : L —» M with a simple image 6(I) can be extended to some homomorphism
¢ : N — M. The following lemma shows that Proposition 1 in Baba-Oshiro [3] is
also verified in case M is not necessarily projective.

Lemma 2.2 (See [3, Proposition 1]). If M is an end-local and simple-quasi-
injective right R-module, then M is colocal.

Proof.  See the proof of the implication (1) = (2), (i) in [14, Lemma 1, 2] in
which L; and L, are simple. J

Lemma 2.3 ([3, Proposition 2]).  Let M be a colocal right R-module. If M
is R-simple-injective, then M is injective.
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Lemma 2.4. Let M be a right R-module, and put P = EndM and Q = fRf
(& EndgrRf); f € Pi(R). Then the following are equivalent.
(1)  (pM,Rfq) is a left faithful colocal pair.
(2) pMf{ is colocal and S(Mg) = T(fRR).

Moreover, in case the conditions are satisfied, any endomorphism o of S(Mg)
can be exended to some endomorphism of M.

Proof. (1) = (2). Since, by the assumption, zRf # 0 for any 0 # z €
S(Mg), we have S(MR) = @®;erL; with L; 2 T(fRg) for each 7 € I. But S(MRg)fo
(= S(M fq)) is simple by Lemma 2.1 and L; fg is also simple for any ¢, so I is a
set consisting of a single element. This shows S(Mg) = T(fRRg).

(2) = (1). This is immidiate from the implication (1) = (2), (4) in Lemma
2.1. We assume that (1) and (2) are satisfied and let o : S(Mg) — S(Mg) be a map.
Clearly S(Mg) = xR holds for some z = zf € S(Mg). Then a(z) € S(Mg)fq =
@ = Pz, which implies a(z) = ¢(z) for some ¢ € P. U

Lemma 2.5. Let M be an injective (resp. quasi-injective) right R-module with
S(Mg) = T(fRr); f € Pi(R). Then (pM,Rfq) is a faithful (resp. left faithful)
colocal pair, where P = EndM and Q = fRf.

Proof.  Assume that Mg is quasi-injective with S(Mg) = T(fRg). By Lemma
2.1, S(M fg) = S(MRg)fq is simple and the pair (pM, Rfg) is left faithful. We
show that pMf is colocal. Let 0 # z = zf € S(Mfg) and 0 # y = yf € Mfo.
Since (zfJ)Rf = z(fJf) = 0, we have zfJ = 0 by Lemma 2.1, which shows
rsr(y) < fJ = r¢r(z). Hence the map 6 : yR — M with 6(yc) = zc (c € R) is
well-defined. Therefore 6 is extended to some ¢ € EndM = P, and in particular
z = ¢(y). Thus we have Pz < Py. This shows that pM f is colocal. In case My, is
injective, it follows from Lemma 2.1 that rgs(M) =0, so (pM, Rfq) is faithful.
U

REMARK 2.  Let e be a primitive idempotent of R such that eRg is quasi-
injective and assume the lattice Ar(R, R) satisfies acc. Then S(eRg) & T(fR) for
some f € Pi(R), and by Lemma 2.5, (creeR, Rfsry) is a right finite left faithful
colocal pair. Hence by Theorem 1.4, .g.eR is artinian. Thus in [14, Proposition
2.7], without using torsion theory we can prove that R is a left artinian ring.

As an immediate consequence of Lemma 2.5, we have Corollary 2.6 below,
which was obtained by Baba-Oshiro [3] (by Fuller [6] in case R is one-sided ar-
tinian). The corollary is useful and its proof is simple. So we give a proof directly
in spite of [3], [6] and Lemma 2.5. The proof is similar to that of the implication
(3) = (2) in Kato [10, Lemma 2].
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Corollary 2.6. (Baba-Oshiro 3, Proposition 4] (and Fuller [6, Theorem 3.1]
for a right artinian ring R)). Lete and f be primitive idempotents of R. If eR is
an injective right R-module with S(eRgr) = aRg;a = eaf, then S(rRf) = rRa &
T(rRe). (That is: If eR is an injective right R-module with S(eRgr) = T(fRr),
then S(RRf) = T(RRG).)

Proof. It is clear that r¢r(b) < fJ = r¢g(a) for any 0 # b € Rf. Hence
the map 0 : bR — eR with §(bc) = ac (c € R) is well-defined. Therefore by the
injectivity of eRp we have a = hb for some h € eR. So a € Rb, which implies that
S(rRf) = Ra is simple. O

The following theorem is a slight generalization of Baba-Oshiro [3, Theorem
1]. But for the sake of completeness, we give a proof.

Theorem 2.7 (See [3, Theorem 1]). Let M be an indecomposable right R-
module. Then the following conditions are equivalent.
(1) M is injective.
(2) (pM,Rfq) is a faithful colocal pair satisfying r-ann for some f € Pi(R),
where P = EndMpr and Q = fRf.

Proof. By Lemmas 2.4 and 2.5, we may assume that (pM, Rfg) is a faithful
colocal pair with S(Mg) = T(fRg); f € Pi(R). Then by lemma 2.1, £(I) = ¢(If)
is satisfied for any I < Rp.

(2) = (1). It suffices to show that Mg is R-simple-injective by Lemma 2.3.
Let I < Rg, and 6 : I —» M a homomorphism with a simple image 6(I) = S(Mg)
and put K = Kerf. Then 6 induces an isomorphism 8 : I/K — S(MEg). Since
Kf < If < Rfg, it holds that ré(Kf) = Kf < If = r£(If) by the assumption.
Hence ¢(K) = £(K f) > £(I1f) = £(I), so there exists an element z € £(K)—£(I). Let
2 : R — M be the left multiplication map by x and n : I — M the restriction map to
I of . Then 7 induces an isomorphism 77 : I/K — S(Mg). If a : S(Mg) — S(MRg)
is the automorphism with a7j = 6 (i.e. a = 67 !), then « is extended to an
endomprphism ¢ of Mg by Lemma 2.4, which shows ¢n =6. Hence 8 : I — M is
extended to a map ¢z : R — M, so Mg is R-simple-injective.

(1) = (2). Assume that there exists a submodule Lf of Rfg with Lf < ré(Lf).
Then LfR < ré(Lf)R. Put I = r4(Lf)R. Since R is a semiprimary ring, we can
take a maximal submodule K of Ir with LfR < K < Ig. Then 4(K) = £(I) holds
since ¢(LfR) = £(Lf) = ¢ré(Lf) = £(I). On the other hand we have Kf < If,
because K f = If implies | = IfR = KfR < K, which is a contradiction. Hence
(I/K)f # 0, so we have an isomorphism « : [/K — S(Mg). Let 0 : I — M
be a composition map § = uaA, where A : I — I/K and p : S(Mr) — Mg are
canonical maps. By the assumption, there exists x € M such that §(a) = za for any
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a € I. From 6(I) # 0 and 8(K) = 0, we have z € {(K) — £(I), which contradicts
{K) = £(I). O

The following theorem shows that in case (M, Rf) is finite, the converse of
Lemma 2.5 holds.

Theorem 2.8 (See [3, Theorem 1 and Corollary 1]). Let M be a right R-
module. If (pM,Rfq) is a right finite faithful (resp. left faithful) colocal pair for
some f € Pi(R), where P = EndMpg and Q = fRf, then Mg is injective (resp.
quasi-injective) with S(Mg) = T(fRR).

Proof. Assume (pM,Rfq) is a right finite left faithful colocal pair. Then by
Lemma 2.4 S(Mg) = T(fRg). In case that (pM, Rfq) is faithful, M is injective
from Corollary 1.5 and Theorem 2.7. Putting I = rg(M), then If = rgs(M).
Hence the pair (p M, Rfg) induces a right finite faithful colocal pair (p M, Rf/Ifq).
Moreover M can be regarded as a right R-module canonically and it holds that
P =~ EndMz%, zRf/1f = Rf and Q/fIf = fRf (canonically), where R = R/I
and f = f + I € Pi(R). Hence, considering the pair (p Mz, 5Rf75;), then by the
same argument as above, M7 is injective and consequently My is quasi-injective.

dJ

REMARK 3. Let Mg be a right R-module with P = EndMpg. Consider the
following conditions:
() M =tgoanrr(M),
(2) Mgy is injective, where R = R/rr(M),
(3) Mg is quasi-injective.

Then by [7, Theorem 1.2], (1) <= (2) = (3) hold, and by [4, Theorem 19.14]
(or [5, Corollary 5.6A]), in case pM is finitely generated, (3) = (2) holds.

But in this note (e.g., in the proof of Theorem 3.5), we consider a colocal module
Mg (or a colocal module Mg with [pM| < oco; P = EndMg). In this case, above
implications follow from Theorems 2.7, 2.8 and their proofs.

Proposition 2.9 (See [3, Theorems 1 and 2]). Let M be an indecomposable
right R-module and (pM,Rfq) a faithful colocal pair, where f € Pi(R), P =
EndMpg and Q = fRf. Then the following are equivalent.

(1)  The pair (pM, Rfq) is right finite.
(2) The pair (pM, Rfq) satisfies r-ann and £-ann.
(3) Mg is injective and the pair (pM, Rfq) satisfies {-ann.

Proof.  The implication “(1) = (2)” follows from Corollary 1.5, and “(2)
<= (3)” follows from Theorem 2.7.
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(2) = (1). By the equivalence (2) <= (3), Mg is injective. First we shows
that pM is linearly compact. The proof is the almost same as Mueller [12, Lemma
4]. Let (z;, X;):cr be a finitely solvable family of pM. Then by the assumption,
X =Llyrrs(Xi), so X; = Lyrr(X;) because of rr¢(X;) = rr(X;)f and £p(K) =
£y (K f) for any K < Rp. Put Y;gr = rg(X;) and consideramap 6:) .., Y; = M
with 0(3 icp %) = D ;cp Ti¥i» wWhere F is a finite subset of I and y; € Y. By the
assumption, for any finite subset F' of I, there exists an element z € M such that
z; —z € X;. Then (z; — z)y; € Xi¥; =0,80 Y ,cp Tili = T Y_;cp Yi» Which shows
6 is well-defined. Since M is injective, there exists an element zo € M such that
z;y; = xoy; for any y; € Y; and any 7 € I. Hence (z; — z0)Y; = 0, and consequently
z; —xo € Lyrr(X;) = X;. Thus pM is linearly compact.

By the assumption, we have Lat(pM) = Al(pM,Rfy) and Lat(Rfg) =
Ar(pM,Rfg), so Lat(pM) is anti-isomorphic to Lat(Rfg) by the correspondence
X —Y; where X = £3/(Y) and Y = rrs(X). Since Q is semiprimary, Rfg has the
upper Loewy series Rf =Yy >Y; >--- >Y, =0. Then, 0 =4(Yp) < 4(Y1) < --- <
£(Y,) = M is the lower Loewy series of pM, and ¢(Y;)/¢(Y;—1) is a semisimple left
P-module for each i = 1,...,n. Since pM is linearly compact, so is p£(Y;)/¢(Yi—1)
(see e.g. [13, Proposition 2.2]). Thus each module p£(Y;)/4(Y;-1) has a finite com-
position length (see e.g. [13, Lemma 2.3]), and hence |p M| < oo. O

Corollary 2.10 (Baba-Oshiro [3, Theorem 2]). Let (eR, Rf) be an i-pair and
P =ceRe, Q = fRf, where e, f € Pi(R). Then the following are equivalent.
(1) peR is artinian.
(2) Rfq is artinian.
(3) BotheRp and rRf are injective.

3. Application of colocal pairs

In this section, we give elementary proofs of Theorems 1 and 2 in Baba [2].
“Quasi-projective” for a module is defined as the dual notion to “quasi-injective”.
See [16] for the definition of a quasi-projective module and its characterization.
Note that a right R-module Mg is end-local and quasi-projective if and only if
Mpg = eR/el for some primitive idempotent e of R and for some two sided ideal I
of R. ‘

Let (pM, Ng) be a pair and put P = P/¢p(M) and Q = Q/rg(N). Then we
have a pair (M, Ng) naturally. It is clear that (pM, Ng) is colocal if and only if so
is (M, Ng). Hence note that we may identify (pM, Ng) with (M, Ng) through
the canonical maps P — P and Q — Q.

Lemma 3.1 ([2, Theorem 1]). Let E = Rf/If = E(T(rRe)) for some left
ideal I of R, and put P = eRe and Q = fRf where e, f € Pi(R). If E is quasi-
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projective, then the following hold.

(1) rrs(eR)=1f.
(2) (peR,Rfq) is a left faithful colocal pair.

Proof. (1) Since Rf/If is quasi-projective and injective with S(rRf/If) =
T(rRe), we have If(fRf) = If and ¢.r(Rf/If) = 0 by Lemma 2.1. Hence
elf(Rf/If)=0,so (eR)If =elf =0. Thus we have rgs(eR) > If. On the other
hand, S(Rf/If) = T(rRe) implies rgs/;s(eR) = 0 by Lemma 2.1. If eRa = 0 for
anelementa =af € Rf,theneR(a+1f) =0+Ifin Rf/If. Hencea+If =0+If
in Rf/If and a € If, so rrg(eR) < If. Thus we have rgs(eR) = If.

(2) By (1), peEg = peRfg holds, hence we can identify the pair (peR, Eg)
with the pair (peR, Rf/Ifqg) induced from (peR, Rfg). Moreover we may assume
Q/fIf = EndgE since E = Rf/If is quasi-projective. It follows from Lemma 2.5
that the pair (peR, Eq) is faithful colocal, so (peR, Rfq) is left faithful colocal.

J

Lemma 3.2 ([2, Theorem 1]).  Let (peR, Rfqg) be a right (or left) finite left
faithful colocal pair with P = eRe and Q = fRf where e, f € Pi(R), and put
rE = rE(T(rRe)). Then the following hold.

(1) grE is quasi-projective with T(rE) =2 T(rRYf).
(2) eRpg is quasi-injective with S(eRg) = T(fRRr).

Proof. (1) Putting I =rg(eR), then If =rgs(eR). Since gRf/If is quasi-
projective, we can regard Q/fIf as EndgRf/If. Moreover (peR,Rf/Ifq) is a
finite faithful colocal pair since pe(Rf/If)q = peRfg. It follows from Theorem
2.8 that gRf/If is an injective module with S(rRf/If) = T(rRe). Thus we have
E = gRf/If, which implies (1).

(2) By Theorem 2.8. O

Theorem 3.3 (Baba [2, Theorem 1]). Lete and f be primitive idempotents of
R and put E = E(T(rRe)), P = eRe and Q = fRf. If Ar(peR, Rfq) satisfies acc
or dcc, then the following conditions are equivalent.
(1) RrE is quasi-projective with T(grE) = T(rRYf).
(2) eRpg is quasi-injective with S(eRg) = T(fRRg).
(3) (peR,Rfq) is a left faithful colocal pair.
(4) peRf is colocal and S(eRg) = T(fRRg).

Proof.  This is an immediate consequence of Lemmas 2.4, 2.5, 3.1 and 3.2.

O

Lemma 3.4. Let (preR,Rfq) be a right (or left) finite colocal pair with
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eS(rRf) # 0, wheree, f € Pi(R), P’ = eRe and Q = fRf. Put K = ReS(rRf),

E = E(T(fRr)) and P = EndER. Then the following hold.

(1) rK is a unique simple submodule of rRf satisfying K = T(rRe).

(2)  There exists a local quasi-injective submodule M of Egr such that (pM, Rfq)
is a finite left faithful colocal pair, T(Mpg) = T(eRgr) and MK # 0.

Proof. (1) Since S(p-eRf) is simple, we have S(p-eRf) = eS(grRf). If
S(rRf) = ®ica K; with simple submodules K;, then eS(rRf) = ®icaeK;. Hence
there exists only one index ¢ € A such that eS(rRf) = eK;. Thus K = ReS(rRf) =
K is simple.

(2) Putting I = £r(Rf), then we have el = £.r(Rf) and elf = eIRf = 0.
Hence (p-eR/el,Rfg) is a finite left faithful colocal pair with P’/¢p/(eR/el)(=
eRe/ele) = EndeR/elg. It follows from Theorem 2.8 that eR /el is quasi-injective.
Since S(eR/elr) = T(fRg) = S(ER), there exists a submodule M of Er with M =
eR/el. Then Mg is quasi-injective and we have the surjective ring homomorphism
pum @ P — EndMpg. Therefore (pM,Rfg) is a finite left faithful colocal pair
with T(Mg) = T'(eRgr). Moreover if MReS(rRf) = 0, then (eR/el)eS(rRf) =
0, so eS(rRf) < el and eS(rRf) < elf = 0, a contradiction. Hence MK =

MReS(rRf) # 0. Thus M satisfies the property in (2). O

Theorem 3.5 (Baba [2, Theorem 2]). Let E = E(T(fRg)) and let (p,e;R, RfQ)
be a right (or left) finite colocal pair for anyi =1,...,n, wheree;, f € Pi(R),P; =
e;Re; and Q = fRf. Put P = EndER. Then the following conditions are equiva-
lent.

(1) S(rRf)=2T(gRe1)® - ®T(rRen).
(2) T(Egr)=T(e1Rr)®---®T(enRRg).

Moreover in case the conditions are satisfied, S(rRf) (or equivalently T(ER))

is square-free and the pair (pE, Rfq) is finite.

Proof.  Note that for any e € Pi(R), the following property (P) holds.

(P) eS(rRf)# 0 implies T(ER)e # 0.

If eS(rRf) # O, then by Lemma 2.1 EeS(gRf) # 0 holds and we have
EJS(rRf) = 0 clearly, which shows that (P) holds.

(1) = (2). Assume (1). Then S(grRf) is square-free by Lemma 3.4 (1). Hence
by the property (P), T(ERg) has a direct summand isomorphic to T'(e;Rg) ® -+ ®
T(en,Rgr). By (1) we have S(rRf) = K1 & --- & K,, for some K; < gRf with
K; = T(rRe;);i = 1,...,n. By Lemma 3.4, for each ¢ = 1,...,n, there exists a
quasi-injective submodule M; of Er such that (pM;, Rfg) is a finite left faithful
colocal pair with T(M;) = T(e;R) and M;K; # 0. Putting M = M; + --- + M,,
then Mg is a quasi-injective module with |pM| < oo. Since (pE, Rfg) is a left
faithful colocal pair, so is (pM, Rfg). If 0 # a € Rf, then Ra > K; for some 7 and
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consequently Ma > MK; # 0. Hence (pM, Rfg) is a finite faithful colocal pair.
Moreover we have the surjective ring homomorphism pps : P — End(M). Therefore
Mp, is injective by Theorem 2.8, which implies £ = M. Thus T(Eg) (= T(Mg)) is
isomorphic to a direct summand of T'(e;Rg) ®--- & T(e,Rr) and consequently we
have (2). Moreover (E, Rf) is finite because of E = M.

(2) = (1). Assume (2). Then by the property (P) and Lemma 3.4 (1), we
may assume that S(gRf) = T(gRe1) & --- ® T'(rRey,) for some m;1 < m < n.
Therefore from the implication (1) = (2), T(Egr) = T(e1Rr) ® - - ® T'(emRr) is
obtained. Thus m = n holds and consequently we have (1). O
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