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0. Introduction

The theory of regular Dirichlet forms (E, <) associated with a locally com-
pact separable metric space 2 and a positive Radon measure m s.t. supp[m]=2¢
is a well developed subject, both from the potential analytic and the probabilis-
tic point of view. It has its origins in work by Beurling-Deny and was particu-
larly pursued by Fukushima and Silverstein see e.g. [19], [27] and references
therein. It presents, at least in the symmetric case, a natural extension of the
continuous functions framework of classical and axiomatic potential theory in the
functional analytical (L*-functions) direction, covering in particular a stochastic
calculus for generators with coefficients which are not restricted to be functions
(the associated processes need not be semimartingales). This theory has turn-
ed out, in the last 15 years, to be particularly suited for applications in quantum
theory, see e.g. [4], [5], [20], [1], [8]. In this field, but also in other contexts, see
e.g. [2], there is the necessity of studying certain generalized functionals of
the processes (of Feynman-Kac type), corresponding to singular perturbations
of a given Dirichlet form (e.g. the one associated with the Laplacian over R?).
This is discussed e.g. in [2], [10], [28], [29], [30], [16], [3], [1], [15], [11], [12],
[23], [22] and references therein. Many of the discussions have been con-
cerned with functionals associated with measures in the so called Kato class (cfr.
[9], [26]). They are particular cases of smooth measures (in the sense of [19])
for the Dirichlet form associated with the Laplacian. It is natural to ask one-
selves what happens if one tries to carry through similar constructions using
an arbitrary smooth measure associated with a general (regular) Dirichlet form.
In the present paper we initiate such a study. We give results on the structure
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of the space S of all smooth measures associated with a given Dirichlet form, as

well as on their associated Feynman-Kac functionals and generalised resolvents.

By so doing we prepare our way for a systematic study of singular perturbations

of Dirichlet forms, to be carried through in a successive publication [6]. Let us

now describe in more details the setting.

We consider a regular Dirichlet form (E, ) on L¥ X, m) where X is a
locally compact separable metric space and m is a positive Radon measure on
X with supp [m]=2X. Let M=(Q, X,,{, P,) be a Hunt process on & which
is m-symmetric and associated with (E, &F).

Following M. Fukushima, a function 4:[0, c0) X Q—[—o0, oo] is said to
be an AF (additive functional) if
(1) A(-)is F,-measurable, where &, is the smallest completed o-algebra

which contains ¢ {X,: s<t};

(i) there exist a defining set A€ .. and an exceptional set N C 2 with Cap(NV)
=0 such that P,(A)=1 for all x&X—N, §,ACA for all £>0 (6, denotes
the shift operator on Q) and for each w €A, 4y(w)=0, |4 (w)| <o for
t<{(w), A.(w) is right continuous and has left limit, 4, ,(0)=4,(0)+A4,(,0)
for s, t>0.

An AF A is called a PCAF (positive continuous AF) if A is an AF and
A.(») is non-negative and continuous function for each w in its defining set A.

Given a PCAF A, there exists a unique Borel measure x on 2, which is
called the Revuz measure of A, such that

t
O tm LB [ fx0a4] = <Sonhy = [ )@
for all y-excessive functions % and fEB*(B* denotes all non-negative Borel
functions on X, v >0 is a constant).

As pointed out by M. Fukushima in his recent paper [18] the above defi-
nition of PCAF is a generalization to the ordinary concept of PCAF (which we
shall refer to as the classical definition of PCAF) with the goal of relaxing the
finiteness requirement on PCAF’s in the classical definition and to get a broader
but simpler class of associated Revuz measures.

Denote by S the totality of the associated Revuz measures of PCAF’s. The
elements in S are called smooth measures. A simple analytical description of S
has been given as follows [19]:

A Borel measure g on X is in S if and only if ux charges no set of zero ca-
pacity and there exists an increasing sequence of compact sets {F,},>, such that
w(F,)<oo for each n, u(X— UF,)=0 and Cap(K—F,)—0 for any compact
set K.

From the above description it is easy to see that .S contains all positive Ra-
don measures charging no set of zero capacity. It is also known that any mea-
sure in S can be approximated by (Radon) measures of finite energy integral.
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In this paper we shall point out two extremely contrasting properties of S.
On the one hand, we shall show in Section 1 that there are many smooth measures
w which are nowhere Radon in the sense that y(G)=cc for all non-empty open
sets GCX. Thus the class S is much bigger than it has been realized up to date.
Nevertheless on the other hand we shall show in Section 2 that the class S is so
nice that each measure in S can be approximated by measures in Kato class
(see Definition 2.1). Recall that in the classical case of regular Dirichlet forms,
corresponding to the Laplace operator, the measures of Kato class play an im-
portant role in connecting the Schrodinger semigroups and Feynman-Kac formu-
la, cf. e.g. [9], [26], [12], [6,7], [23], [24], [13], [14].

As an application of the approximation of smooth measures by the measures
in Kato class, in Section 3 we shall prove some properties of the generalized re-
solvents which are very useful in the study of perturbations of Dirichlet forms.
In the last Section we provide some alternative descriptions of the smooth mea-
sures in Kato class.

For the applications of the above results in quantum mechanics and the study
of perturbations of Dirichlet forms the reader is refer to our sequential paper
[6].

Some of the results in the present paper and in [6] have been described in
(71

1. Smooth measures which are “nowhere Radon”

In this section we shall prove that there exist smooth measures p which
are “‘nowhere Radon” in the sense that u(G)=-co for all non-empty open sets
G of X.

Theorem 1.1. Let B be a subset of zero capacity and v be a smooth
measure with supp [v]DB. Then there exists at least one smooth measure p which
is equivalent to v and such that u(G)=oo for all open sets G with the property that
GNB=x0.

Proof. Set B,={x<B: v is finite on a neighborhood of x}. Without loss
of generality we may assume that B, is non-empty. Otherwise » itself is a de-
sired smooth measure. Since X is separable, there exists a countable subset
B; of B,, say By={x;,j>1} such that B,oB,. For each j we choose a decreas-
ing sequence of small balls {G; ;} >, having x; as their common center such that

(1.1) (Gi=1,
and
(1.2) Cap (Gj,,,)—i-v(Gj,,,)SZ"‘.

Such a sequence exists because we have Cap ({x;})=0 which implies »({x;})=0,
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and v is finite on a neighborhood of x;. Notice that »(G; ;) is also strictly posi-
tive since supp [»]DB.
Define for each j

_k
(1.3) fi(®) = 1 »(G.)

1 otherwise.

When xEGi'k_Gj.k.'.], kzl, 2, A

Because f; is bounded outside G, ; for each k, we can choose a positive number
¢; such that

1.4 . su () <27,
(1.4 s, 30, )
Now we define

flx) = E ijj(x)
and
dx) = f@(ds) .

We are going to show that 4 is a smooth measure with the required properties.
Since 0< f<<oo, v-almost everywhere, it is evident that y=f-» is equivalent
to », and accordingly u charges no set of zero capacity. Let {E,},>, be an in-
creasing sequence of compact sets such that »(E,)<<oo, »(£f—U ,5,F,)=0 and
lim Cap (K—E,)=0 for any compact set K. We set for each »:

n»oo

(1.5) G, = (U15j<uGj2n) U(U ;546G )
and
F,—E,—G,.
Then u(F,)<oo, u(X— nl‘leF”):O and 1112 Cap (K—F,)=0 for any compact set

K. Thus p is a smooth measure. Let G be an open set such that G N B=().
If GN(B—B,)*0 then u(G)=v(G)=co by the definition of B,. Suppose
GN(B—B,)=0, then GNB,*0@, which implies GNB,+0. Let x,€GNB,.
Then for k large enough we have G, ,C G and consequently

_k

dx)>ck .
G v(dx)=c;

w(G)=c, S .
Letting k— oo we obtain p(G)=-co. Thus y4 is as desired. [ |

Corollary 1.2. Suppose that each single-point set of 2 is a set of zero ca-
pacity. Then for any countable dense subset B of X we can construct a nowhere
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Radon smooth measure up as in Theorem 1.1, with v=m. g is ‘“nowhere Radon”
in the sense that pp(G)=-co for all non-empty open sets G of °X.

For example: if X=R? d>2 and (E,¥) is the classical Dirichlet form
associated with the Brownian motion, then each single-set point is a set of zero
capacity. Corollary 1.2 asserts that to any countable dense subset BC R? there
exists a smooth measure up on R? which is “nowhere Radon”. In fact in this
case we can exhibit explicitly examples of nowhere Radon smooth measures yp,
as shown in the following proposition.

Proposition 1.3. Let {x;} ;>, be a dense subset of R*(d>2) and {a} ;», be
an arbitary sequence of real numbers. Then there exists a sequence {c} ;», of strictly
positive real numbers such that the measure y definited by u(dx)=f(x)dx with

(1.6) f(x):jZEchlx—ij“i

is a smooth measure on R? (with respect to the classical Dirichlet form associated with
the Laplacian).

Proof. For each j, we can choose a decreasing sequence of small balls
{G; 4} k=1 With x; as their common center such that (1.1) and (1.2) hold (with re-
spect to the classical capacity associated with the Laplacian and the Lebesgue
measure » on R?). Set E,={x: |x| <j} and choose positive numbers ¢; such
that
¢; sup |a—ax;|%<L27,

x€E;—Gj,;

Let w(dx)=f(x)dx with f defined by (1.6). Then similarly as in the proof of
Theorem 1.1 we can show that y is a smooth measure. Hence {c;} >, is a sequ-
ence with the required properties. [ |

REMARK 1.4.

(i) Suppose that there exists a natural number j, such that a;<—d for all
J = Jo then [ f(x)dx=oco for all non-empty open sets G, i.e., u is “nowhere
Radon”. Suppose that a;=—j for all j, then the function f defined by
(1.6) satisfies the property:

(1.7) SG | f(x)|? dx=co for any non-empty open set G and any p>0

(i) In [29] Stollmann and Voigt constructed a regular potential V' satisying
(1.7).  Our construction of f by (1.6) is in fact similar to the construction
of V in [29], but with a different choice of {c;} ;>;. Nevertheless, since we
can prove that W3(R*)NLAR®, p) is dense in L*R? v) for any smooth
measure g (cfr. [6]), the function f defined by (1.6) (with the choice of
{¢;} /=1 in the above Proposition) is still regular in the sense of [29].
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By Theorem 1.1 we can also construct smooth measures which are con-
centrated on some subsets of X, or even singular with respect to the reference
measure m, but such that they are “nowhere Radon” on their support. We
give here several examples.

ExampLE 1.5. Consider the case of R%d>2) with the classical Dirichlet
form associated with the Laplacian. Let F be a closed d— 1-dimensional manifold
and » be the d—1-dimensional Lebesgue measure on F. Then v is a smooth
measure. By Theorem 1.1 we can construct a smooth measure p which is
singular with respect to the Lebesgue measure m on R* (since p is equivalent
to »), and p(G)=-co for all non-empty relatively open subsets G of F.

ExamMPLE 1.6. Let X’=DU 0D where D is a bounded domain of R?(d>2)
with C® boundary 8D. Let m be the Lebesgue measure on ¥ and (E, &) be
the maximal Markovian extension of the form

E(u, u) = % S |Vul'm(dx), weCa(D).

Then (E, <) is a regular Dirichlet form on L%, m) corresponding to the
Laplacian operator with Neumann boundary condition on dD. Denote by v the
area measure of 9D. Obviously » is singular with respect to m. But » is a
smooth measure. In fact » is the Revuz measure of the boundary local time of
the reflecting Brownian motion on 2 (c.f. [23]). We can also prove that each
single point of 8D is of zero capacity. Thus by Theorem 1.1 there exists a smooth
measure y concentrated on 9D (hence singular with respect to m) such that
w(G)= oo for all non-empty relatively open subsets G of 9D.

ExampLE 1.7. Let X=R®* and let us write x&R* as {x,, ---, xy} with
¥, ER®. Set

N
D(x) = L >3 |a—a;| 7 exp (—M|x—w;])
4 i<
for some A>0. Let m(dx)=3®*(x)dx and define
E(u, v) = Sx Vit Vo m(dx)

for # and v in C3(R®). Then E is positive and closable and it produces a
regular Dirichlet form (E, &) on LA(2; m) ([5]). The energy operator H (asso-
ciated with E) is a realization of a Hamiltonian of N particles interacting by 8-
interactions. Notice that in this case each single-point set is of zero capacity.
Let us set

D = {x = {x,, -, 2y} : %, = x; for some 1< < j<N}.
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Applying Theorem 1.1 we can construct a smooth measure g such that u(G)=
oo for all open sets G such that G N D=.
Now consider the positive quadratic form E*:

E¥(u, v) = E(u, )+ 55{ wop(dx), u,0€F NLAy).

It can be shown that E* is a Dirichlet form (c.f [6]). We then obtain a self-ad-
joint operator H*=H- u which describes a Hamiltonian of N particles interact-
ing by &-interactions plus Coulomb-like interactions.

2. Smooth measures in Kato class

Let us denote by B(X) the family of Borel functions on X. For f€B(%¥)

set
= inf su x
=, int  swp 1ol

(where the index ¢ reminds us of “quasi everywhere’).
For a given smooth measure u, we shall denote by A* the unique (up to equiva-
lence) PCAF such that 4 is the Revuz measure of 4" (we say that two PCAF
A} and A4 are equivalent if P*(A}=Aj)=1 for quasi everywhere x€ X, in the
sense of [19]).

DrrFiNITION 2.1, A smooth measure p is said to be in Kato class (u €Sk in
notation), if

lim ||E.Af||,=0.
40

REMARK 2.2. In the classical case of M being Brownian motion on RY,
Sk coincides with the generalized Kato class GK, introduced in [12], and a
function f is in Kato class of functions if and only if f-dxe Sk (c.f. [9]).

Some analytic descriptions of Sk will be given in Section 4.
The importance of the class Sk is its connection with the Feynman-Kac
semigroups by the inequality contained in the following proposition.

Proposition 3.3. Let u=Syx. Then there exist constants ¢ and 3 such that
|E.e#t|| <ce™, V>0.

Proof. This is easily proven by applying Khaminskii’s inequality and using
the semigroup property of the Feynman-Kac functionals. (c.f. [9]) |

We denote by S, the positive Radon measures of finite energy integral and
introduce the family Sy, as follows:

Sky = {pESk NSy : u(X)<oo}.
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Theorem 2.4. A positive Borel measure p on X is smooth if and only if
there exists an increasing sequence {F,},>, of compact sets satisfying the following
properties

(2.2) (i) Ip,-pESk,, V¥n>1
(23) (i) w(@—UF,)=0,
(2.4) (i) lim Cap (K—F,) = 0 for any compact set K.

Proof. It suffices to prove the “only if” part. First we assume p€S,.
Let us set

U(x) = E, s‘” e-sdA*
0
and
U,(x) = E, S' et dA* = U(x)—eE,U(X,).
0

Then we have U, which implies U, €S and U,—0 (as t—0) in E;-norm.
(Recall that [|f||%, := E(f, f)+ [ o f*m(dx)). Moreover each U, is quasicontin-
ous. Thus similarly as in the proof of [19] Th. 3.1.4 we may find a de-
creasing sequence of open sets {G,},>, and a subsequence of {t},>; such that
Cap (G,)—0, t, | 0 and U,,—0 uniformly on each —G,. Notice also that U,
is decreasing pointwise on X'—N as ¢ | 0 (N denotes the exceptional set of A4*).
We have actually proved that

(2.5) lim sup |Uyx)| =0  for each n.
130 xeX—(G,UN)

Let {E,},> be an increasing sequence of compact sets such that u(E,)<<oo and
lim Cap (K—E,)=0 for any compact K. We define F,=E,—G,. We claim
that I - pESk,. It suffices to show that I, pESy. Let us set

T,x) = E, 5' e~ I (X,)dA"
0
for fixed n. Then we have

(2.6) lim sup |Uyx)|<lim sup |Uyx)|=0.
o xeF,—N O xeF,—N
Define
= lif {{>0: X,EF,}
and

g(t—s,x) = E, S; eIy (X,)dAY, t—s>0.

By the strong Markovian property we have for q.e. x€ X—F,,
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@7 Vi) = B[ Lo | 1 (X1 ]
=E, [I(,>,,e"g(t—7, X-,-)]S sup I qjt(x) |
x&F,—N
Comparing (2.6) and (2.7) we obtain
lim | E. S' eI (X,)dA%|,= 0,
) o
which is equivalent to I +uESy,. It is easy to check that {F,},, satisfies (2.3)

and (2.4). Thus the theorem is proved for x € S,.

For a general measure €S, we may take an increasing sequence of compact
sets {E} >, such that Ip;- € S,, p(X— UE;)=0 and Cap (K—E;)—0 for any
compact set K. For each j, we can find a sequence of compact sets {F;,} ,», such
that {F,,} >, satisfies (2.1)—(2.4) for the measure I5;- . Now we define

Fn= U?-I(annEj)'

Then {F,},s, is an increasing sequence of compact sets such that I -u€ Sk,
for each m. It is also easy to check (2.3) and (2.4) for {F,},>, by the obser-
vation that for any compact set K,

K—F,c(K—E)U(K—F};,), j<n.
The proof is thus completed. |

Corollary 2.5. Let B be a Borel set of X. Then Cap (B)=0 if and only
if w(B)=0 for all pE€ Sk,.
Proof. This follows from Theorem 2.4 and [19] Theorem 3.3.2. |

3. Generalized resolvents

We first introduce some notations.

Let uy=p*—pu~ be a signed Borel measure on . If |u|=p*+p" is a
smooth measure, then y is called a signed smooth measure, and we shall write
wES—S. It is evident that y&S—.S if and only if 4% and ™ are both smooth
measures. For pS—S we shall set A*:=A4*—A*~. We shall call x the
Revuz measure of A*.

Let u€Sg. By Proposition 2.3 we know there exist constants ¢ and 8 such

that ||E.e":hl|qgceﬂ‘ . Let us introduce the notation
(3.1) B(p) := inf {80 : ||E.e*||,<ce® for some c>0}.

For f and g in B(¥) and a Borel measure » on 2, we shall sometimes use the

notation {f,g-u> or {f, g u to denote the integral S% feu(dx). {f, g2>n will be
simply denoted by (f, g).
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For >0 a constant, g4 and » in S—S and f € B(X), let us introduce the
notation

(32) Ustefiw) = B, [ | e fx,)d43

provided the right hand side makes sense. In particular, if v=m, we shall
simply write U*** f instead of Us**f.

Theorem 3.1. Let a>0,usS—S, {1, po, v} S and fEeB(X). If
U** f(x)< oo, then

(3.3) q]‘:‘.f'“‘f'!"l—l"zf(x)_l_q]ﬁ;l’-+l‘1—ﬂzq]£:+l‘f(x) — q]:-(-l-"f(x)_l_ CL]I;;IL'H"I ‘I"zcl]:'l'ﬂﬂf(x) .
If Ugrttta-ts fx)<< oo, then

(3-4_) ‘-U;“"“‘"'r"z f( x) _|_CU§‘;:“"{]‘:+F+“1‘“2 f(x)
— Ut o)+ Vg U f(s)

Proof. It suffices to prove (3.3). Assume that U™ f(x)<co. By the
Markovian property we have

EB“ emss-4t f(X)dAL| 9‘,] — A Qe (X)) P, as.

t

Applying the above equality and Fubini’s theorem we obtain
® wiea ((F gty g2 v ® - "

(3.5) EB at-4} (S emabieal dAfz) f(X,)dA,} — Qe QU f()
0 0

Similarly

®

(3.6) E[S: ¢4}

Now (3.3) follows from (3.5), (3.6) and the following identity:

(g; oAl +al? dA‘,‘l) f(X,)dA’,'] _ Cl];‘il““"l'“zq]:”f(x) )

t

a1 gl w1, Mg LN N 7}
oA +A,2+Soe,4; +4% d/l‘;‘1:1—[— Soe A5+ 48 dAfZ. -

Remark. (3.3) and (3.4) are in fact a generalization of the resolvent proper-
ties. For this reason we call (3.3) and (3.4) the generalized resolvent formula
and accordingly Ug**f (provided it makes sense) is called a gemeralized re-
solvent.

In what follows a will always stand for a non-negative constant without
explicitely mentioning it.

Theorem 3.2.
i) Let nESg, and a>B(u). Then
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3.7) Yot feF N LXK ; u) for all f ELHE ; m).

(i) Let p=p*—p~ such that py* €S and p~ €Sy, and f ELXX; m) be non-
negative. If U f €L L ; m), then U™ feF NLAX; | ). (3.8)
(i) Let p€S—S and f €LY 2X; m) be non-negative. If U*™* f L X ; m+pu~),

then U™ feF NLAX; | ul). 3.9)
(iv) Let pES—S, then for all v, and v, in S and non-negative Borel functions f,
and f,,
(3'10) <CU£:1f1;fz'l’z> = <CU$2 2;f1‘”1>

and
311)  Ej., [Sf i fl(X,)dAgl] —E,., Uf it fz(X,)dA‘;z:‘, 1>0.
0 0
Proof. The proof is splitted into several lemmas.

Lemma 3.3. Let u=Sg and a>B(u). Then
U1l Va1l < oo .
Here 1 stands for the function on 2 identically equal to 1.

Proof. It is obvious that || U*™*1||,<oo for a>B(u). That [|UL"1||,< oo
holds can be seen from the formula

(3.12) e—at+A5‘+a S'e_m+A‘: ds— 1+ Sfe_msﬂii‘ dA". -
0 0

Lemma 3.4. Suppose that pnE Sy, a>L(p) and fELH(X; m)NByu(X),
then U™ f €T (where By(X) :={f EB(X) : lIfllg<oo}).

Proof. Without loss of generality we may assume that f>0. Since f&
Bu(X), applying the above lemma we can see that ||U**f|[,<<co. Thus
(U**f)-pES, because p &Sk, CS,. Consequently UpU** f=Ulgja-u )., 1

€Y. But by Theorem 3.1 we have U*™* f=U* f+UrU*""f, hence U*~*fe&
F. |

Lemma 3.5. Let u,vESg,a>B(u). Then U,**1€F NLAXE; p).
Proof. Take a large number 8>8(u-+v). Then
UL 1 SNUEEF 1l <oo .
Consequently
VubU 1 = ‘—'Ufcuvg_,bl_ H1EF NBYX).

By Theorem 3.1 we obtain
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U1 = UL14+-UbULH1EF NBu(X) -
Again by Theorem 3.1 and Lemma 3.3 we obtain
U,2~#1 = UL *1+(B—a)U UL *1EF N By(X) .
Now we can write
U,**1 = U,*14+U,*U,**1
and hence
BV 1, Vs 1) = BV, 1, Uyo ™ 1)4<U, 1, (U 1) <oo .
Thus U,**1€L¥(X; u) ]

Lemma 3.6. If u€Sy,, a>LB(u), then

<LUV1U—'Lf1;f2'”2> = <6Uv:_“f2,f1‘”1>
for all vy, v, €S and f,, {,€ B+(X).

Proof. Let v, €S, We have
U, *1 = U, *1+Uu*U,,* 1.
Consequently
E (U, "1, U,* 1) =<U,* "1, v o+<LUy,* ™1, Up,* ™ Dou .
Similarly
BV, 1, Uy#1) = U= 1, mp < U2 1, Uyt Do
Comparing the above two identities we obtain
<UL ™ 1, v =<U,* ™ 1, v
Noticing that »&€S,, and 0< f<B,(X) imply f-vESg, the proof can be
completed by applying the monotone convergence theorem. |
Lemma 3.7. If p€Sy,, g€LA2X; p), a>0. then
Uwrg€FNL X, ).
Proof. Let us set [|Un*1|[,=c. We have

|CU,fg|2g(E. 5: o dAi‘) (E S: | g(X,)|? dA',‘) <cUa| g2
Applying the previous lemma we obtain

[ 1 U1 S KU 811 > = <V 1, | g2 < llgllnee ; oy <oo-

Similarly we can prove
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[ 1 Vs midn) <l U 1l gl ; <o
Now applying the relation (0.1), we have

1
Eqjung || e g(X)aAt~(Upg, gou <o .

t
t 0

% (Unrg—e ' PUn"g, Un*g) =
By [19] Lemma 1.3.4 we get U*gE . [

3.8 Proof of Theorem 3.2 (i)

Let p €8y, a>B(n) and f ELX(X; m).

Let us set c=||U**1||,+/|Uu**1||,, By Lemma 3.3 we know c¢<<oo.
Similarly as in the proof of the above lemma, we have

[ 1V F 120ld) <eCT1 £ 1% > = (D1, | FID W s my

Thus U**feL¥X; u). By Theorem 3.1 we have U*~* f=U* f+Up*U**f.
Applying Lemma 3.7 we get U** f€F, which completes the proof of Theorem
3.2 (i).

To prove Theorem 3.2.(ii) we still need a Lemma.
Lemma 3.9. Let p=p*—p~ with py* €S and p~ESk,. Then

U feF NLNX; | ul)
for all a>p(u") and f EL¥X; m).

Proof. Without loss of generality we may assume that f >0. By Theorem
3.2. (i) we have
Yotk f U+~ fELX(X; p”)NLA(X; m) .

By Theorem 3.1 we can write -

(3.13) Yot f+ Up+ U*H* f = U f+Us-U*™ f
Hence
(3.14) Ug+ U+t f KU f+Up-U*™f .

By Lemma 3.7 we have Ui-U**feF. Thus by [19] Lemma 3.3.2
Ug+U*** feF because both sides of (3.14) are a-excessive functions. Now
(3.13) enables us to write

OsEd(CUwHLf, CUu+uf) — (CUwaf, f) + <CUac+ll-f’ wCUm+ll-f>“_
_ <CUM+F f, qJa+e f>p. +

which shows U*** fe LA X; u*). The proof is completed. |
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3.10. Proof of Theorem 3.2 (ii)

Let p=p*—p~ with p*€S and p~ €Sy, 0< fELHX;m) and U fe
LH(X;m). We first take a large number 8>8(u~). Then by the above lemma
we have

Y feF NIAE; | pl), VU f€F N LAE; |ul).
But using Theorem 3.1 we can write
Qo+t f = U+ f1 (B—at) U+ f .
Consequently U*** feF N LY X; | u|), which proves Theorem 3.2. (ii). n

We now proceed to

3.11. Proof of Theorem 3.2 (iii)

Let p=p*—p~ with p*€S and p~S. Suppose that 0< fELXE; m)
and U***feLi¥;m+p~). By Theorem 2.4 we can take an increasing se-
quence of compact sets {F,},s, such that Iy +u~ €S, p (X—UF,)=0 and
Cap (K—F,)—0 for any compact set K. Let y,=p*—Ip -u~, then

0K Usttnf 4 Ut f  qee. .
Applying Theorem 3.2 (i) we get

Ut f eF N LHX; | pal), n>1.
Employing (3.13) we can write

(3.15) O E (U*tef, Uttnf)
=(Uttaf, f)+U**Hnf, Utenf 1w —USHEnf, U fous

In particular

LUHnf, Utn four (Ut f, )+ USnf, U1, e -

Since U**™ f € LY(¥; m+u"), by the monotone convergence theorem we obtain
Yo+t feL(X; ut). Now by virtue of the fact that U f €L X; m+ | ul),
(3.15) enables us to conclude that {U***»f} -, is an E,-cauchy sequence. Thus
lim Yetts f=Us*feF. The proof of Theorem 3.2 (iii) is thus completed.

n>o

To prove Theorem 3.2.(iv) we first prove the following

Lemma 3.12. Let p=p*—p~ with p* €S and p~ €8Sy, If U fe
LX(26; m) for any f € LX2C; m), then U, 1€F NLAX; | pl) for any vE Sk,

Proof. Take a large number 3>8(x~). By Lemma 3.5 we have
0<UL*1<UP* 1eLd(X;m+u")
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for any »ESy,. By Theorem 3.1 we can write
Qe 1 UB) pre = U P14+ UB-U L+ 1
Thus similarly as in the argument used for proving Lemma 3.9 we may conclude
UL, 1eF NI XE; |pl), forallyESy, .
Applying again Theorem 3.1 we have
Qo1 = U, P+ 1+(B—a) Ve, 1

By Theorem 3.2 (ii) we then obtain U,***1€F NLHX; |u|) for all »ESk,,
which concludes the proof of Lemma 3.12.

3.13. Proof of Theorem 3.2 (iv)
Let {u,},> be specified as in the proof of Theorem 3.2 (iii). Let n>1
be fixed, by Lemma 3.12 we have for « large enough,

U, 1€F NLAXE; | pal)  for all vE S,
By Theorem 3.1 we can write for a>8(Ir, -u")
U+ Uy el = U 14Ut u- Uy e 1,244 1
Thus similarly as in the proof of Lemma 3.6 we obtain
(3.16) UL, v = <UL, v

For fixed v, »,E€ Sk, the above equality holds in fact for all @+ instead of
a with 8>0. Thus by the uniqueness of the Laplace transform we get for »,
and v, in Sg,:

(317) Evz[st —@s— A dAv] x[s‘ —@s~ As dAv] tzo
0 0

The above implies

(3.18) EZB:) f(s)e‘“"":"dAﬁx]:EHI:S: fijeror=" adz], 120,

for all non-negative Borel functions f €B((0, )). In particular taking f(s)=
e*, we get

(3.19) B,[[ e aaz] =E,,[S0 4t agz], viz0.

Now (3.11) and (3.10) follow easily from (3.19) by the monotone convergence
theorem. ]

REMARK 3.14. Some special cases of (3.10) were first observed by M. Fuku-
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shima and Y. Oshima. Using a different method, they proved in [21] Lemma
3.1 that for any €S and f, g€ Cy(X), one has (U***g, f)=(U***f,g). In
[25] Th. 4.2.1 and Th. 4.2.3 Oshima proved that

UL f, g+ pp=<Uk**g, f- >
and

(Ulrf, g) = U g, f+u>

for all p, ¢>0 real numbers, xS and f, g€ B"(X). His results are available
for the non-symmetric regular Dirichlet space. For applications of our results
we refer to [6].

4. An analytic description of Kato’s class

Recall that ||-]|, is defined at the beginning of Section 2.

Lemma 4.1. Let u€S. Then

(#.1) U1l = 11U U] ooty
(4.2) IE.Afllg = [1E.Af]|zm -

Proof We prove only (ii), (i) being easier. Obviously we have
U Ul <NUn1ll, -

To prove the inverse inequality, suppose that ||Uu®1|| em=C<c. Take an
increasing sequence of compact sets {F,},>, such that p,:=1I; -pES,, p(X—
UF,)=0 and lim Cap (K—F,)=0 for any compact set K. Then Ug 1 is quasi-

continuous. By [19] Lemma 3.1.4 there exists a set IV, of zero capacity such
that Ui 1(x)<C on X—N, Set Nyg=2X—U..F, and N=U;.N,. Then
Cap (N)=0 and Un*1(x)< C for x€ X—N by the monotone convergence theo-
rem. That is: ||Uu* 1|, <C=[|Up*1||1o(m)- [ |

In the sequel let (p,);>o be the Markovian transition function of M and p be a
given Borel measure on . We make use of the following notations (whenever
the expressions involved make sense).

t t
wTf =< pufds, wy = B | fXas]
pOf =< eorpufs, wy 1= B | e=fixas .
Theorem 4.1. Let y be a smooth measure. Then the following assertions
are equivalent to each other :

(i) ”’GSK;
(i) lim [ Va"111,=0;
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(i) wT, is a bounded functional on L' (2€; m) and I‘ig) uTd|=0;
(iv) wU*is a bounded functional on L'(2; m) and lim ||pU*||=O0.
@po
In (iii) and (iv) |

-|| denotes the operator norm of a functional on LY(X; m).

Proof By the additive property of A we have

Up1 =E. [ e adt = B[ S By, | emaar].
0 n=0 0
Consequently

U U < (1—e ) E. A, ,
from which the assertion (i)=>(ii) follows. On the other hand obviously we have
IE.Afll <e*l| U1l

which implies the assertion (ii)=>(i). Noticing that L=(2; m) is the dual space
of LY(X; m), the assertion (i)« (iii) follows from (3.11) and (4.2). Similarly the
assertion (ii) ¢ (iv) follows from (3.10) and (4.1).

Acknowledgements

We are very grateful to Professor Masatoshi Fukushima for sending pre-
prints of his work and work with Professor Yoichi. Oshima which greatly stimu-
lated our research.

References

[1] S. Albeverio, J. Brasche, M. Rockne: Dirichlet forms and generalized Schrodin-
ger operators, 1-42 in Proc. S¢nderborg Summer School “Schrédinger Operators”,
Ed. A. Jensen, H. Holden, Lect. Notes Phys 345., Springer, Berlin (1989).

[2] S. Albeverio, J.E. Fenstad, R. Hgegh-Krohn, T'. Lindstrgm: Nonstandard meth-
ods in stochastic analysis and mathematical physics, Academic Press, Orlando
(1986).

[31 S. Albeverio, F. Gesztesy, R. Hgegh-Krohn, H. Holden: Solvable models in
quantum mechanics, Springer, Berlin. 1988.

[4] S. Albeverio, R. Hgegh-Krohn: Quasi invariant measures, symmetric diffusion
processes and quantum fields, 11-59 “Proceedings, of the International Collo-
quium on Mathematical Methods of Quantum Field Theory”, Edts. CNRS (1976).

[5]1 S. Albeverio, R. Hgegh-Krohn and L. Streit: Energy forms Hamiltonians and dis-
torted Brownian paths, J. Math, Physics, 18 (1977), 907-917.

[6] S. Albeverio, Z.M. Ma: Pertubation of Dirichlet forms-lower semiboundedness, clo-
sability and form cores, J. Funct. Anal. 99 (1991), 332-356.

[71 S. Albeverio and Z.M. Ma: Nowhere Radon smooth measures, perturbations of Diri-
chlet forms and singular quadratic forms, 3245 in “Stochastic Differential Systems*‘,



264

(8]

(9]
[10]

[11]

(12]

(13]
[14]
[15]
[16]
[17]

[18]

(191
[20]
[21]
[22)
[23]
[24]
[25]

126]
[27]

S. ALBEVERIO AND Z. MaA

Proc. Bad Honnef Conf. 1988, Ed. N. Christopeit, K. Helmes and M. Kohlmann,
Lect. Notes Control and Inform. Sciences 126, Springer, Berlin, 1989.

S. Albeverio and M. Réckner: New developments in theory and applications of Diri-
chlet forms, 27-76 in ‘‘Stochastic Processes in Physics and Geometry”, Proc. 2nd
Ascona-Locarno-Como Meeting, Ed. S. Albeverio, G. Casati, U. Cattaneo, D.
Merlini and R. Moresi, World Scientific, Singapore, (1989).

M. Aizenman and B. Simon: Brownian motion and Harnack inequality for Schro-
dinger operator, Comm. Pure Appl. Math. 35 (1982), 209-273.

J. Brossard: Le probléme de Dirichlet pour I’opérateur de Schrodinger, Duke Math.
J. 52 (1985), 199-210.

A. Boukricha, W. Hansen and H. Hueber: Continuous solutions of the generalized
Schridinger equation and perturbation of harmonic spaces, Exposition Math, 5 (1987),
97-135.

Ph. Blanchard and Z.M. Ma: Semigroup of Schrodinger operators with potentials
given by Radon measures, BiBoS Nr. 262 (1987), 160-196 in “‘Stochastic Processes,
Physics and Geometry”’, Proc. 2nd Ascona-Locarno-Como Meeting, Ed. S.
Albeverio, G. Casati, U. Cattaneo, D. Merlini and R. Moresi, World Scient., Sin-
gapore, 1989.

J. Brasche: Perturbations of self-adjoint operators supported by null sets, PhD-
Thesis Bielefeld (1988) (and papers in preparation)

K.L. Chung, P. Li. R.]J. Williams: Comparison of probability and classical methods
for the Schrodinger equations, Exp. Math. 4 (1986), 271-278.

M. Cranston, E. Fabes, Z. Zhao: Conditional gauge and potential theory for the
Schrodinger operator, Trans. AMS 307 (1988), 171-194.

M. Demuth, J.A. van Casteren: On spectral theory for Feller generators, Rev.
Math. Phys. 1 (1989), 325-414.

P.]. Fitzsimmons: Time changes of symmetric Markov processes and a Feynman-
Kac formula, J. Theor. Prob. 2 (1989), 487-501.

M. Fukushima: On two classes of smooth measures for symmetric Markov pro-
cesses, 17-27 in M. Métivier and S. Watanabe, Eds, Stochastic Analysis, Lect.
Notes in Math. 1322, Springer, Berlin (1988).

M. Fukushima: Dirichlet forms and Markov processes, Kodansha, Tokyo,
1980.

M. Fukushima, Energy forms and diffusion processes, 65-98 in Mathematics--
Physics, Etd. L. Streit, World Scientific, Singapore (1985).

M. Fukushima and Y. Oshima: On the skew product of symmetric diffusion
processes, Forum Math. 1 (1989), 103-142.

J. Herczynski: On Schrodinger operators with distributional potentials, J. Oper.
Th. 21 (1989), 273-295.

ZM. Ma: On the probabilistic approach to boundary value problems, BiBoS Nr.
288, 1987.

Z.M. Ma and R. Song: Probabilistic Methods in Schriodinger equations, to appear
in Seminar on Stochastic Processes 1989, Birkhauser Boston Inc.

Y. Oshima: Lecture on Dirichlet forms, Erlangen, 1988.

B. Simon: Schrodinger Semigroups, Bull. Am. Soc. 7 (1982), 447-526.

M.L. Silverstein: Symmetric Markov Processes, Lect, Notes Maths. 426, Sprin-
ger, Berlin: (1974).



ADDITIVE FUNCTIONALS 265

M.L. Silverstein: Boundary Theory for Symmetric Markov Processes, Lect.
Notes Math. 516, Springer, Berlin 1976.

[28] K. Th. Sturm: Stérung von Hunt-Prozessen durch signierte additive Funktio-
nale, Dissertation, Erlangen, 1989.

[29] P. Stollmann, J. Voigt: A regular potential which is nowhere in L,, Lect. Math.
Phys. 9 (1985) 227-230.

[30] J. Voigt: Absorption semigroups, their generators, and Schrodinger semigroups, J.
Funct. Anal., 67 (1986), 167-205.








