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0. Introduction

Let kG be the group algebra of a finite group G over an algebraically closed
field & of characteristic p, p3=0. Fix a normal subgroup NN of G and a non-pro-
jective indecomposable 2N-module V. Let SV: 0—-QV—-X—-V—0 be the
Auslander-Reiten sequence terminating at V. Here Q denotes the Heller
operator. In this paper, we study the induced sequence 0—(Q*V)¢— X¢—
V¢é—0. We shall decompose it according to the decomposition of V¢ and
investigate the relation between the sequences appearing in the decomposition
and the Auslander-Reiten sequences terminating at the indecomposable direct
summands of V6. For example, we shall give a condition which guarantees
that some Auslander-Reiten sequences appear in the decomposition of the
induced sequence. This result is related to the work of Knérr [6].

Notation is standard. All the AG-modules considered here are finite
dimensional right modules. For kG-modules W and W’, we use (W, W’)¢
to denote Homys (W, W’). An element f of (W, W’)¢ is said to be projective
if there are a projective kKG-module P and maps a (W, P)¢ and B (P, W')°¢
such that f=@Boca. We denote by (W, W’)"¢ the facior space of (W, W')¢ di-
vided by the subspace consisting of projective homomorphisms. Note that
(W, W)b¢ is an End,;(W’)-End,c(W)-bimodule. For any k-algebra R, we
denote its radical by JR. Unless otherwise noted, @ means @;y.

The author wishes to express his hearty thanks to Dr. Okuyama, who sug-
gested him the problem and notified him that the problem is related to the
work of Knorr.

1. Decomposition of the induced sequence

Throughout this paper except Theorem 2.5, we deal with the situation
in the Introduction. Let E=End,;(V°) and E,=End,y(V). Then E; can
naturally be considered as a subalgebra of E by the injection ¢: E,—E defined
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by «(f)=f®Id,s for all feE,. We denote (V¢ V¢)"¢ and (V, V)*¥ by E
and E,, respectively.
We begin with the following lemma, which is well-known and easy to see.

Lemma 1.1. Q' (V°)=(Q"'V)C for all n=1, 2, ---.

Henceforth we write the above modules without parentheses.
Let P be the projective cover of V¢ For any f€E, we can take f,€
End,¢(P) and f'€End,c(QV ¢) such that the following diagram is commutative.

0—Qre p ve 0 (exact)

AN
0—s QVS—>P—>VS—>0 (exact)

In this case, f' corresponds to f under the isomorphism E=<(QV ¢, QV¢)"C.
(See the discussion following [1, 2.17.2].) Likewise we can find f” € End,(Q*V °)
such that it corresponds to f' via (Q2V¢, QV°)-C=(QV°, QV°)"C. Define
left actions of E on (V¢, QV¢)"¢ and on Ext,(V°, Q*V°) via the above iso-
morphisms. Recall that we have the following. ([1, 2.17.5])

(1.2.a)  EFf=Ext(V, Q*V)=(V, QV)"¥ as E,~E;-bimodules
(1.2.b)  E*=Ext,o(VC, QW) =(V¢, QV )¢ as E-E-bimodules

Here E* is the dual E-E-bimodule Hom(E, k).
The next lemma is also easy to show.

Lemma 1.3. Let H be a subgroup of G, V, and V, kH-modules, and let
feWy, V)2 Then f is projective if and only if fQuz1dic=(V 6, V,6)¢ is pro-
Jective.

By the above lemma E; can be regarded as a subalgebra of E. Thus EF
is a submodule of E*. Likewise we can and will regard the modules in (1.2.a)
as submodules of the modules in (1.2.b).

Lemma 14. Let vEExt,y(V, QW) represent an extension 0— Q?V —Y —
V—0. Then considering v as an element of Ext,o(VC, Q?VC), it represents the
induced sequence.

Proof. Take an element f of (V, QV)"¥ whose image in (V, QV)"¥ cor-
responds to ¢ under the isomorphism (1.2.a). Then we have the following
pullback diagram.
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Here P’ denotes the projective cover of QV. The above induces the following
diagram, which is also pullback.

a®Idk€)

Yé¢ ve
BRI | @t
pe >QV¢

Note that P’¢ is the projective cover of QFV¢. Thus f®Id,; gives the sequence
00V €—»Y—>V°—0. This completes the proof.

As E, is local, the E~E\-bimodules in (1.2.a) have irreducible socles which
are of 1-dimensional over .. We denote the socles of those modules by L.
Note that JE, annihilates L from the both sides. A nonzero element 7 of
Ext,y(V, Q?F) represents the Auslander-Reiten sequence if and only if ¢ lies
in L. (See the proof of [1, 2.17.7].)

Lemma 1.5. xl=Ix for all I L and x<E.

Proof. We fix representatives G/N of cosets of N in G containing 1.
Let T be the inertial subgroup of V in G. For any t=T|N, there is a kN-
isomorphism ¢,: V—V ®¢. This gives a unit u,=¢,QId;; of E,=End, (V7).
Let E; be (V7T, VT)"T. Note that E; is naturally a subalgebra of E. (See
Lemma 1.3.) We first claim that;

(1.5.a) ¥l=Ix  foralll€L and x€E;.

Recall that E,/JE,=k. For all meE,/JE, and tT/N, we have u;'mu,
=m in E,[JE,. Since L is dual to E,/JE,, we have #,]=Iu, for all /L and
teT|N, where @, is the image of u, in E;. We also have ul=Iu for all I&L
and u€E,. Thus (1.5.a) holds since E, is generated by E; and {#;},cr/x-

Now note that Véy=@,ce/n V®g as kN-modules. So by the Frobenius
reciprocity, we have the following isomorphisms.

E': (V’ VGN)N:®gEG/N(Va V®g)N'

Letting E, be the inverse image of (V, V®g)" in E, we obtain E=@® ,c¢/x E,.
(Note: our previous E; coincides with the new one.) Then it is easy to check
that E,E/CE,, for all g, g'€G|N. Since E=E; D (P ec/m1n E,) as k-spaces,
to complete the proof, it suffices to show that

(1.5.b) 2=1I2=0 for all /€L and x€E, with g&T|N

where ® is the image of x in E.
Fix g&G/N\T/N and x€E,. Then for any g'€G/N and any y€E,, it
follows that
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(1.5.¢) xy and yx lie in JE,, if Ng’ = Ng~!, and
xy and yx lie in @4, E,, otherwise.

Now consider /&L as an element of E*, i.e., as a k-linear map from E
into k. Since I €E¥, for all z&P,, E,, | takes Z to zero. Further, / vanishes
on JE,. Hence by (1.5.c) we can conclude that, for all yE, I maps both %y
and J%® to zero. By the definition of the action of E on E¥*, this means that
the elements /® and %/ of E* both send ¥ to zero for all yE. Therefore, we
can conclude that (1.5.b) holds. This completes the proof.

Now we decompose the sequence 0—Q*V¢—XC¢—VC—0. Let ¢, -, ¢,
be orthogonal primitive idempotents of E with Idy¢=e,+:-+e,. We can
find orthogonal primitive idempotents e}/, ---, e;’ of End,s(Q*V€) such that
each &/ corresponds to g; via E=<(QV ¢, Q?V¢)"6. Remark that the left ac-
tions of ¢; and €/’ on the modules in (1.2.b) are equal to each other.

Theorem 1.6. For each i, 1<i<n, there exists a non-sprit exact sequence
Si: 0—e//QV - Y,;—¢;V 0 such that their direct sum 0—>Q*V°—PY;—V°
—0 is equivalent to the induced sequence (SV)¢: 0—-Q*V°¢—>X¢—-V°—0. More-

over, this gives the unique (up to equivalence) decomposition of (SV)¢ with respect
10 ey, -+, €.

Proof. It follows from Lemma 1.5 that el=le; for all /€L and 7, 1<
i<n. Hence we have

— (Da)(S5) = 1 56E = Nl
for all IeL. For each 7, the element ¢;l¢; gives an extension S;: 0—e//Q?V ¢
—Y;—¢; V>0 and their sum 3] ¢;/¢; corresponds to the direct sum of those

sequences. Hence it follows by Lemma 1.4 that the direct sum 0—Q*V°¢—
@®Y;—V -0 is equivalent to (SV)¢ if / represents SV

*  Now suppose that some S; splits, i.e., [&;=0. Then we have [E¢;=0 by
Lemma 1.5. This implies that the following sequence is exact.

0— (V6 QVE)°C — (¢,VE, XO)¢ — (e,VC, V¢)¢ —0
By the Frobenius reciprocity law, there holds
0— (V6 BBV — (e,VE, X)¥ — (e;VC, V) -0 (exact).

Since V is isomorphic to a direct summand of (¢;V°)y, the above contradicts
our assumption that SV is an Auslander-Reiten sequence. Therefore each
S; does not split.

To see that this gives the unique decomposition, note that if we have



SEQUENCES INDUCED FROM AUSLANDER-REITEN SEQUENCES 413

I=3)¢x;e; for some x;EExt,o(VC, OV C), then eux;e;=¢;le; for all 7, 1<i<n.

Now the proof is complete.

2. The sequences appearing in the decomposition of (SV)¢

In this section, we shall discuss how S; in Theorem 1.6 is far from S(e;V°),
the Auslander-Reiten sequence terminating at e;V¢.

For any subgroup H of G and any kG-module W, let Tr§: (W, W)¥ —
(W, W)€ denote the trace map. We begin with the following general result.

Lemma 2.1. For an indecomposable kG-module W, suppose that
JEnd;(W)=Du<quxamImTrg.  Then a short exact sequence S: 0— QW —
Z—>W —01s an Auslander-Reiten sequence if and only if the following two conditions

g
hold.
(i) S does not split.
(i1) S splits on the restriction to H for all H < ; vtx(W).

Proof. It is well known that the above two hold if S is an Auslander-
Reiten sequence ([1, 2.17.10]). To see the converse, we first prove that any
map f in J(End,g(W)) factors through . By the assumption, we may assume
that f=Tr§(h) for some H<;vtx(W) and h€End,z(W). We can take h'E
(Wg€, W) corresponding to % by the Frobenius reciprocity law. Also, let &
be the element of (W, Wy®)¢ corresponding to Idy EEndz(W). Then it is
routine to check that f="Tr§(h)=Trf(holdy)=h"oE. Since Wy° is H-projective,
the condition (ii) yields that there exists ¢p=(Wy¢ Z)¢ such that godp=r'.
Thus we obtain f=gopof. 'Therefore f factors through . Now by (i), the
only elements of End,;(W) that factor through o are precisely those that lie
in J(Ende(W)).

Let o be the element of Ext,s(W, Q*W) corresponding to S. Then the
above shows that J(End,;(W)) annihilates 7 from the right. Hence ¢y generates
a semisimple module. Because Ext,o(W, QW) has a simple socle, v must be
a generator of the socle. This completes the proof. (See also the proof of
[1, 2.17.7].)

The above lemma implies the following.

Theorem 2.2. Suppose that J(Endie(e;V €)= Dp<gzvexy ImTr§. Then
the sequence S; is an Auslander-Reiten sequence.

Proof. Note that wvtx(V)=vix(e;V°). If H< vtx(V), then since
vtx(V)<N, it easily follows from [1, 2.17.10] that 0—(Q?V ¢)y,—>X;—VC¢,—0
splits. (Note that 0>Q TV Qg—->XQg—>V ®g—0 is an Auslander-Reiten
sequence for all g&G.) Thus by Theorem 1.6 each S; is H-split. Moreover,
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S; itself does not split. Therefore the result follows from Lemma 2.1.

For any exact sequence S: 0—QW—Z A W—0, let V¢.S denote the
cokernel of oy: (V¢ Z)°—(VE¢, W)¢. So V©¢.S is naturally a right E-module.

Let I be the two-sided ideal of E generated by JE;. In the case where V
is G-invariant, E=E|I is isomorphic to a twisted group algebra of G/N over
k. Now we have;

Proposition 2.3. Suppose that V is G-invariant. Then;

(i) For each i, 1<i<n, VS-S;is a projective indecomposable right E-module.

(ii) A sequence S: 0—e/QVC—Z—>e,V¢—0 is an Auslander-Reiten
sequence if and only if V¢S is a simple E-module. Hence in this case V°-S is a
simple E-module.

Proof. (i) We first claim that V' ¢-(ST)¢ is isomorphic to E. By the
Frobenius reciprocity law, we have V¢(SV)¢=(V¢y)-SV as E,—~E-bimodules.
Since V is G-invariant, (V¢y)-SV =(V-SV)'¢: Nl as E-E,-bimodules. Thus
JE, annihilates V¢-(SV)¢ from the right, and hence V¢-(SV)¢ is an E-module.
Since it is a factor module of E having the dimension |G: N| over k&, it must
coincide with E. Now Theorem 1.6 yields that I/6-S; is a direct summand
of V€¢.(SV)¢. Therefore V€-S; is projective. Since IC JE, the image of ¢;
in E is a nonzero idempotent of E for all 7, 1<i<#un. Hence V¢-S; is an inde-
composable E-module.

(ii) Note that V¢.S; is a factor module of a projective indecomposable
E-module ¢;E=(V°, ¢;V°)°¢ On the other hand, S is an Auslander-Reiten
sequence if and only if ¢; JEe; is contained in the kernel of the epimorphism
e;E—V¢-S and V¢.S20. These hold if and only if V¢.S is simple. Now
the proof is complete.

Now we give an application of the above results, which is related to the
work of Knorr [6].

Corollary 2.4. Suppose that N is a p-group. Let H=NCy(N) and let
B; be the block of kG containing e,V C. Then, if S; is an Auslander-Reiten se-
quence, the blocks of H covered by B; have N as their defect groups.

Proof. By [5, Satz 2.2] and [2, § 6, Exercise 14], we may assume that
each e; lies in E;=End,;(V'7T), where T is the inertial subgroup of in G. Let
S? be the sequence 0—Q%; V7 —Y /—¢, /T —0 appearing in the decomposition
of (SV)?. (By Theorem 1.6, S! is determined uniquely up to equivalence.)
We claim that S7 is also an Auslander-Reiten sequence. Let eg;le;e
Extyr(e;VT, Q%;VT) represent Sf. By the proof of Theorem 1.6, ¢;le; also
represents S;. Now End,(e;V’”) is naturally considered as a subalgebra of
End,¢(e;V°), and hence J(End, (¢;V™)) < J(Ends((e;V°)). Since J(End,g(e;VE))
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annihilates ¢;/e; by the assumption, so does J(End,;(e;)’”)). This implies
that S{ is an Auslander-Reiten sequence. Thus by Proposition 2.3, V7-S is a
simple projective E;/I’-module, where I’ is the ideal of E; generated by JE,.
Therefore the result follows by [6, Cor. 2.2].

Our final result concerns relative projectivity of Auslander-Reiten se-
quences. Recall that each Auslander-Reiten sequence gives a (finitely pre-
sented) simple object of the category MMod(RG) of contravariant K-linear
functors from the category of kG-modules into the category of k-spaces. (See
[4, 81], for example.) In [4], Green defined relative projectivity of finitely
presented objects of MMod (kG) and showed that each of those indecomposable
objects S has vertex vtx(S), which is a p-subgroup of G determined uniquely
up to G-conjugate. (See [4, § 4] for detail.) He also proved that for any non-
projective indecomposable kG-module W, there holds vtx(SW)>g vtx(W),
[4, Theorem 5.12]. Here we identify the sequence SW with the corresponding
simple object. The following was suggested by the referee.

Theorem 2.5. Let W be a mon-projective indecomposable kG-module.
Suppose that J(Endye(W))=Du<zvixom ImTrh.  Then vix(W)=g vix(SW). In
particular, if W is simple, then vix(W)=; vtx(SW).

Proof. Let P be a vertex of W, M=Ny(P), and W’ the Green correspond-
ent of W with respect to (G, P, M). Since J(Enduy(W')= < pvexwn ImTrH
by [3, Chap. III, Lemma 5.10 (i)], Theorem 2.2 yields that S(W’) appears in
the decomposition of (SVy)¥, where V, is the P-source of W. This shows that
S(W') is P-projective. On the other hand, it follows from [4, Theorem 7.8]
that vtx(SW)<; vtx(S(W')). Hence we have vtx(SW)=<, P=vtx(W).

Therefore, the proof is completed by [4, Theorem 5.12].
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