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Throughout this paper, we assume that R is an associative ring with iden-
tity and {M,}, is an infinite set of completely indecomposable right R-modules.
We put M=3PM, and M=M/]J(M), where J(M) (=>1D J(M,)) denotes the

I I

Jacobson radical of M.

If each M, is a cyclic hollow module, then M is completely reducible.
In this case, M is said to have the lifting property of simple modules modulo the
radical if every simple submodule of M is induced from a direct summand of
M ([3]). On the other hand, for the family % of all maximal submodules of M,
M is said to have the Lfting property of modules for M if every member A4 in
M is co-essentially lifted to a direct summand of M, that is, there exists a de-
composition M=A*PA** such that 4¥*C A and AN A** is small in M ([5]).
These two concepts are both dual to ‘extending property of simple modules’ men-
tioned in [4]. Therefore, we must observe whether these two lifting properties
coincide or not. In this paper, we study this problem and show the following
result: M has the lifting property of modules for ¥ if and only if it has the
lifting property of simple modules modulo the radical and satisfies the follow-
ing condition: For any {M,} 7., S {M,}; and epimorphisms {f;: M,—~M,,, } 7,
there exist # (depending on the sets) and epimorphism g: M, —M,_ such that
g=fr', where g and f, are the induced isomorphisms: M, —~M, and M, —
M, , respectively (Theorem 10).

NoraTioN. By P(M) we denote the set of all submodules X of M such
that X N\ M=+ M, for all eI and X=2P(X N M,).
1

We first show

Theorem 1. The following conditions are equivalent:

1) For any pair o, BE1, every epimorphism from M, to Mg is an isomor-
phism.

2) Let {Ag}; be a family of indecomposable direct summands of M. If
Ap,+ -+ +Ap,+X R Ag,s, for any X EP(M) and any finite subset {3, -+, 8,:1}
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C ], then 23 Ag is a direct sum (and a locally direct summand of M).
J

Proof. 1)=>2). Let 8, **, B,+1€J and assume that A=A + --- +4,,
is a direct sum and a direct summand of M. We may show APA,,,. {BM.
We see from [1] and [6] that every indecomposable direct summand of M satisfies
the exchange property and hence we have a subset I'= {a,, -+, a,} 1 satisfying
MZA@,Z,/®MV' We get either M=AEBA5,,+1EB{ > PM, for some veE

I-I1"y—{v}

I‘—I,Or MzAﬂl@ b @Aﬂ;_1®AB,~+1@ b ®Aﬁ“@Aﬂn+l®2 @My fOI‘ some i.
I-r

In the former case, APAg,..PBM as desired. In the latter case, M=
Apgy+, for some as{a;, -+, ,}. For each yeI—1I', zy denotes the projection:
M=AB PMy—M,. If zy(Ap,.,)*+=M, for all yeI—-I' then X=21D

I-r i~

7y(Apar,) EP(M) and Ag, ., SA4p + -+ +4p,+X, a contradiction. Therefore,
7y(Apnir) =My, for some y,&I—1I'. Since M,~=Ag,., and a=*7,, my,|Agss
is an isomorphism by the assumption. Hence it follows that M=4, & -+ DA,
@Aﬁn-u@; DMy, where K= {I—I'} — {7}

2)=1). Let a, B<I and consider an epimorphism f: M,—>Mjg. Putting
M= {x+f(x)|x&M,}, we see that M =M {PM and M,+X2M, for any
X in P(M); whence, by 2), ker f=M, N M,=0 and hence f is an isomorphism.

Theorem 2. Assume that each X in P(M) is small in M or each M, is
cyclic hollow. Then the following condition is equivalent to each of conditions
1) and 2) in Theorem 1.

K) If M :?Ap is an irredundant sum and each Ag is an indecomposable

direct summand, then this sum is a direct sum.

Proof. (K)=>1) is shown by the same proof as in 2)=>1) in Theorem 1.
Now, assume that 2) holds and let M=3}A4; be an irredundant sum and each
J

Apg an indecomposable direct summand. First, if each X in P(M) is small in M,

then we see that Ag + -+ +A45 +XP A4g,,, for any X in P(M) and any finite

subset {8y, ***, By} &J. Hence the sum M=2334, is a direct sum by 2).
J

Next, consider the case when each M, is cyclic hollow. Assume that there
exist a subset {8y, -+, 8,} ©J and X in P(M) such that Ag + -+ +-4p +X
D4g,+,- Then we can take a finite subset FC/ and YQZF}EBM,, such that

Ag A+ -+ +Ap,+ Y 24p,., and YEP(M). Since Y is small in M, this implies

that M= 3} A, a contradiction. Therefore, such {8, -+, 8,} and X do not
J—{Bn+1)

exist; whence the sum M=3)4, is a direct sum by 2).
T

Theorem 3. The following conditions are equivalent :
1) For any irredundant sum > Ag of direct summands of M with the pro-
J
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perty that Ag + -+ +Ag,+XPAg,,, for any X in P(M) and any finite subset
{By, =+, B} S ], the sum 2} Ag is a direct sum and moreover a direct summand of
J

M.
2) {M,}; is a locally semi-T-nilpotent set and 2) in Theorem 1 holds.

Proof. 1)=>2). We may only show the first condition. Let {Ma}7-1S
{M,}; and {f;: M,~M,,, }7-1 be a set of non-isomorphisms. Then each
f; is not an epimorphism by Theorem 1. Consider M{,= {x+fi(x)|x=Ma},
i=1, 2, ---. Then, as is easily seen, {M_}7., is a set of indecomposable direct
summands of M and satisfies the condition: Mél—l— v +Mf X2 M.,

for any X in P(M) and {8y, ‘-, Buri} S {a;}7-1. Hence we get M'_—.i eM,,
<€Bi‘, ®M,. We put Nzi DBMy=M'DT. Assume that T is not inde-

composable and non-zero. Then, by the Krull-Remak-Schmidt Azumaya’s
theorem, we see M’ N (M, DM, )=0 for some n4m. But we can verify that
this is impossible. As a result, 7" is indecomposable or zero, from which we
get N=M' or N=M'DM,_ for some a,. In either case, we see that for every
x in M, there exists m such that f,,f,—, - fi(x)=0. 2)=1) is clear from Theo-
rem 1 and [2, Theorem 3.2.5].

DeriNITION ([5]). Let {4,, -+, 4,} be a family of submodules of M.
We say that the family is co-independent if the canonical map: M »i} BS(M[A4,)
is an epimorphism. :

Theorem 4. The following conditions are equivalent:

1) For any a1, every epimorphism froml_z(i}@M s to M, splits.

2) If {4y, -+, A,} is a co-independent family of direct summands of M such
that M|A; is indecomposable, then ,élA‘ is a direct summand of M.

Proof. By [1] and [6], we see that every indecomposable direct summand
of M is isomorphic to some member in {M,}; and hence satisfies the finite ex-
change property.

2)=>1). Letaclandf: T=I%}EBM g—> M, be an epimorphism. Putting

N={x+f(x)|xT}, we see that M=N+T, whence {N, T} is co-inde-
pendent. Thus ker f=T N NP M.

1)=2). We show this by induction. So, let {4,, ---, 4,, A} be a co-
independent family of direct summands of M such that each M/A4; and M/A4

are indecomposable, and assume B= 6 ALPBM.  Setting
M = ApA*
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= B@B*
we see, by the above remark, that either
M = BoXpA*
for some X C B* or
M = B'®A*PB*

for some B'CB.

We first assume the former case, and let z,: M=APA*—> A and = :
M=A@A*— A* be the projections. Since M=A-+B and BPA*{PM we
see 7w (B)=A* and BCn4(B)D 7 «(B)=BBA*(PM; so =,(B)XPM. Since
BN A*=0, the mapping f: z,(B)— A* given by 7 ,(b)— 7 ,+(d) is well defined
and an epimorphism. As a result, BN A=ker f{@®M by the condition 1).

Next consider the latter case:

M = B'®A*PB*

where B'CB. Since B¥*=M|B=M|4,® -+ ®M]|A,, B* has the exchange
property (cf. [1], [6]) and so does A*PB*. Therefore

M = B'®A*PB*
= A'PA*PB*
for some A'CA. Consider the projections:
wae: M — A%, zgpe: M— B*
with respect to M=A'PA*PB*, and
Tt M — A*, Tpe: M — B*
with respect to M=B'PA*PB*.

Here the mapping f: B*—A* given by 7 +(a)— 7 4(a) for ac 4 and g: A*—B*
given by 7 4+(b) —> 75+(b) for bE B are well defined. Put

X = {np(a)+nmp(a)|ac 4},
Y = {r4(8)+ 75:(8) | BEB} .

Then A=A'®X, B=B'QY, XPA*=YPB*=A*PB* and

M=ADXPA*
= B'@YPB*.

If XpA*=XPT for some T < B*, then B={5(b)+5'(d)|b=B} where § and
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8’ are the projections: M—A'@X and M—T, respectively with respect to
M=A4'"®XPT. Noting M=A+B and BN T=0, we see §(B)=4 and §'(B)
=T, and further the mapping ¢: A—T given by §(b)— 8'(d) is well defined
and an epimorphism. Consequently 4 N B=ker ¢<{PHM.

If the case: XPA*=XDT for some T'CB* does not occur, we must
have A*@B*=X DY, so

M=A4'aXDY
=B'@YPX.

Then let 5, M—A' and 5x: M—X be the projections with respect to M=
A'PXPY. Putting Z={n,(0")+nx(b')|6'eB'}, we get Z{LPA=A'PX and
ANB=Z{@GM. The proof is now completed.

ReMARK. a) Under the assumptions ‘each M, is cyclic hollow’ and
‘J(M) is small in M’ the equivalence of 1) in Theorem 1 and (K) in Theorem
2 was shown in [3]. Theorem 2 says that this second assumption is supper-
fluous. b) In the case when each M, is cyclic hollow, the condition 1) in
Theorem 1 and 1) in Theorem 4 are clearly equivalent and hence all condi-
tions in Theorems 1, 2 and 4 are equivalent. We also know from [3] that the
following condition is also an equivalent condition: If {4,}; is a family of
direct summands of M such that {4}, is independent in M=M/J(M), then
the sum ;Aﬁ is a direct sum and a locally direct summand.

Theorem 5. The following conditions are equivalent:

1) For any independent family {Ag}; of indecomposable direct summands
of M, YDA, s a locally direct summand.
J

2) For any acl and any monomorphism f: M,— >3 @ Mg, f(M,) is a
I—{a}
direct summand of 2 M.
I—{a}
Proof. The proof is done as in the proof of [4, Theorem 13].
1)=2). Let ol and consider a monomorphism f: M,—T= 3> ®M,.
)

o

Put M= {x+f(x)|xeM,}. Then M,NT=0 and M,PT=M,DT; whence
M/=M, and M} is a direct summand of M,®M,. Further M,NM,=0 and
hence it follows from 1) that M,PM =M ,PIm f{PM; so Im f{PHM.

2)=1). We may show the following: If {4,, ---, 4,} is an independent
set of indecomposable direct summands of M, A, --- P4, is also a direct
summand of M.

If n=1, this is clear. Assume #>1 and A=A4A,P - PA4,.{DBM. Since
each member of {4,, -+, 4,-;} is isomorphic to some member in {M,}; (cf.
[1]), 4 has the exchange property (cf. [6]), so
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M=A4D ; DM,
for some subset /1. Since 4, has the exchange property,
M=A4 - &4, D4n,D - B4, DA4,D ; DMy -+ ()
for some & or
M= AGBAn@];‘m@Mv

for some o€ J. In the latter case the proof is completed. In the former case,
A,=M, for some Nn&I—] and f=n=|A4,: A,—> PBM, is a monomorphism,
J

where 7 denotes the projection: M — >} @M, with respect to (x). By 1),

J

f(4,)<®M and hence we see that APA,{DM.

Theorem 6. Assume that each M, is uniform. Then the following condi-
tions are equivalent:

1) For any pair o, B<1, every monomorphism from M, to Mg is an iso-
morphism.

2) For any a<1 and any monomorphism f from M, tol%)@Mﬂ, the image
f(M,) is a direct summand.

Proof. 2)=>1) is clear. Assume 1). Let aw<I and consider a mono-
morphism f: Mw—>I§‘__,(a)®MB. Put T=f(M,). Since each M, is uniform, we

can take B&I— {a} such that TﬂIZ“GBMy:O. Let 7= be the projection:
—{8

M=>6bM,—>Mz. Then g=z|T: T— M,y is a monomorphism and hence
I

gf: My— M, is a monomorphism. Therefore g is an isomorphism by 1) and

it follows that M =TEBIE(M€BM.,.

ReMARK. Under the assumption that each MM, is uniform, all conditions
in Theorems 5 and 6 are equivalent (cf. [4, Theorem 13]).

DerINITION. Let 4 be a family of submodules of M. M is said to have
the lfting property of modules for J if, for any A4 in A, there exists a decom-
position M=A*@A** such that A¥*C 4 and AN A** is small in M (see [5]).

NoraTioN. By (M), we denote the set of all submodules 4 of M such
that M/A is a cyclic hollow module and define H*(M)={4A<IH(M)|A con-
tains almost all M, but finit}.

Theorem 7. Assume that each M, is cyclic hollow. Then the following
conditions are equivalent:

1) M has the lifting property of modules for J(*(M).
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2) For any pair a, BEI, any X S Mgy and any epimorphism f: M,—Mg/X,
there exists either g: M,—Mg or h: Mg— M, such that

m,-£ m, M,

N N

N l‘*b AN l¢
Mgl X Mgl X

is commutative, where ¢ is the canonical map.

Proof. 1)=%*2) Let a, ST and consider submodules X,&M, and
XpS M, Put M=M|(X, EBXﬁGB Z GBM.,) and let f: M,—> M, be an isomor-

phism. If we put A={xeM, EBMBIxE G+f3) | yeM,}}, then M]A=M/|A
~M, and hence AGBI > My H*(M). So, by 1), there exists a decomposi-
—{a, B}

tion M=A*PA** such that 4*C A and AN A** is small in M. Since M/A4
=A**[(ANA**) is cyclic hollow, A** is also cyclic hollow. Hence 4** can
be exchanged by some member in {M,},. Since M=A* A** must be in
fact exchanged by M, or My; whence we get either M=A*@®M, or M=A*
@M;g. In the former case, let z: M=A*@ Mg— M, be the projection. Then
the diagram

L~

— =l

<~

SR
™

P
M—>

is commutative, where f'=—z=|M, and @, and @ are the canonical maps.
In the latter case, we can obtain the desired epimorphism: Mg— M, by con-
sidering the projection: M=A*PM,— M,

2)=1). Let A= H*(M). Then we can take F={a,, -, a,} &I and
submodule T7C M, &P -+ BM,, such that A:I_ZFEBM,;EBT and M=A4A+M,,
i=1,.,n. We put X=(ANM,)D - B4 nMwn)EBr_ZEGBMﬂ and M=M|X.
Then

M=A®M, = = A®M,,

M,~M,, /(AN M,,) (canonically), i =1, ---, n
Let =;: M=E®Mw;—>Mm be the projection, =1, :--,n. Then ni(Ma,j)=M,,,
and {Z#+=z,(%)|xeM,} <A for j=i. Here, using 2), we can take j,&{l, -,
n} and mappings {f;: M,;—M,, | j=i} such that

i) = mi(®)
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for all x&M,, and j=i, Putting 4;={x+f;(x)|x€M,} and T=A4,D - D
A; DA D - DA, D2 DM, we see that TS A and M=TDM,, .
T 0

NoraTioN. By HM(M) we denote the set of all maximal submodules of M
and put HM*¥(M)= {4 HM(M)|A contains almost all M, but finite} .

Theorem 8. Assume that each M, is a cyclic hollow module. Then the
following conditions are equivalent:

1) M has the lifting property of simple modules modulo the radical.

2) M has the lifting property of modules for M*(M).

3) For any pair a, B in I such that M,~M, and any isomorphism f: M,
— M, (where M=M|](M)) there exists an epimorphism g of either M, onto Mg
or Mg onto M, such that g=f or g=f~, where g is the induced isomorphism.

Proof. 1)¢3) is due to Harada ([3]). 2)<3) is shown by the quite same
argument as in the proof of Theorem 7.

NotatioN. Let {M,}7.1 S {M,},; and let {f;: M,—~M,; } be a set of
epimorphisms. By X; we denote the set of all x in M,, such that f,f,_,-- fi(x)

=0 for some # (depending on x). Put X:i @®X, and M=M/X. Then,
i=1

. . . . . A A A
as is easily seen, f; induces an isomorphism f;: M,—M, Here we shall

consider the following condition:

(¥) For any such {M,}7.:, epimorphisms {f;: M,—>M,, }7-1 and M,
there exist = (Adepending on the sets) and epimorphism g: M, , —M, such
that g induces f;*

i+1”

Theorem 9. Assume that each M, is cyclic hollow. Then the following
conditions are equivalent:

1) M has the lifting property of modules for H(M).

2) M has the lifting property of modules for H*(M) and satisfies the condi-
tion ().

Proof. 1)=2). The first part is clear. Let {M,}7..< {M,}; and let
{fi: My—~M,, }7_1 be a set of epimorphisms. To verify (*) for these sets
we can assume that {M,},={M,}7.., since i@M“f also has the lifting pro-
perty of modules for ﬂ[(ﬁ ©M,). Now, w:put Xi={xeM,|3n: f,f,-,
fi(x)=0}, X=i} PX; an’d=lM=M /X. Since each M,, is cyclic hollow, we can
put M,,,.=m,-R‘;‘;ith fi(m;)=m,, for some {m;}7.,. Putting A:i_‘{(mi—{—mm)R,

we see that M=mR+A and m;RNA=X,;, i=1, 2, ---. Since M/A=(mR
+A)[A=m;R|(A Nm;R), A lies in F{(M). Hence there exists a decomposition
M=A*PA** such that A*CA and ANA** is small in M. Since M/A=
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AX* (AN A**), A**|[(ANA**) is cyclic hollow and hence so is A**. As a
result, we can assume that A** coincides with some member in {M,} 7., by the
Krull-Remak-Schmidt-Azumaya’s theorem: say

M = A*®M,,
with A*¥*C 4. We express m,, as
Myt = _mnrn+(mn+mn+1)rn+mn+lrn+l

with 7,17, EX 11

Now the mapping g: M,  —M, given by the rule m, r—m,r,r is well
defined and an epimorphism. We claim that g= {7, In fact, it is easy to see
that m,r,7€ X, if and only if m,, 7€ X, ,; whence g induces an isomorphism &
from M,,, to M, and moreover #t, =, r,—f,(,r,)= f.8(h,,;) and hence
=y

2)=1). Wefix a,&I and put M, =m,R. Let AcI(M). To show
that A can be co-essentially lifted to a direct summand of M, we may assume
that each M, is not contained in A, namely, M=M,+ A forall a€l. Put
Yo=M,NA for all a1, Y:Z@Y‘” and M=M]|Y. For any Bl—{ay},

we see
M= M, o4
= M;®A.

So, there exist mge My and agE A such that

Mg, = Mg-+dig .
Clearly the rule #, r—gr defines an isomorphism from M, to M,. Therefore
the rule Agresmigr define an isomorphism 78 : Mz—> M, for any pair 3, 8’ in
1. Here we shall show that there does not exist the following subset {a;}7-:
cI—{ap}:

i) there exists a set {f;: M, —M,,, }7., of epimorphisms such that each
f; induces the isomorphism 7ji+!

i) but for all 7 there does not exist any epimorphism g: M,
induces the isomorphism (»yi+1)™".

—M,, which

@i+

In fact, assume, on the contrary, that such {a;}7-, exists. Put X,={xe
M| fufuor -+ fix)=0 for some n>i}, X=31PX, and M=M/X. Then
i=1

clearly X;C Y, and fi(X;,)=X,,, for all i. By fl,» we denote the induced iso-
morphism: M, —>M,,, . Here using the condition 2) we can take & and an
epimorphism g: M, —M,,  such that g induces fz'. Then #,=g(;,,) and

——

it follows that #2,=g(m,.,). As a result, g induces (»z#*!)~}, a contradiction.
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Now, by this fact and Theorem 8, we may consider the following two
cases.
*) For any ael—{a,} there exists an epimorphism f,: M,—M,, such
that f, induces the isomorphism y3; M,—~M, .
**) There exist J= {a, - ,a,} cl— {ao} and sets {fi*': M,—M,, |
1=0, -+, t—1} and {fa: Mz—>M,|BEI—{J"{a}} of epimorphisms such
that fi* ! and f§ induce %%i*! and %g, respectively. Then

mmiﬂ :f;:+1(mﬁi)
for all /=1, 2, --+, t—1, and
Mg = f5!(Ma,)

for all BEK=I—{J " {a,}}.
In the first case, consider the map f= >} fo: > &M,—>M,, and put

{x—l—f(x)lxel_%o}@M,,}. Then M—A"_‘EB)}W“OI a(r‘;zi it follows from A4*=
ZEB(Z”,,,R that A*C A as desired. In the second casz we put Mj= {x+fi*!(x)]
xEmy,R} for i=0, 1, .-+, t—1 and T= {x+g(x) |xE >} PmgR} where g=> fg'.
Then ) )

M=

~

EBM{,,EBTGBM.», ,
;=0 Rfori=1, -+, t—1, and
T: (Gs—@p)R for all BEK .

J;M‘

Hence putting A*—Z__‘, DM;,DPT we see that A¥C A and M=A*PM,,. Our
i=0
proof is now completed.

By a similar proof as in the proof of the above theorem, we can obtain the
following result which is mentioned in introduction of this paper.

Theorem 10. Assume that each M, is cyclic hollow. Then the following
conditions are equivalent:
1) M has the lifting property of modules for M(M).
2) M has the lifting property of modules for SU*(M) and satisfies the follow-
ing condition: For any subfamily {M,}7-1< {M,},; and epimorphisms {f;: M,,
—M,,, } -1, there exist n and epimorphism g: M, —M, satisfying f7'=g on
M=M]|J(M) where f, and g are the induced isomorphisms.
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