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1. Introduction

Let G be a finite group and p a prime. The group characters considered
are defined over the complex numbers. Let B be a p-block of G with a defect
group D and b the p-block of Ny(D) such that b°=B.

Alperin [1] conjectured that the number of irreducible characters of height
0 in B equals the number of irreducible characters of height 0 in 4. In this
paper, we prove this conjecture for p-solvable groups. Originally, McKay
[10] conjectured that the number of irreducible characters of G of degree not
divisible by p equals the number of irreducible characters of N;(P) of degree not
divisible by p, for any Sylow p-subgroup P of G. Several interesting works
have been done by Glauberman [6] and Isaacs [8] relating to the original con-
jecture and recently Wolf [13] proved it for solvable groups.

After authors have finished a proof of the result, they were informed that
Professor E.C. Dade also had this result and announced it in Santa Cruz con-
ference on finite group theory in 1979.

The authors would like to thank to Professor E.C. Dade who pointed out
some errors in the original manuscript of this article.

2. Notations and preliminary results

Let K be a normal subgroup of G and #&Irr(K). The inertia group
I(0) of 0 in G is defined by

1,(0) = {x€G; 0" = 6} .
If 1,(0)=G, then @ is called G-invariant. Let
Irr(G|0) = {X€Irr(G); (X, 0)%0} .
Also, let Ch(G|6) be the set of all sums of elements of Irr(G|6) and
Irty(G10) = {X1rr(G10); p A X(D)} -
Let B be a p-block of G. We regard B as a subset of Irr(G) and let
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Irry(B) = {X&B; X has height 0} ,
Ire(B|6) = BN Irr(G|6)
and Irry(B|6) = Irry(B) N 1Irr(G | 9) .

The following theorem of Fong [5] is important for our study in this paper.

Theorem (Fong [5], Th.2.D). Let G be a finite group with a non-trivial
normal p'-group K. Suppose 0 Irr(K) is G-invariant. Let BZIrr(G|0) be a
p-block of G. Then there is a finite group G and a p-block B of G such that the
Sollowing hold;

(1) B and B have isomorphic defect groups.

(2) There is a height preserving 1-1 correspondence between ordinary charac-
ters of B and B.

@) The group G has the following structure: there exists a cyclic normal
p'-subgroup A in the center of G such that G|A=G|K.

Clearly the same conclusion holds for any subgroup H of G containing K and
a p-block of H. The follouing theorem shows the connection between the above
correspondence and Brauer’s block correspondence.

Theorem 1. Let G be a finite group with a normal p'-subgroup K. Suppose
0€Irr(K) is G-invariant. Let H be a subgroup of G containing K and b<
Irr(H |6) be a p-block of H with a defect group D such that Co(D)YSH. Then
b°=B is defined and the following hold.

(1) BcIr(G|0).

(2) Let G (H resp.) and B (b resp.) be the group and its p-block determined
by Fong’s theorem. Then b6 is defined and =B

Proof. (1) is trivial. Let D, be a defect group of . From the proof
of Lemma (2.C) [5] D, can be chosen a Sylow p-subgroup of the inverse image
of D in G. So C«D)SH implies D,C4(D;)< H by the construction of G in
Lemma (2.C) [5] since K is of p’-order. Thus b6 is defined. Now it suffices
to show 56 is in fact B. It is helpful to notice that Fong’s correspondence of
characters coincides with the isomorphism of Isaacs’s character triples (see
Isaacs [9], §11) which has the following properties:

There exists a G-invariant character@elrr(A) Let 7: GIJK—G/A be an
isomorphism. For K CH CG, let H deenote the inverse image in G of (H/K)
For every such H. there exists a map o: Ch(H |§)—Ch(H |8) such that the
following conditions hold for any X, y»&Ch(H |6):

(@) oa(X-F¥)=on()+ ()

(b). (X, V)=(ou(X), o2(w))

(©). oc(¥)=(au(v))°.

This observation shows that ¢y (B)=B and a-H(b)=3. Let {€b and
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£¢=233aX. Let n, denote the p-part of an integer #n. By Brauer’s lemma
((3.A) [2]) we have

(&), = (%a,&é(l))p
(e, < (x§ a,X(1)), if B,=b is a p-block of G.

By the properties of oy, we have o4(£)6=3] ayo¢(X). It follows that
(@x(8)(1), = (2] a06(X)(1),
(@x(€)°(1))y < (2 ax06(X)(1)),  if By=bC.

Thus again by Brauer’s lemma ((3.A) [2]) b6=B as required.
The next theorem is a character theoretical version of Proposition 4.9 of
[11] obtained by the first author.

Theorem 2. Let G be a group with a Sylow p-subgrpup P and a normal
p'-subgroup K such that G=KN;(P). Let 0<Irt(K) be G-invariant. Put
N=N(P) and L=N NK. The following hold:

(1). There is a unique ¢ <Irr(L) such that (0., $)=£0 (mod p). This ¢ is
N-invarient.

(2). There is a unique extension 0, Irr(PK) of 6 such that p does not divide
|det(6,)|. This 6, is G-invariant. Also there is a unique extension ¢ < Irry(PL)
of ¢ such that p does not divide |det(¢,)|. This ¢, is N-invariant.

(3). Assume G|PK is abelian. Then @ is extendible to G if and only if gb is
extendible to N. Also 0, is extendible to G if and only if ¢, is extendible to N.

). 1Irx(G109)] = | Ter(V [ )]

(5). I(G10)| = [Trrg(N | ).

Proof. (1) follows from the result of Glauberman (see Theorem 13.1, [9]).

(2) follows from Corollary 6.28 [9].

(3). First we claim that if @ is extendible to G then so is 6, Let 4
be an extension of § to G and det(é)=7x><,u, where |A|=p® and p does not
divide |p|. As p does not divide 6(1), there is an integer m such that
mf(1)=—1 (mod p°). If we set 6,=00\", then 6, is an extension of # and
det(6,)=det(§) x AMO—= 1m0 x yy— . Thus by (2) 6, is an extension of 6,
as required. Also we have that ¢ is extendible to N then so is ¢,. Hence to
prove (3) it suffices to show that the first statement in (3) holds. It is proved
by induction on |G|. Let M be a p-complement in N. As M/L is abelian,
there is a subgroup U with LE U C M such that M/U is cyclic and Cp/pr(U)=1
(see Theorem 2.2, Chap. 3 [7]). Assume Cp/p/(U)=P/P’. Then Cp(U)=P
and every character «in Irr(UK |6) or Irr(U |¢$) is P-invariant by Theorem
13.28 [9]. Furthermore by Theorem 13.1 and 13.29 [9] there is a 1-1 corres-
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pondence between Irr(UK |6) and Irr(U|¢) such that §€Irr(UK |8) corres-
ponds to n€Irr(U |¢) if and only if (&y, 7)%=0 (mod p). If ¢ is extendible
to N, then ¢ is extendible to M. Let ¢ be an extension of ¢ to M and let
n=dy. Since ¢ extends to ¢ and U/L is abelian we have |Irr(U|¢)|=|U/K|
(see Corollary 6.17 [9]). So |Irr(UK |0)|=|Irr(U |¢)|=|U/L|=|UK|K].
It follows that each character in Irr(UK |0) is an extension of § to UK. In
particular, the £€Irr(UK |6) such that (&y, 7)3=0 (mod p) is such an extension.
We have I x(§)=MK since I,(n)=M. As MK|UK is cyclic, £ is extendible
to MK and therefore 0 is extendible to MK. Then 0 is extendible to G (see
Corollary 11.31 [9]). Conversely if € is extendible to G, then by a similar
argument it follows that ¢ is extendible to N. Thus we have proved (3) in case
Cpp(U)=P[P’. Next assume Cp/p/(U)=Q[P'%P[P’. As U 1s normal in M,
Q and OK are normal in N and G respectively. Let H=QMK and J=Cg(Q).
There is a unique Yyr&Irr(J) such that (6, ¥»)==0 (mod p). This 4 is Ng(Q)-
invariant and (yr,, $)%=0 (mod p) by Theorem 13.1 [9]. Considering the
group Ng(Q)/Q we have by induction that ¢ is extendible to N if and only if
yr is extendible to Ng(Q). Also by induction we have that +» is extendible to
Ny(Q) if and only if 6 is extendible to H. As |G: H| and [N4(Q): Nx(Q)|
are powers of p, we can conclude from Corollary 11.31 [9] that ¢ is extendible
to N if and only if € is extendible to G. Thus (3) is proved.

(4) follows from (3) and the result of Gallagher (see Exercise 11.10, [9]).

(5). AsIrry(PK|0)= {0\ | ELrr(PK/K)=Irr(P), A(1)=1} and Irr(PL|¢)
={¢pon| pEIrr(PL|L)=1rr(P), u(1)=1} by Corollary 6.17 [9], to prove (5) it
suffices to show that |Irr(G |,\)| = |Irr(IN |po\)| for any linear character n
of P. We may assume ) is G-invariant. Since G/PK is a p’-group, A has an
extension A’ to G and Irr(G |0n)={\'X; XEIrr(G |6,)} and Irr(V | poh)=
{MX'; X' €Irr(N [ o)} Then the result follows from (4). Thus the theorem
1s proved.

3. Proof of the main theorem

Theorem. Let G be a p-solvable group. Let B be a p-block of G with a
defect group D and b the p-block of N=Ny(D) such that b°=B. Then |Irry(B)|=
| Trry(B)|

Proof. The result is proved by induction on the index |G: Op(G)|.
First we consider the case that the subgroup H=NO,/(G) is properly contained
in G. Let b, be the p-block of H such that 5,°=B and b”=bh,. There exists
an irreducible character 6 of O,(G) such that b ClIrr(H |0) and DC I,(0).
For any ¢&b,, there exists X&B such that (¢, Xz)+0. So we have
(o, X0,70) F0 and it follows that Irr(G |6). Therefore BSIrr(G |6). By
induction |Irry(d)| =Irry(d,)|. Assume T'=1I4(f) is a proper subgroup. Let &
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be the p-block of I,(f) determined by Fong’s result (Theorem (2.B) [5]) so
that §7=b,. As DCI,(0) and NNT SIy(0), "=B is defined and B°=B.
Then by induction |Irry(8)|=|Irr(B)|. Fong’s result (Theorem (2.B) [5])
shows that |Irry(b)|=|Irry(8)| and |Irry(B)|=|Irry(B)|. Thus |Irry(d)]|=
[Irry(B)|. If @ is G-invariant, then by Theorem 1 and Fong’s remarks on
p-solvable groups [5], we may assume O,(G) is contained in the center of G
and D is a Sylow p-subgroup of G. Notice that then B=1Irr(G|0). Put

=0,(G) and G=G/P’'. 'The group G/O,,(G) acts faithfully on P/P’, since
G is p-solvable. It follows that O,,(G) is precisely the image of O,,(G)=
O0,(G)x P, that O,(G)= Oy(G) and that the character 8 of 0,(G) correspon-
dlng to GEIrr(O (@) is G-mvarlant So Irr(G|0) is a p—block B of G.
Obviously B=={X&B; P'TKer X} has the p-Sylow subgroup D as a defect
group by Fong’s Theorem. Thus we may assume P is abelian since every
irreducible character of G of p’-degree contains P’ in 1ts kernel. Let O,,(G)=
PK where K 1s a Hall p’-subgroup of O,,(G). If K=0,(G), then G=
0,(G)x0,(G) and the result follows. Thus we may assume Ny (K) is a
proper subgroup of G. By the Frattini argument, G=0,,/(G)N(K)=PNK).
Since P is abelian, it follows that P=[P, K]x Cp(K) by Theorem 5.2, Chap. 3
[7]. We conclude that G is the semidirect product of [P, K] by Ng(K). Let
O=[P, K] and L=NyK). QO isnotl. LetQ be {u<€Irr(Q); p is D-invari-
ant}. Divide Q into N-conjugate classes. We claim the above N-cnjugate
classes coincide with G-conjugate classes. Suppose A, p are conjugate in G.
Then there is g&G such that A=g%. Now D and D#? are Sylow p-subgroups
of I;(\). By Sylow’s theorem, there 1s A&l (\) such that D=D#" thus A
and p are conjugate in N. By Clifford’s theorem, it follows that Irr(B)=
Ulrr(B|p), Irrg(d)= UIrry(h|p) where p runs over a complete set of re-
presentatives of N-conjugate classes of Q. To prove the theorem, it suffices
to show that Irr(B|u)=Irr,(b|p) for each p. We show the above equality
by using the method of Wigner (Proposition 2.5 [12]). From the proof of
Proposition 2.5 [12], there exists an extension & (4 resp.) of p to Ig(u)(Iy(r)
resp.) and

Irr(Ig(p) | ) = AR |E € Trr(Ly) = Trr(Ie(w)/Q)}
Irr(Ly(p) | ) = {aE1E€Trr(M,) = Irr(Iy(1)/Q)}

where Ly=L NIy (pn) and M,=L,NN. Since D is the semidirect product of Q
by D,NLD, it follows that M,= N, (D,). The theorem holds for L, by
induction and the fact that L is a proper subgroup of G. Let B=TIrr(I(n)!6)
and b= Irr(Iy(u)]6). Then since O,(I4(12))=0,(G), B and b are p-blocks of
I () and Iy(p) respectively and B°=RB and b= b Since an induction map of
characters defines a 1-1 correspondence between Il‘r(IG(/.b)I/.L) and Irr(G|p),
|Irro(Bl,u)|—|Irr0(B |n)|. Also we have Irro(blp)l—llrro(blp,l)l Thus it
suffices to show that |Irr0(B[,u) Irro(bl,u,)l Let B;, 1=<i<s be all p-blocks
of L;=1I4(u)/Q which are included in B and have defect group D,. Let b,
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1<j<t be all p-blocks of M;=1,(x)/Q included in b. It follows easily .that
s=t and after suitable renumbering b/ 1=B; for each i. By induction
[Trry(B;)| = |Irry(b;)| for each . Since Irry(B|p)= Ulrry(B;) and Irr,(b|p)=
U Irry(d;) the result follows. Thus the theorem is proved when H is a proper
subgroup of G.

So we may assume H=NO,(G)=G. Set K=0,(G) and L=N NK.
there is an irreducible character @ of K such that BCIrr(G |6). Observing
that L=Cg(P), there is a unique irreducible character ¢ of L such that
(01, $)=0 (mod p) by Glauberman’s theorem. By Mackey decomposition
bCIrr(N |¢). If 6isnot G-invariant, then by Fong’s result (Theorem (2.B) [5])
and induction it follows that |Irry(B)|=|Irry(d)|. Now assume 6 is G-
invariant. Then D is a Sylow p-subgroup of G by Fong’s remark on p-solvable
groups [5] and B=Irr(G |6), b=Irr(N |6). Thus it follows from Theorem 2
that |Irry(B)|=|Irry(b)|. The theorem is proved.
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