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1. Introduction

Let G be a finite group with order divisible by a fixed prime p. In this
paper a ‘block’ means a ‘p-block’. If B is a block of G with defect group D, we
denote by Cj the Cartan matrix of B. Then it holds generally that det Cz>
[D]. So it is interesting to consider when the equality sign holds in the above.

If D is cyclic, we can deduce from Dade’s theorem [6] that det Cz=|D|.
If D is a dihedral 2-group, Brauer [5], (4G) showed that det Cz;=|D|. Also,
Olsson ([9], Proposition 3.2) investigated the elementary divisors of Cy of B
with quaternion or semi-dihedral defect group D.

The purpose of this paper is to prove the following

Theorem. Let B be a block of G with defect group D and Cy the Cartan
matrix of B. Suppose that the centralizer in G of any element of order p of D is
p-nilpotent. Then det Cz=|D|, so one elementary diviscr of Cy is |D| and all
other elementary divisors are 1.

The set of elementary divisors of Cjp coincides with the set of the order of
defect groups of p-regular (conjugate) classes of G associated with B. (For
selection of sets of conjugate classes for the blocks, see Brauer [1], [2], [4], Osima
[11], and Iizuka [8].) Also the greatest elementary divisor of Cj is equal to
|D| and all other elementary divisors are less than |D|. Therefore det Cp=
|D| implies that |D| is only one elementary divisor of Cp except I’s.

Let *Bl,(G) denote the number of blocks of G with defect d, *CIi(G) the
number of p-regular classes of G with defect d, and p° the order of a Sylow
p-subgroup of G. The following is an immediate consequence of the theorem.

Corollary. Suppose that the centralizer in G of any element of order p
of G is p-nilpotent. Then

*Bl,(G) = *CIy(G)  for any positive integer d<a.
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NotaTiON. Let p be a prime number, G a finite group of order p°%’ with
(p,g')=1, and p a fixed prime divisor of p in the ring Z[€], where € is a
primitive |G|-th root of 1. Then we denote by F 'the residue class field
Z[€]/p, by FG the group algebra of G over F, and by Z(FG) the center of FG.
If B is a block of G, we denote by Cj the Cartan matrix of B and if Q is a p-
subgroup of G, we denote by mz(Q) the number of p-regular classes of G as-
sociated with B which have Q as a defect group. We denote by *Bl,(G) and
*Clj(G) the number of blocks of G with defect d and the number of p-regular
classes of G with defect d respectively. For brevity we write C(X) and N(X)
instead of Cg(X) and Ng(X) for a subset X of G respectively. If K is a con-
jugate class of G, we denote by K the class sum of K in the group algebra FG.

2. Proof of Theorem

We first state the following lemma of Brauer [4], (4C), which is useful in the
proof of our theorem.

Lemma (Brauer). Let B be a block of G with defect group D. For any
subgroup QO of D

mp(Q) = 23 my(Q)
where b ranges over the blocks of N(Q) with b°=B.

Proof of the theorem. Suppose that the theorem is false and that G pro-
vides a counter example with minimal |G|. Let Q be a proper subgroup of D
such that my(Q)=0. By the above lemma, there exists a block b of N(Q) with
b°=B such that m,(Q)#0. Let X be a defect group of b. By Brauer’s first
main theorem, we may assume that QG X CD. Therefore it follows from the
minimal nature of G, that G=N(Q).

Let E* be the block idempotent of Z(FG) corresponding to B. If E*=
SV agK, where K ranges over the p-regular classes of G and ax € F, ax+0
implies that a defect group of K contains Q. Therefore E* is an idempotent
of Z(FQC(Q)). Let E*=e*+ .-+ be the decomposition into block idempotents
of Z(FQC(Q)) and b the block of QC(Q) corresponding to e*. Then b°=B
and B is a unique block which covers . Let T, denote the inertia group of b,
i.e. T,={g=G|b*=b}. Then there exists a unique block B’ of T, with defect
group D which covers b, and furthermore B and B’ have the same structure
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(see Fong [7]). Therefore it follows from the minimal nature of G, that G="T,.
Then E*=e¢*.

Since myz(Q)=+0 there exists a p-regular class K of G with defect group Q
such that KE*+0. Since KCQC(Q) we may write K=LS, where L is a p-
regular class of QC(Q) and L°={xf|xcL,g=G}. Also myD)=1 since B
has a defect group D, and this implies that there exists a p-regular class K’ of
G with defect group D such that K’E*=0. Since K'C QC(Q) we may write
K'=L"%, where L' is a p-regular class of QC(Q). Then we have LE*=0 and
L’E*=0. Since a defect group of K is different from that of K’, KE* and
K'E* are linearly independent. So this implies that LE* and L'E* are linearly
independent. Indeed, if DNQOC(Q)=+0Q, then defect groups of L and L’
are different since L’ has DN QC(Q) as a defect group. So LE* and L'E* are
linearly independent. If DNQC(Q)=Q, there exists a unique block B’ of
DC(Q) with defect group D which covers b. Then *°@=B’ and B'®=B.
So E* is a block idempotent of Z(DC(Q)) corresponding to B’. Since
K, K'CDC(Q), there exist p-regular classes K, and K§ of DC(Q) contained
by K and K’ respectively such that K,E*=0 and K;E*=%0. Since defect
groups of K, and K{ is different, it follows from the minimal nature of G, that
G=DC(Q). Then K'=L'. If alE*4+bK'E*=0 for a, b&F and let n=
|K|/|L|, then aKE*+nbK'E*=0. So this means a=b=0 because of the
linear independency of KE* and K'E*. So LE* and K'E* are linearly in-
dependent. Thus we have rank C,>2 (rank C, is equal to the number of the
irreducible Brauer characters in b).

On the other hand, if = is an element of order p of Z(Q), QC(Q)C C(x)
and C(r) is p-nilpotent. Therefore QC(Q) is p-nilpotent. Hence every block
of QC(Q) has a unique irreducible Brauer character (see Osima [10]). Hence
we have rank C;=1, which is a contradiction.

RemMARK. Under the situation of the theorem, the number k(B) of ir-
reducible ordinary characters in B is less than or equal to |D|. This follows

from the following lemma, which is an immediate consequence of Brauer [3]
I1, (5D).

Lemma. Let B be a block of G with defect group D, s= (=,b) a major
subsection associated with B and 1(b) the number of irreducible Brauer characters
inb. If 1(b)=1, then

kB) < IDI.

Indeed, under the assumption of the theorem, since Z(D)=1, there exists
a major subsection s=(=, b) associated with B such that 1(b)=1.
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