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in this paper we study the scattering theory of the operator

0 u, u, 1 0 0
(0.1) L,=iD—i|u¥ 0 0|, I=|0—-1 0|,
uf 0 0 0 0 —1

D=dldx, u="u,u,)

where u, and u, are complex-valued integrable functions, and * denotes complex-
conjugate.

The operator L, has been introduced by Manakov [4] in order to solve the
system of non-linear Schrédinger equations

02) A2 up+ullPu =0, |ull®= |u|*+ ||

in terms of the scattering data of (0.1).
In [4], Manakov has described the scattering theory of (0.1) formally. The
scattering theory of (0.1) resembles in many respects to that of the operator

1 0 10 u
(0.3) L,,=z|i0_1 JD——z[u*O:!

which has been introduced by Zakharov and Shabat [7] in order to solve the
scalar non-linear Schrodinger equation. The scattering theory of (0.3) has been
treated by Tanaka [6] in detail.

The main differences between (0.1) and (0.3) appear in the structure of the
scattering matrix (S-matrix) (§2) and in the part of the inverse problem (§5).
The S-matrix is the operator which relates the asymptotic behavior of solutions
of eigenvalue problem L,f={ f as x—— oo to the asymptotic behavior as x—oo.
As the suitable base of this eigenspace, we take Jost solutions. In the case of
(0.3) the S-matrix is 2 2 type and has the form

a b
—b* a*
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with analogous properties as in the case of one-dimensional Schrsdinger operator
[2]. Inour casethe S-matrix is a 3 X 3 unitary matrix (d.g),sap<s. 1he element
a,,(¢) is holomorhic in the upper half plane Im £>0 (¢ is the parameter of the
eigenvalue problem L,f={f), and a,4(¢) (o, B=2, 3) are holomorphic in the lower
half plane Im § <0. Let¢; (j=1, :--, N) be the zeros of a,,(¢) in the upper half
plane. The elements a.4(¢) (o, =2, 3) and their values at { ;* play important
roles in deriving the system of integral equations of the inverse problem. At
¢=¢;, £;*, Jost solutions are linearly dependent and coefficients of the linear
relation are related to a.s(¢,*) (@, B=2,3). These relations do not appear
explicitly in [4]. Whole S-matrix is determined from its first row and pair of
complex numbers associated to each zero &;. Actual construction is much more
complicated than the analogous one for the case of (0.3).

In solving the inverse problem, we meet a new problem which does not
arise in the cases of one-dimensional Schrédinger operator and (0.3). In our
formulation of the problem we must show certain relations among the solutions
of the fundamental integral equations of the inverse problem. Though we have
no complete proof, we can show that these relations hold for the case of reflec-
tionless potentials which correspond to the S-matrix of the case a,,(¢)=a,,(£)=0.

In §§1 and 2 we treat the direct scattering theory. In §3 we reconstruct
the S-matrix from the scattering data. In §4 we derive the fundamental integral
equations of the inverse problem. In §5 we study the inverse problem.

Throughout the paper integrations are taken over (—oo, o) unless ex-
plicitly indicated. For a complex matrix M, Mt denotes its adjoint matrix
te. Mt=*M*,

The author expresses his hearty gratitude to Professor S. Tanaka for
suggesting this problem and for his attention to this work.

1. Jost solutions

We consider on the whole real line the eigenvalue problem

(11) Lufzgf! §=E+“7’ E, 7eR

where the operator L, is defined by (0.1).
In case of u,=u,=0, the functions

01(x) g) = ‘(1» 0) 0) exp (——zg‘x)

O.(x, £) = *(0, 1, 0) exp (itx)

0y(x, &) = *(0, 0, 1) exp (iLx)
form a complete system of solutions of (1.1).

Put o(x)=|u,(x)|+ |u,(x)|, and throughout the paper we assume that
v(x)€L'(—o0, o). Then put
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oux) = £| o)y
For a three-dimensional vector y=*(y,, ¥,, ;) we denote
Iyl = max (| y:[, |21, 1:1) -
First we have

Theorem 1.1. There exist unique solutions ¢,, Vs (o, B=1, 2, 3) of (1.1)
such that

’¢1(x’ g)_al(‘x! §)| §C0'+(x) exp (nx) 77§0
| pa(%, £)—04(%, §)| =Co,(x) exp (—nx) 7220 a=2,3

as x—oco and

[ (%, £)—0,(x, §)| =Co _(x) exp (nx) 7=0
[ a2, £)—04(x, £)| <Co_(x) exp (—nx) 7=<0 a=2,3

as x——oo, r, ¢, and ¢, are holomorphic in § in the upper half plane and ¢, \r,
and r, are holomorphic in § in the lower half plane.

Proof. Substituting the expression
f(®) = a(x)0.(x, L)+ B(x)0(x, £)+7(x)by(, £)

into (1.1), we have

o (%) = (un(x)f (%) +-us(x) fo(x)) exp (1£%)
B'(x) = —u,*(x)f,(x) exp (—ilx)
7'(%) = —u,*(%)f1(x) exp (—ilx) .

From these relations we obtain the integral equations for ¢,:
(12) ¢a(x’ E)—H,,(x, C)
—{ () b3, O .05) dus( 3, D) exp GE(y—)dy

=| [ 0)bus, &) exp @—s))dy

[ 8*(5) $u(3: £) exp (L =) dy

These integral equations can be solved by the method of successive approximation
yielding the required estimates as in [1, p. 22]. Q.E.D.

We call the solutions ¢,, {rs Jost solutions of (1.1).
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Put
¢1(x’ C) = €xXp (—zcx)kl(x’ é‘)
Gults §) = exp (k. §) =2, 3
Yry(x, §) = exp (—ilx)h,(x, §)
Yo%, §) = exp (i6x) hy(x, §) a=2,3.

For k&,, hg, assume that the integral representations

(1.3)

R, £) = (1, 0, 0)+ K., 3) exp (—2iL3)dy
k(% €) = 10, 1, 0)4-) Kiy(x, y) exp (2L y)dy

ky(x, £) = (0, 0, 1)+) Ky(x, y) exp (2L y)dy

(1.4)

o, £) = (0, 1, 0)+

|
I,

hw, ©) = "(1, 0,0+ (" _H.(w, y) exp (—2it5)dy
[ H.x ) exp ity)dy
[

hy(x, €) = (0, 0, 1)+ Hyx, y) exp (2i€y)dy

hold. Putting them into (1.2), we obtain the integral equations for K,:
Ko, 3)+ | @@ Kol 9)+12) Koz, ) ds = 0
K oo, y)—S:+yul*(z)K11(z, xty—2)de = u*(x+y)
Ko, 9) = @) Koo, 5ty—2)ds = 1¥(x+)
Kl 4] (5) Kty wty—2) 8 Kl vy —2)ds
= —Uy_y(%+Y)
K ol 3)— | 142) K (s, )z = 0
K%, y)—S:uz*(z)K,,(z, Pdz=0 a=23.

Let o(x) be in L**=L' N L (in the following we use this notation) and put

m.(x) = ess. SupP.,>.,9(y) .

Then the integral equations for kernels K, can be solved by the method of
successive approximation and the solutions are estimated as
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| K%, 9)| SCmy(sy) exp (ou(s)  a=1,2,3.
We also have the integral equations for kernels H, and the estimates
|Ho(x, )| SCm_(x+) exp (0-(x)  a=1,2,3
hold. Thus we have

Theorem 1.2. Suppose that v is in L and m.(+x) are in L=(a, o) for
some a. Then Jost solutions have the integral representations (1.3). And the
Jfunctions u, and u, are reconstructed by

u,(x) = Ki(», 0) = —K,,(», 0) = —H¥(x, 0) = H,,(x, 0)
uy(x) = Kii(», 0) = —K,,(%, 0) = —H¥(x, 0) = Hy(x, 0).

2. Scattering matrix and scattering data

In this section we define the scattering matrix and the scattering data of the
operator (0.1), and investigate the properties of them.

Let y(x), 2(x) and w(x) be solutions of (1.1), then as is well known the
wronskian |y, 2, w|=det (y, 2, w) satisfies the differential equation f'=ilf.
From this fact and the asymptotic behavior of Jost solutions, we have

21)  u(x, &), da(x, §), ps(, E) | = |Yn(x, &), Vul, &), W(x, £) | = exp (ix) .
Hence +r,(x, £) are expressed by means of ¢,(x, £):
(22)  Valx, &) = Zp-1aap(E) pe(x, )  a=1,2,3
ie.
(W%, £), Va2, E), Wa(, £)) = (d1(%, E)s o, E), s, £))'(@es(£)) -
On the other hand, let L,y=¢,y, L,2=¢,2. Then we can show
(& ty+2ty")+i(6,—L,*) 2ty = 0

where I is the matrix in (0.1). Therefore in case of {,=¢,* we have (d/dx)
(2ty)=0.Using this fact, we have

(2'3) ‘;baf(x’ £) (,'bs(x, E) = Yat(x, E)Yrp(x, ) = Saﬂ

(24) aaﬂ(‘f) = ¢'BT(xa E) "]’a(x) E)

i.e.

(2.5)  Haup(&)) = (pu(x, E) , Pa(®, &) 5 Pa(®, E)T(Wru(%, E) , Vral, E) 5 Yro(, £))

and
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29105 (E) ag(E) = 85

These relations and (2.1) imply that the matrix (a,4(£)) is unitary and uni-
modular (Z.e. det (a,5(£))=1), and the matrices (¢,(x, &), p.(x, &), Ps(x, ),

(Wi, £), Vro(®, E), Yri(, £)) are unitary ([4]).
Putting the integral representations for ¢,, Vs into (2.4), we obtain the

integral representations for a,s:

au(®) = 1+{ " 4.(9) exp (2iEy)dy
L 0= bt | Aty exp (2iEn)dy @, B=2,3
0 - [4.09) exp (—2ity)ay a=23

an(®) = [Au(y) exp (2iE7)dy a=273.
We write explicite formula only for 4,,:
A,(9) = Hy(w, —) KA, )+ Do K, y—3) ol —2)ds.
The functions 4,4 are bounded integrable functions estimated as

| Au(D)]5 | Aap(y)| =C(m_(—27"y)+m,(27'y)) 3>0,a,8=2,3
IAm(y)|¢ |Aw1(y)lécmr(:ty) :ty>0 a=23.

The coefficient a,,(£) is the boundary value of the holomorphic function in
the upper half plane and a.4(¢) (o, B=2, 3) are the boundary values of the
holomorphic functions in the lower half plane. These holomorphic functions
are defined by

a,;(8) = puH(x, E*)Yni(x, §) Im¢=0

(2.7) B , B
a:(§) = Pot(®, £*) Yu(x, §)  ImE=<0, o, B=2,3.

Next we derive the relations among Jost solutions. For this purpose we

begin with following lemma, which is obtained by direct calculation.

Lemma 2.1. Let y(x) and 2(x) be solutions of (1.1), then the function w(x)=
exp (28*x) (y*(x) X 2*(x)) satisfies the equation L, w—==C*w, where the expression
y X 2 denotes the vector product of three-dimensional vectors y, 2.

For Jost solutions we have

Lemma 2.2. The relations
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(2.8) ¢l £*) = exp (i*x)(d.* (%, £) X ¢p3*(x, £))
(2.9)  An(w, §) = exp (i) (Yu*(x, £*) X Ps*(%, £%))
hold.

Im{=0

Proof. As we have seen at the beginning of this section, the matrix

(ps(, E), P, £), Pa(x, £)) is unitary .e.
(a5 E), (%, £), da(®, £))7" = (pu(, &), ba(, &), Ppalx, E))T .

Calculating the left-hand side according to the formula for the inverse matrix,
we have (2.8) for real &:

bs(%, §) = exp (iEx) (" (%, £) X $*(%, £)) -

From this relation on the real line we obtain relations among integral kernels:

y
Ko ) = | (K, y—2) K, 9)—Ki(x, y—2) K, ))ds
+ K%, y)+ K, 9)
and similar relations for K, and K,,. Using these relations, we have (2.8).
Q.E,D.

RemMARK 1. In case of u,=0, we have

‘ibs(x’ é‘) = ‘I’a(x’ é‘) = (93(06‘, é‘)
and
exp (i8*x)(y*(x) X 05*(x, £)) = (9.*(x), —3,*(%), 0) .

Thus the operation exp (#&*x)(y*(x) X 05*(x, £)) corresponds to the operation
# in [6], [7].
From (2.7), (2.8) and (2.9) we obtain another expressions of a,,():
all(g) = €Xp (—zl_,‘x) |‘#1(x: é")’ ¢z(x) é‘), (;ba(x, é‘)l
GE(L%) = exp (—iL*%) | g(x, T), Wals, T), g, 19 ImE20.

Therefore if §, is a zero of a,,(€) in the upper half plane, yr,, ¢,, ¢, are linearly
dependent at §, and ¢,, Yr,, Yrs are linearly dependent at §*:

‘I”l(x) to) = cl¢2(x: Co)_l"czd)s(x’ go)
Du(%, £6*) = diro(x, §*)+dodra(x, £.F) .

There exist relations among ¢, and dg, which we need later. The following
theorem gives the relations.

(2.10)

Theorem 2.3. The relations
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* — * x] — *
(2.11) ‘:1* 1 B aaa(fo ) Cl*dz B aza(go )*
6 *d, = ag(£,*) &, = —ay(8,.¥)

hold.
Proof. By lemma 2.2 and (2.10), we have

(2.12)  exp (@ox) (Yo" (%, £o¥) X Us* (%, £6¥)) = capa(, Lo)+Caps(, L)

(2.13)  exp (is*x) (2" (%, £o) X o™ (%, £o)) = dira(®, £o*) (3, £,%) -
Taking the vector product of ¢,(x, £,) and (2.12), we have

b* (%, £o) X (Yra(, £6¥) X rg(®, £6¥)) = €* exp (i*x)(,™ (%, Lo) X 5™ (%, £o)) -
From this and (2.13), we have

(2‘14) ¢2*(x’ CO)X (“I’Z(x’ CO*) X "l’a(x’ CO*)) = cz*dﬂlf'z(xa go*)_*"cz*dz‘lfz(x; CO*)‘

Using the identity for vector products

yx(xw) = (‘wy)s—(yz)w

and the relations (2.7), we conclude that the left-hand side of (2.14) is equal to

aaz(go*) "I"z(x’ Co*)_ azz(go*) ‘P‘a(x’ go*) .
Q.E.D.

We now assume that

(2.15)  a,(E)+0

for any real £. As the integral representation (2.6) holds with integral kernel
A,y ay(§)—1as || —>oo. By this property and (2.15) a,,(§) has only finite
number of zeros in the upper half plane. We assume further that those zeros
are simple. We denote them by ¢, (j=1, ---, N) and denote by c,,, d;, (j=1,
-+, N, a=1, 2) the number associated with ¢ by the relations (2.10).

We define 7. (&) (a=1, 2) by

r+m(§) = au(g)‘lal,aﬂ(g)
7-a(£) = afi(E) a3 1(E) -
We call the matrix (a,5(£)) the scattering matrix and the collection {r,,(£),
e (a=1, 2, j=1,--, N)}(resp. {r_o(£),¢,;* d;a(a=1,2,j=1,-,N)}) the
right (resp. left) scattering data of the operator L, or of the potential u="*(u,, u,).
We note here that the functions 7., have the expressions

(2.16)  7.4(E) = §Fm(x) exp (—2ikx)dx, F,,cL"=.
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For, by (2.15) and the Wiener’s theorem [3, Theorem 7], there exists a function
g€ L' which satisfies

a(8) = 1+S 2(x) exp (2iex)dox,

and in view of the fact 4,,&L"~, we can show that g L"~.

ReMARK 2. In case of #,=0 the scattering matrix turns out to be

a(§) b¢) 0
—b*(¢) a*(§) 0
0 0 1

where a(¢) and b(¢) are the coefficients which appear in [6], [7].

RemMARK 3. Our arguments in this section work for the operator

2017 Lo—i| * Y |p—i® ® —
(2.17) “=t o L Pl o |0 %= st),

where I, is the identity matrix of degree 7, by suitable modifications.

3. Reconstruction of the scattering matrix from the scattering data

Let the collection {r,(¢), £, ¢4 (a=1, 2, j=1, ---, N)} have the following
properties: the functions 7,(£) have the expressions

ru6) = [Ru@) exp 2igw)dx R,

¢; are complex numbers, which satisfy Im ¢,;>0, ;¢ (j=*k), and c,, are
complex numbers, which satisfy TT%_,(|c;, |+ |c;,])=0.

Our purpose in this section is to determine the unitary and unimodular
matrix (@.p(§)) (a, 8=1, 2, 3) and complex numbers d, from this collection so
that they satisfy following requirements:

i) the elements a,; have the integral representations (2.6) with bounded
integrable kernels A,

ii) the numbers §; are the zeros of a,,(¢) in the upper half plane and the
zeros { ; of a,,(§) are simple,

iii) the numbers ¢, and d, satisfy the relations

c’;ldjl = ”aas(é‘jﬁ) c;!‘ldjz = aza(gt)
c?zdjl = asz(é‘?) C?zdjz = _azz(gj") ’

iv) the functions 7, are reconstructed by
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fa(E) = au(g)_lal,aﬂ(E) .

At first by virtue of Wiener’s theorem, there exists a function g L~ which
satisfies

1+ {g6x) exp 2igm)ds = (1+ 17.(6) 1"+ 7))

We denote the left-hand side of the above relation by f(£). Since the matrix-
valued function

F(e) = [1—f(s>irl(e)|2 —AOrHrie) }
—AOrOr*©) 1-fOIre)I*

is positive definite, by the factorization theorem of positive definite matrix
function [3, Theorem 8.2], there exists a matrix-valued function

1+ { gul) exp (—2itm)dy { gu(w) exp (—2itw) d
GO=| -
go (%) exp (—2itx)dx 1+ So Z(x) exp (—2i¢x)dx

where g.4(x) (a, B=2, 3) belong to L*, which satisfies

G1(E)G.(§) = F(¢)

and det G,(£)=+0 for Im¢<0. The matrix function G,({) is uniquely deter-
mined. By the proof of the theorem we quoted above and the fact g,, R,, R,
L">, we can show that the function g, are in L".

Put

bu(g) = Hl\;=1(§—§j)(c_§j*)_l ’ bj = b.ll(gj)-l

where f =df|df. We consider the system of linear equations for the unknowns
d.s

7

Bl)  —citde = 1— SW_ b d%,(EE—L )"
(3.2) et = — SN byud (L)
(33)  ctde = — SW_,b,chd% (i~ )
B4 —cldn=1—325_, b df(5E—E))

where ¢/;, are defined by

(3:5) (i €Ga) = (det GX(EH) 'GHETY(cjm €50) »

or in matrix notation
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3.1y —-Cj*d,=J—ABCJd*

3.2y C*d,= —ABC,d*

3.3y C,*d,= —ABC.d*

34y —C*d,=]J—ABCJd,*

where A=((§;*—&x) "), J="(1, -+, 1) dy="(d1a» ***» d &) and B, C, are diagonal

matrices with the entries (b;), (¢};») respectively.

This system consists of 4N-equations for 2N-unknowns. However, by
virtue of the relations (AB)'=(4B)* and ABJ=—] (see [7, Appendix]), we
conclude that (3.1) is equivalent to (3.4)" and (3.2) is equivalent to (3.3)’. Thus
this system reduces to 2N-equations. Next by elimination, we have

(c.4*C*+-C,A4*C,*)B*d, = C,J] a=1,2.
Since
i(C,A*C ¥+ C,A*C,*) = ((ci b+l )E,—E%)Y),
we have

—i(f;» fe)) B¥dy = CuJ

where ((f;, f)) denotes the Gram matrix of vector-valued functions f;;

fi(x) =4}, ) exp (i ;4) x=0.
Therefore under our assumptions the numbers d ;ja are uniquely determined and

satisfy the equations (3.1)—(3.4).
Let d, be determined as above, and put

b,o() = 1— 21\;{=1 bjc’jxdtl(c_gj)_l
bu() = — 210,654 %,(—E,)7
baz(g) = - 21\;{=1bjclild?z(§—‘§j)_l
by (£) = 1— 21¥=1 b,-cﬁ-zd’fz(é’—é‘j)_l .
Consider the function f(£)=5,,(8)bs(8)—b.5(8) bsx(¢). This function is a
rational function of §, and by the relations (3.1)—(3.4) f({) vanishes at ¢ *
(=1, -+, N) and has poles of at most first order at {. Therefore the function

f(©)b(t*) ™" is a bounded entire function which tends to 1 as |{|—>co. Thus
we have

(3:6)  BE(E*) = ban(£) bus(£)—Bn(£) bux(L) -
Using (3.1)—(3.4) and another expression for b,,(¢)
bu(g) = 1+ 21}(=1 bj*(g_gj*)_l ’
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we have, by direct calculation,
(3.7)  byu(L) = BE(EF)BE(E*)  ba() = —BE(E*) D) -

From (3.6) and (3.7) we conclude that the matrix

Gz(‘;:-:) = (baﬂ(g)) Qa, B = 2’ 3
is unitary.
Put G(£)=G,(£) G,(¢), then the matrix-valued function G(¢) is holomorphic
in the lower half plane and by (3.5)

* *

—c%d;, %d;, J
* *

c%.d ;s —ctd;,

Gt;*) = [

holds.
Define a.4(¢) (a, B=2, 3) by

(a5(8)) = G(£) -

By the argument of [3, p. 230], the functions a.4(&) (o, B = 2, 3) satisfy our
requirements i), iii).

Next define a,,(8), @,5(€), a,5(€), a.,(€) and a,,(€) by the following:

au(£) = af(t*)ai(C*)—ak(C*) al(E*)
a(8) = an(E)ra-() a=2,3
a,(8) = ai(£) af(E)—ak(§) a¥(E)
ay(§) = afi(E) af(E)—af(E)al() -

It is easy to see that the matrix (a.5) which we have constructed satisfies 1),
i), iii), iv) and (2.15).

ReEMARK. In the general case (2.17) the determination of G(§) is done by
a quite analogous way. But on the determination of 4, there appears a system
of higher order algebraic equations. We do not know the solvability and the
uniqueness of the solution of that system.

4. Fundamental integral equations

In this section we derive the system of integral equations which connects
kernels K,, H, with the scattering data.
From (2.16) we have

Fo) = n—ISrm(g) exp (2iEx)dE a=1,2.

Now on the identity
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au(E)_’hl(x, £)—4(1, 0, 0)
= (ku(x, £)—(1, 0, 0))+7..(&) exp (2:Ex) ky(x, &)
+7.12(E) exp (2iEx) ky(x, E)

multiply =~ exp (2¢£y) and integrate over (— oo, o0). The right-hand side gives

(4.1) K%, 2)+0, Fip(x+y), Fro(x+y))
—|—S:F+m(x+y+z)K2(x, %) dz—i—S:F+02(x—i—y+z)K3(x, 2)ds .
For y>0 the left-hand side gives
(4'2) 2 21}(=1 dll(gj)_lhl(x’ §]) €xp (Ziij)
=2 ZA}=1 a.ll(gj)—l(cjlk2(x’ é’j)+cj2k3(x’ £;)) exp (Zigj(x—l_y)) .
Put
frja(®) = —2id,\(§;) " pexp (2i8;4) j=1,-,N, a=1,2,
F+w(x) == F+om(x)+ 2¥:If+jm(x) .
Putting these into the equality (4.1)=(4.2), we have
(43) Ko+ PGty o) Ko, 9)dst | Folety+a) K, 2)ds
+(0, F . (x+y), F+2(x+y)) =0.
Analogously
_|_t(0’ F—l(x+y)’ F_z(x—l—y)) =0
holds where
F—m(x) = F—om(x)+ 2 1\;{=1f-jm(x)
S ja(x) = —2id¥(L;)7'd ;. exp (2i¢ ;*x) .

The derivation of (4.3) is similar to that in the case (0.3). The derivation
of the following equation (4.5) does not appear in the case of (0.3).

We denote (@ap(E))™" = (bap(§)) (¢, B=2, 3). Since the scattering matrix
(a26(8)) (a, B=1, 2, 3) is unitary and unimodular, it follows that det (@.s(£);
a, B=2, 3)=af(£). Accordingly the coefficients b,z are the boundary values of
the functions meromorphic in the lower half plane. These functions are defined
by the relations

Hy(x, y)—|—S F_(x+y+2)Hy(x, z)dz—l—s F_(x+y+2)Hyx, 2)dz
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bzz(g) = a:';(g‘*)"a33(§) by(8) = —a C*)—laza(g)
baz({) = —aﬁ(c*)_laaz(t) bsa(g) = aﬁ(g*)-lazz(g) .
From the identities

ho(%, &) = a () ki(%, £) exp (—2iEx)+an,(E) ka(, §)
+am3(§)k3(x) E) o = 29 3 )

“#4

by using the matrix (b.4(£)), we obtain

byo(E) ho(x, E)‘i’bzs(g)ha(x’ £)—*0, 1, 0)
= ky(x, £)—(0, 1, 0)—71‘1(&) ky(x, ) exp (—2iEx) .

Multiply z7* exp (—2:£y) on this identity and integrate over (— oo, o). Then
the right-hand side gives

Ki(w, )~ Flu(-ty+2) K@ 5)ds—(Ffu(x-+), 0, 0).

By (4.4), for y>0 the left-hand side gives

20 32 - d(E ) (@ ¥V B, £5%) — (%) o, £5%)) exp (=248 ;*y)
using the relations (2.11)

= 20 22 a8 )7 (—ehid jiho(x, §%)—chid joha(x, £%)) exp (— 248 *y)
by (2.10)

= =233 di(E,) k(% £5%) exp (=2 ¥ (2 +y)) -

Thus we have
(4.5) K (x, y)—S:Fi‘,(x—{—y—}—z)Kl(x, 2)dz—!(F¥,(x+y),0,0)=0.
Analogously we have

K(x, y)—\ F¥,(x+y+2)K,(», 2)dz—*(F¥,(x+y),0,0)=0

Hy(x, y)—\ F*(x+y+2)H,(x, 2)dz—'(F* (x+y), 0,0)=0

oo

I,
s:-

Hiw, )~ _F*(s+y+2)H,(x, 5)ds—"(F*(x+y), 0,0) = 0.

By the standard arguments as in [1], [5], we can show

|F1o(®)| SCo(0)ma(x), |F_o(x)| <C_(x)m_(x) a=1,2
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where C,(x) are some non-increasing functions as x— 4 oo respectively.

5. Inverse problem

In this section we study the inverse problem for the operator L,,.

Let {r..(&), ¢;, ¢jm (=1, 2,j=1, .-, N)} be the right scattering data.
We construct the scattering matrix according to the construction in §3. Then
the functions

Fooo) = 77 {r..(8) exp (2iEw) d

belong to L'=. Here we assume that the functions m,,(4-X)=SuUp.,z.x
| F .os(+y)| belong to L(a, o) for some a.

The solvability of the system of integral equations in §4 for kernels F.,,
the uniqueness of the solutions and the estimates for the solutions can be shown
by an analogous way which has been stated in [6]. We denote its solutions by
K,, H, and define k,, Ay, ¢pu Vo by (1.4), (1.3). If for these solutions the
equalities

51 Ki¥(x, 0) = —K,,(%, 0) Ki(x, 0) = —K,,(, 0)
(5-1) —H¥(x, 0) = H,(x, 0) —H¥(x, 0) = H,,(x, 0)

hold, we put

U (x) = Ki(x, 0) u4,(x) = Kif(x, 0)
u_y(x) = —H(x, 0) u_,(x) = —H¥(x, 0).

In that case by analogous arguments as in [1], [5], we can show that ¢4, Vs
satisfy (1.1) with u=u,="*(u.,, u.,) respectively, and that under certain additional
analytical conditions on F,,, u,(x) coincide.

At present we have no proof for (5.1). Here we show that for reflectionless
case (7.,(E)=7.,(£)=0) (5.1) can be verified. In that case as the kernels F,,
degenerate, the system of integral equations reduces to system of linear equations.
We seek the solutions K, in the form

Ky(%, y) = 22021 ful(x) exp (214, )
K (%, y) = 2200 f %) exp (—2ir*y) j=2,3
where
i) ="(f5), f7®), f7®) j=1,2,3, I=1-N.
Put
&;u(*) = "(fR(x), - fiR(=x) jk=1,2,3.
Then the system of integral equations takes the following form, which is the
system of linear equations for unknowns f$:
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g11+BC1EA*g21+BC2EA*g31 =0
g.+BC,EA*g,,+ BC,EA*g,,—2%BC.EJ] = 0
g5+ BC,EA*g,.+BC,EA*g,,—2BC,EJ = 0
g —B*C¥_E*Ag, —2iB*C*_E*] = 0
&;:—B*C*_E*Ag, =0

g, —B*C¥_E*Ag, =0 j=2,3

where 4, B are defined in §3 and C;, E are the diagonal matrices with the entries

(¢2;) (exp (2¢§ %)) respectively.
From above equations we obtain equations for g,,, g5, £21, &n

D*g,, = 2BC, E] j=2,3
B*C,*E*
D, g”‘] — 2 J ]
Za B*C,*E*]
D, = Iy+E*C *B*AEC BA*+E*C*B*AEC,BA*

b, _ [ In+E*C*B*AEC BA* E*Cl*B*AECZBA*]
: E*C,*B*AEC,BA* I,-+E*C,*B*AEC,BA*

where

(I » 1s the identity matrix of degree N).
We calculate the determinants and the cofactors of matrices D, and D,, by
using the formula

det (Sjk—i—xjk) - 1+ Z'ln-l XI j) k= 1, e, m

where X is the sum of the principal minors of matrix (x,) of degree / and the
modification of this formula. We denote the («, B)-cofactors of the matrices D,
by d¢} respectively. Then the expressions

K (x, 0) = —2i(det D,)™ 3Ws_, dgck ,_bs* exp (—2i¢,*x)
K, (x, 0) = 2i(det D,)™* SWs_, (dSxck+dS v, sck) by* exp (—2iL ,*x)
K (x, 0) = 2i(det D,) * SV, (AP snch+dE N arnch)bs* exp (—2i8 ,*x)
hold.
After direct calculation, we have

det D, = det D,

= Zog,-szv, 1S£1<...<kjSN,1S3<...<I;SN b’/’il"'b"/:,-bll"'szx
X exp (Zi(gll—l_ '“+§lj—— >’I:l—— ot —gt])x) X
X det ((£,—&*)7") det ((cffey 16806, )(EF—E0)7)



where r=1,, .-+, 1;, s=k,, -+, k

(1]
(2]

[3]

(4]
[5]
(6]

(71
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-
And for cofactors we obtain the relations

dSBekb,* exp (—2i8,*%) = (dGck+-dE. v och2) bp* exp (—2iL*x)
Behby* exp (—20,*%) = (D weneh A oench)By* Xp (—20E%)
a, B= 1’ "',N'

Thus we have (5.1).
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