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1. Introduction

Let A be a group of automorphisms of a group G, and denote by CG(A) the
subgroup of G consisting of all the elements fixed by A. If CG(A)=l then A

is said to be fixed-point-free. The purpose of this note is to prove the follow-
ing two theorems.

The first theorem is an extension of a result of F. Gross ([2], Theorem 3.5).

Theorem 1. Let A be a group of automorphisms of a finite group G and p

a prime divisor of \G\. Suppose that either A is cyclic and fixed-point-free or
(\A\, I G I )= 1 and CG(A) is a p-group. If a Sylow p-subgroup P of G is of the
form

P = PlχP2χ χPl

where Pt is a direct product of nt; cyclic subgroups of order pn{ with nx <w2 < < w/
and if each m{ is less than any prime divisor of \A\, then G has a normal p-com-

plement.

If an abelian p-group P is of the form as in the theorem above, we denote
/

Y] mi by m(P), and max m{ by rΫi(P\.
1-1 1SW

For a p-gΐoup P, ZJ(P) denotes the center of the Thompson subgroup of P
and we define (Z/)'(P) recursively by the rule

(ZJ)\P)=\, (ZJY(P) = ZJ(P), and

In a case of p odd Theorem 1 can be extended as follows.

Theorem 2. Let G be a finite group y p an odd prime divisor of \G\ and P a
Sylow p-subgroup of G. Suppose that G has a group A of automorphisms satisfying

the same assumption as in Theorem 1. If each n^((ZJ)i(P)/(ZJ)i~1(P)) is less than

any prime divisor of \A\, then G has a normal p-complement.
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For the proof of Theorem 1, Lemma 1 in the next section is fundamental.
The other arguments are similar to those in Gross [2]. The proof of Theorem 2
is based on the celebrated theorem of Glauberman and Thompson.

The notation is the same as in [1], and all groups are assumed to be finite.

2. Preliminaries and some lemmas

The following propositions are well known and will be used later.

Proposition 1 ([1], Theorems 6.2.2, 10.1.2 and Lemma 10.1.3). Let A be
a group of automorphisms of a group G such that either ( \ A \ , \ G \ )— 1, or A is
cyclic and fixed-point-free. Then we have

(i) For any p^π(G) G has an A-ίnvariant Sylow p-subgroup.
(ii) IfH is an A-invariant normal subgroup of G, then CG/H(A)=HCG(A)IH.

In particular if A is fixed-point-free then A induces a fixed-point-free group of
automorphisms of G/H.

Proposition 2 ([1], Theorem 5.3.1). Let A be ap' -group of automorphisms
of a p-group P which stabilizes some normal series of P. Then A=l.

In the following lemmas we assume that a group G has a group A of auto-
morphisms such that either

(*) A is cyclic and fixed-point-free, or
(**) ( |-4 |, I G I )= 1 and CG(A) is a p-group.
We remark that if H is an ^-invariant subgroup of G then A induces a

group of automorphisms of H satisfying the assumption (*) or (**) and if H is
an ^4-invariant normal subgroup of G then the same holds for G/H.

Lemma 1. Let G be a group of order paqb with p^q primes. If a Sylow
p-subgroup P of G is abelian and normal, and m(P) is less than any prime divisor

of \A\, then G has a normal p-complement.

Proof. Suppose G is a minimal counter-example to the lemma. Let Q be
an yl-invariant Sylow ^-subgroup of G and let H=QA the semi-direct product
of Q by A. Then H acts on P.

(a) Suppose that P has a proper ίf-invariant subgroup P0Φ1. Then P0

is an ^4-invariant normal subgroup of G. By the minimality of G, G/P0 and
P0Q have normal ^-complements P0Q/P0 and Q respectively. Then, since Q
char P0Q and P0£)<]G, Q is normal in G, which is a contradiction.

Thus P has no non-trivial /f-invariant subgroup. In particular P is an
elementary abelian group of order ρm<ip:> and H acts irreducibly on P

(b) Let Q0=CQ(P). Since NG(Q0) contains P and Q we have G=NG(Q0).

If ζ)0Φl then G/QQ has normal ^-complement QIQ^ and hence Q is normal in

G, which is a contradiction.
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Thus we have CQ(P)= 1 and Q acts faithfully on P.
(c) Suppose that Q has a non-trivial ^-invariant subgroup Qlu Then PQl

has a normal ^-cmoplement Ql and hence Q1^CQ(P)J which is a contradiction.

Thus Q has no non-trivial ^-invariant subgroup. In particular Q is abelian.
(d) We consider the action of H on P. We may regard P as a vector

space of dimension m(P) over K0=GF(p), where GF(p) is a finite field of ̂
elements. Then P is an irreducible ^0[ίί]-module, and as is well known there
is an extension field K=GF(pr) of K0 and a vector space V over K such that F
is an absolutely irreducible K[H ]-module and if we regard V as a vector space
over KQ then V is isomorphic to P as Kϋ[H]-module. If V is of dimension s
over j?£ then m(P)=rs.

Now we take a splitting field L of Q which contains K and let VL=L®K V.
Then VL is an irreducible L[/Γ]-module, and since Q is abelian any irreducible
L[ζ)]-submodule of VL is of dimension 1. By the theorem of Clifford ([1],
Theorem 3.4.1) VL is the direct sum of the Wedderburn components V19 •••, Vt

with respect to Q. Since t divides s and also divides \H: Q\—\A\, if t>l
then m(P) is not less than some prime divisor of \ A \ y which contradicts the

assumption. Thus t=\ and VL is a direct sum of irreducible L[ζ)]-submodules
W19 •••, PFS which are all isomorphic as L[£)] -modules. Let X: £)-»L* be the
linear representation of Q obtained by Wg. Then, since Q acts faithfully on

P, λ is faithful. For φe^4, W±φ~l is an irreducible L[£)]-submodule of VL and

hence isomorphic to W^. Therefore \(x) = \(xφ) for x^Q and we have
\(x~1xφ)= 1. Hence #ψ=# for any φe^ί and any x^ Q, which is a contradiction.

Lemma 2. Suppose that G has an A-invarίant abelian normal p-subgroup
P0 such that m(PQ) is less than any prime divisor of \A\. Let P be a Sylow
p-subgroup of G. Then G=PCG(P0).

Proof. Let q( Φ p) e π(G) and Q an yί-invariant Sylow ^-subgroup of G.
Then P0Q satisfies the assumption of Lemma 1. Hence Q^CG(P0). Thus
G/CG(P0) is a p-groupy which proves our lemma.

Lemma 3. Suppose that a Sylow p-subgroup P of G has a chain

such that Pi char P, Pi/Pi_1 is abelian and m(Pί/Pi_1) is less than any prime divisor
of I A I . Then NG(P)=PCG(P), and if P is abelian G has a normal p-complement.

Proof. We may assume P is .4 -invariant. Let Q be an ^4-invariant Sylow

^-subgroup of NG(P), where q^Fp. Then NG(P)/P^ί has an ^4-invariant abelian
normal subgroup Pi/Pi.l satisfying the assumption of Lemma 2. Hence Q acts

trivially on P^/P/.i. Thus Q stabilizes the normal series of P in the lemma.

Therefore Q^CG(P) and NG(P)/CG(P) is a p-group. Thus we have NG(P)=
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PCG(P). If P is abelian then P<*Z(NG(P)), and hence by a theorem of Burnside

G has a normal ^-complement.

3. Proofs of the theorems

Proof of Theorem 1. It will suffice to show that P has a chain of characte-

ristic subgroups as in Lemma 3.

Now P/Ω^P) is isomorphic to

where Pj/Ω^P/) is a direct product of m, cyclic subgroups of order /Λ~Λ Thus

by induction on | P | we may assume that there is a chain

such that Ki char P, KiIKi_l is abelian and m(KilKi_^ is less than any prime

divisor of \A \ . Now let Lt= Ό"<~l(P) (Ί ΩX(P) for ι=l, 2, •••, / and let Ll+1=l.
Then Li char P and we have a chain

where m(LiILi+^)=mi. Thus we have a chain of subgroups of P as in Lemma 3.

Proof of Theorem 2. Let G be a minimal counter-example to the theorem.
By a theorem of Glauberman and Thompson ([1], Theorem 8.3.1.) we have

G=NG(ZJ(P)). Since G/ZJ(P) satisfies the assumption of our theorem it has

a normals-complement H/ZJ(P). Then by Theorem 1 H has a normal ^-com-

plement Ky which is also a normals-complement of G. This is a contradiction.
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